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KK-THEORY OF CIRCLE ACTIONS WITH THE ROKHLIN
PROPERTY

EUSEBIO GARDELLA

ABSTRACT. We investigate the structure of circle actions with the Rokhlin prop-
erty, particularly in relation to equivariant K K-theory. Our main results are T-
equivariant versions of celebrated results of Kirchberg: any Rokhlin action on a
separable, nuclear C*-algebra is K K T-equivalent to a Rokhlin action on a Kirchberg
algebra; and two circle actions with the Rokhlin property on a Kirchberg algebra
are conjugate if and only if they are K KT-equivalent.

In the presence of the UCT, K KT-equivalence for Rokhlin actions reduces to
isomorphism of a K-theoretical invariant, namely of a canonical pure extension nat-
urally associated to any Rokhlin action, and we provide a complete description of
the extensions that arise from actions on nuclear C*-algebras. In contrast with the
non-equivariant setting, we exhibit an example showing that an isomorphism be-
tween the K T-theories of Rokhlin actions on Kirchberg algebras does not necessarily
lift to a K KT-equivalence; this is the first example of its kind, even in the absence
of the Rokhlin property.

1. INTRODUCTION

Crossed products have provided some of the most relevant examples in the theory
of C*-algebras, and the study of their structure and classification is a very active field
of research. Moreover, the classification of group actions has a long history within the
theory of operator algebras. For example, Connes’ classification of automorphisms of the
hyperfinite II;-factor R was instrumental in his award-winning classification of amenable
factors [4]. Connes’ success motivated significant efforts towards classifying amenable
group actions on hyperfinite factors, which culminated almost two decades later.

By comparison to the von Neumann algebra setting, the classification of C*-dynamical
systems is a far less developed field of research. A major difficulty is the complicated
behavior that finite order automorphisms exhibit at the level of K-theory. Even in the
absence of torsion in the acting group, the induced action on the trace space may be wild.
These difficulties resulted in a somewhat scattered collection of results, and a lack of a
systematic approach. A notable exception is the fruitful analysis of the Rokhlin property
in C*-algebras, as is seen in the works of Kishimoto [22] 23], Matui [26], Nakamura [30],
Izumi [I6] 17], Sato [40], Nawata [3I], and the author and Santiago [14], to mention a
few.

The advances in Elliott’s classification programme (which is by now essentially com-
plete; see [0l [44]) suggest that group actions on purely infinite C*-algebras may be more
accessible, and there already exist very encouraging results in this direction. In [43],
Szabo proved versions of Kirchberg’s absorption results Oy ® A =2 Oy and O, ® A = A
(with suitable A) for outer actions of amenable groups, using actions on Oz and O
which have an appropriate version of the Rokhlin property. (An equivariant version of
the absorption result Oy ® A = Oy was proved for ezact groups by Suzuki [42].) More
recently, Meyer [27] began exploring the classification of actions of torsion-free amenable
groups using K K-theory, particularly in what refers to lifting an isomorphism between
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K-theoretical data to a K K“-equivalence. A recurrent issue in this setting is that satis-
factory results can only be expected if either the action has some variation of the Rokhlin
property, or the group is torsion-free.

In this work, we use equivariant K K-theory to study circle actions with the Rokhlin
property, and obtain T-equivariant versions of celebrated results of Kirchberg concern-
ing simple, purely infinite, separable, nuclear C*-algebras (also known as Kirchberg
algebras); see Theorems [C| and [F| below. By comparison to the continuous Rokhlin
property (studied in [I] and [I2]), Rokhlin actions are a much richer class with less rigid
behavior. Accordingly, more involved arguments are needed in this setting.

The main reason to focus on circle actions is that the combination of one-dimensio-
nality with the fact that T is a Lie group produces phenomena that cannot be expected
beyond this setting. An example of this, which is crucial to our work and already fails
for T2, is the existence of a predual automorphism:

Theorem A. (See[Theorem 2.3) Let A be a unital C*-algebra, and let a: T — Aut(A)
be an action with the Rokhlin property. Then there exists & € Aut(A®) such that « is
conjugate to the dual action d.

We completely characterize the automorphisms that arise as preduals of circle actions

with the Rokhlin property; see [Proposition 2.8 Using this, we show that every circle
action with the Rokhlin property has a naturally associated PExt-class.

Theorem B. (See|Theorem 3.3|) Let A be a unital C*-algebra, and let ao: T — Aut(A)
be a Rokhlin action. Then the natural map Ky(A®) — Ky(A) is an injective order-
embedding, and there is a canonical pure extension Ext,(«) given by

0— = K,(A%) K. (A) K.(SA*) — 0.

The fact that the above extension is pure is far from obvious, and it ultimately
depends on the existence of a sequence of ucp maps A — A* which are asymptotically
multiplicative and asymptotically the identity on A.

Our most interesting results are related to equivariant K K -theory in the setting of
Kirchberg algebras. When A is a Kirchberg algebra, we show that so is A% and that &
is aperiodic , which gives us access to Nakamura’s work [30]. We use
this to obtain a T-equivariant version of the Kirchberg-Phillips classification theorem for
actions with the Rokhlin property:

Theorem C. (See [Theorem 4.6) Let a: T — Aut(A) and 8: T — Aut(B) be actions
on unital Kirchberg algebras with the Rokhlin property. Then a and [ are conjugate

if and only if they are unitally K KT-equivalent. In the presence of the UCT, this is
in turn equivalent to the existence of a graded isomorphism Ext,(a) 2 Ext,(8), which

preserves unit classes and is compatible with suspension shifts (see [Definition 4.5)).

We also obtain a range result in the context of above theorem, showing that the only
K-theoretic obstructions are the ones obtained in Theorem [Bl

Theorem D. (See|Theorem 4.8)) Let Ky and K; be abelian groups, let ky € Ky, and
let & € Ext(Ky, K1) and & € Ext(K7, Ky) be extensions. The following are equivalent:
(a) There is a Rokhlin action a: T — Aut(A) on a unital UCT Kirchberg algebra
A with (Ext.(a), [1aa]) = (&, &1, ko);
(b) & and &; are pure.

Unlike in Kirchberg-Phillips’ classification, in the presence of the UCT it does not
suffice to assume that both actions have isomorphic K'-theory (this is a big difference
with the case of the continuous Rokhlin property [I, [12]). It also does not suffice for the
actions to have isomorphic Meyer’s L-invariant LT(A, o) = KT (A, a) ® K.(A) (27):

https://doi.org/10.4153/S0008414X25000112 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25000112

KK-THEORY OF CIRCLE ACTIONS 3

Example E. (See ) There exist a UCT Kirchberg algebra A and Rokhlin
actions a, B: T — Aut(A) such that KT (A, «a) = KI(A,3) as R(T)-modules, although
a and B are not K KT-equivalent. One can even construct the actions so that A* = A8
and A x, T =2 A xg T, all satisfying the UCT.

The above example shows an interesting phenomenon, which we put into perspec-
tive. In Example 10.6 in [39], Rosenberg and Schochet construct two circle actions on
commutative C*-algebras with isomorphic KT-theory, which are not K KT-equivalent.
In their example, the underlying algebras are not even K K-equivalent, so the actions
cannot be K K"-equivalent. As communicated to us by Claude Schochet, Example [E| is
the first construction of two circle actions on the same C*-algebra, satisfying the UCT,
with isomorphic fixed point algebras and crossed products, which all satisfy the UCT,
and isomorphic KT-theory, that are not K KT-equivalent.

With a classification of Rokhlin actions on Kirchberg algebras in terms of KK'-
theory at our disposal, it is natural to ask which Rokhlin actions are K K T-equivalent to
a Rokhlin action on a Kirchberg algebra. As it turns out, Rokhlin actions on Kirchberg
algebras represent all separable, nuclear K K -classes of Rokhlin actions:

Theorem F. (See[Theorem 4.15|) Let A be a separable, nuclear, unital C*-algebra, and
let a: T — Aut(A) have the Rokhlin property. Then there exist a unique unital Kirch-

berg algebra D and a unique circle action 6: T — Aut(D) with the Rokhlin property
such that (A, a) ~gxr (D,0) unitally.

The theorem above cannot be extended to actions a that do not necessarily have the
Rokhlin property, since there are obstructions to being K KT-equivalent to a Rokhlin
action (for example as in Theorem . Theorem [F| should be compared to Theorem 2.1
of [27], where Meyer shows that every circle action on a separable, nuclear C*-algebra is
K K"-equivalent to an outer action on a Kirchberg algebra. It is not clear from Meyer’s
construction that the resulting action on the Kirchberg algebra has the Rokhlin property
if the original one does. We therefore could not adapt his argument to our context, and
instead use older ideas of Kirchberg, applied at the level of the predual d.

The results here presented are an expanded version of Chapter IX of my PhD thesis
[10]. Since the first preprint version of this work appeared on the arxiv, Arano and
Kubota generalized the first part of Theorem C to compact groups other than T; see
Proposition 4.8 in [I]. The methods are quite different, since we take full advantage of the
existence of a predual automorphism. Moreover, for circle actions (as opposed to general
compact group actions), K K T-equivalence can be detected via a K-theoretical invariant
in the presence of the UCT, and the range of this invariant can be completely described.
This makes the classification of circle actions with the Rokhlin property comparatively
more accessible than that of general compact groups. Even more recently, Gabe and
Szabo obtained in [§] an equivariant version of the Kirchberg-Phillips classification for
amenable actions that are “isometrically shift-absorbing”. These developments subsumeﬂ
the part of Theorem C which does not assume the UCT, using significantly heavier
machinery, but do not have overlap with the other results here stated. In this sense, our
proof Theorem C should be regarded as a shorter and simpler proof of [8, Theorem F]
in the case of Rokhlin actions of the circle.

Acknowledgements. The author is grateful to a number of people for helpful dis-
cussions, correspondence, or feedback, including Claude Schochet, Rasmus Bentmann,
Martino Lupini, Ralf Meyer, Chris Phillips, and Hannes Thiel.

IThis is because Rokhlin actions of compact groups are automatically isometrically shift-absorbing.
This follows, for example, using an argument similar to the first part of the proof of [8, Corollary 6.15].
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2. DUALITY FOR CIRCLE ACTIONS WITH THE ROKHLIN PROPERTY

In this section, we study the Rokhlin property for circle actions in connection to
duality. There are two main results in this section. First, it is shown that every circle
action with the Rokhlin property is a dual action, that is, there is an automorphism of
the fixed point algebra whose dual action is conjugate to the given one; see
Such an automorphism is essentially unique, and is called the predual automorphism.
Second, we characterize those automorphisms that are predual to a circle action with
the Rokhlin property; see

We begin by recalling the definition of the Rokhlin property for a circle action (Defi-
nition 3.2 in [1I5]) in a way that is useful for our purposes.

Definition 2.1. Let A be a unital C*-algebra and let a: T — Aut(A) be an action. We
say that « has the Rokhlin property if for every € > 0 and every compact subset F' C A,
there exists a unitary u € U(A) such that

(a) ||az(u) — zu| < e for all z € T.
(b) Jlua —au| < € for all a € F.

Next, we show that we can replace the unitary « in the above definition by a nearby
unitary which satisfies condition (a) exactly. In the terminology of [37], the following
shows that the action of T on C(T) is equivariantly semiprojective.

Proposition 2.2. For every ¢ > 0 there exists § > 0 with the following property:
whenever a: T — Aut(A) is an action on a unital C*-algebra A and v € U(A) is a
unitary satisfying ||, (u) — zul| < ¢ for all z € T, then there exists a unitary v € U(A)
with ||u —v|| < € and a,(v) = zv for all z € T.

Proof. Given € > 0, choose § < % small enough so that

2
(2.1) 2 <

Vv1—26
Let a: T — Aut(A) and u € U(A) be as in the statement. Set z = [ Za.(u) dz € A.
Then ||z|| <1 and ||z —u|] < §. One checks that ||a*z—1| < 26 < 1, so z*z is invertible.
Moreover,

1 1
< .
I1—a*z|| — 1—26

(2.2) ||(x*3:)71|| < T

Set u = x(z*2z)~ 2. Then u is a unitary in A. Using that ||z|| < 1 at the first step,
and that 0 <1 — (x*x)% < 1—z*x at the second step, we get

1

= all < [|@"a)~% = 1] < [|@")~F 1 - @27

2.2) 1 26
2L e <2
1—20 1-—20
Thus
20 2.1)
ol < lu—af) + o — o]l < 22— +5 B .

Vv1—26

For z € T, we have
ay(z) = /wazw(u)dw = /zwaw(u)dw = 2.
T T

It follows that a,(z*z) = z*x and hence a,(u) = a, (m(w*x)’%) = zu, for all z € T, so
u satisfies the condition in the statement. 0

It follows from [Proposition 2.2| that condition (1) in [Definition 2.1} can be replaced

with a,(u) = zu for all z € T.
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Theorem 2.3. Let A be a unital C*-algebra and let ac: T — Aut(A) be an action with
the Rokhlin property.

~

(1) There exists an automorphism § € Aut(A®) such that (A% %y Z, ) is conjugate
to (A, a).

(2) If 6’ € Aut(A®) is another automorphism for which (A® x¢ Z,8') is conjugate
to (A, «), then there is a unitary w € A% such that § = Ad(w) o 0'.

Proof. (1). Using let v € U(A) be a unitary satistying o, (u) = zu for
all z € T. For a € A%, we have «,(uau*) = uau* for all z € T, and thus conjugation by
u determines an automorphism 6 of A%. Let v € A* xg Z denote the canonical unitary
implementing 6. Since the pair (id4e,u) is a covariant representation of (A% 6) on A,
there is a unique homomorphism ¢: A% Xy Z — A satisfying ¢(a) = a for all a € A
and ¢(v) = u.

We claim that ¢ is an equivariant isomorphism. Equivariance of ¢ is clear, since for
all z € T we have @(a) —aforalla € A® and 6, (v) = zv. Injectivity of ¢ follows from
the fact that id« is injective (and that Z is amenable). Surjectivity can be deduced
using spectral subspaces, as follows. Given n € Z, we set

A, ={a€ A: a,(a) =z"a for all z € T},

which is a closed subspace of A. It is well-known that ) _, A, is dense in A; see, for
example, part (ix) of Theorem 8.1.4 in [35]. Note that Ag = A® and that u belongs to
Aj. Moreover, using that w is a unitary, it is easy to see that A,, = v Aq for all n € Z.
In particular, A is generated as a C*-algebra by Ay and u. Since Ag U {u} is contained
in the image of , we conclude that ¢ is surjective.

(2). Let ¢’ be as in the statement, and let : (A% x4 Z,8) — (A, a) and ¢': (A* xg/
Z, é\’) — (A, @) be equivariant isomorphisms. Let v be the canonical unitary in A%* xg Z
that implements 6, and let v’ be the canonical unitary in A% x4 Z that implements 6’.
Set w = ¢(v)¢’(v')*, which is a unitary in A. We claim that w is fixed by a. For z € T,
we use equivariance of ¢ and ¢’ to get

a:(w) = p(0: ()@ (07-()") = zp(v)7¢' (v') = w.
Finally, given a € A®, we have
(Ad(w) 0 )(a) = (p(v)¢' (")) (' (v)a@ (V")) (¢ (V) p(v)")
— p()ap(v) = 0'(a). O
Definition 2.4. Let a: T — Aut(A) be an action with the Rokhlin property. In view

of [Theorem 2.3} we denote by & € Aut(A®) the unique automorphism for which & is
conjugate to a. We call & the predual automorphism of «.

Corollary 2.5. Let A be a C*-algebra and let a: T — Aut(A) be an action with the
Rokhlin property. Then there is a natural isomorphism A x, T = A* @ K(L?(T)).

Proof. This is an immediate from and Takai duality. O

Obtaining a characterization of those automorphisms that arise as preduals of Rokhlin
actions as in [Definition 2.4] will be a critical tool in the rest of this work. Such a

characterization is obtained in [Proposition 2.8] using the following notion:

Definition 2.6. Let B be a C*-algebra and let 5 be an automorphism of B. Then /S is
said to be approximately representable if for every finite subset F' C B and every € > 0,
there exists a contraction v € B satisfying

(a) [[v*v —vv*]| < g

(b) [J[v*vb —b|| < ¢ for all b € F;

(c) [|B(v) —v| < e; and
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(d) |8(b) — vbv*|| < e for allb e F.

Using functional calculus, it is clear that the contraction v in the above definition
can be chosen to be a unitary whenever B is unital. In particular, approximately repre-
sentable automorphisms of unital C*-algebras are approximately inner.

Remark 2.7. We endow T with its Haar probability measure. For an action a: T —
Aut(A) on a unital C*-algebra A, we endow L!(T, A) with the usual L'-norm || -||; and
the operations of twisted convolution and involution

(€ xn)(z /s W (1w 12) do and £°(2) = 0,(E(2))

for all £&,n € L*(T, A) and all z € T. Then L(T, A) is a dense *-subalgebra of A x,, T,
and the canonical inclusion is contractive with respect to the L!'-norm on L!(T, A)
and the C*-norm on A x, T. Recall that there is a canonical nondegenerate inclusion
C*(T) C A %, T; in particular, any (contractive) approximate identity for C*(T) is also
a (contractive) approximate identity for A x, T. Recall that the dual automorphism
a € Aut(A x, T) is given by a(fa)(z) = zf(2)a for all z € T.

Next, we show that approximate representability is dual to the Rokhlin property.

Proposition 2.8. Let A be a unital C*-algebra, let a: T — Aut(A) be an action, and
let 5 € Aut(A) be an automorphism.

(1) The action « has the Rokhlin property if and only if & € Aut(A x, T) is
approximately representable.

(2) The automorphism [ is approximately representable if and only if E : T —
Aut(A xp Z) has the Rokhlin property.

Proof. (1). Assume that a has the Rokhlin property. Let F' C A x, T be a finite subset
and let ¢ > 0. For £ € LY(T) and a € A, write £a for the for the function given by
(€a)(z) = &(2)a for all z € T. Since the linear span of the elements of this form is dense
in L1(T, A), and hence also in A x, T, we may assume that there exist finite subsets
F4 C A and Fr C LY(T) such that every element of F' has the form £a for a € Fy and
¢ € Fr. Without loss of generality, we may assume that the sets F)y and Fr contain only
self-adjoint contractions.

Let f: T — C be a positive, continuous function whose support is a small enough
neighborhood of 1 € T so that the following conditions are satisfied:

(@) [[(f*f)b=0b|| <eforallbe FUa(F);

(i) [1flle =1 =I1f = flls
(i) f(z) = f(z) for all z € T;
)

(iv) with f(z) = zf(z) for all z € T, we have
If =fli<e and [[fxf—Fxfli<e
(v) given £ € Fr and a € Fy, if z,0,w € T satisfy f(w)f(Zow) # 0, then

low(@) —all < 5 and [§(0) = £(2)] < 5.

2
Using find a unitary u € A satisfying
(vi) ac¢(u) =Cu for all ( € T, and
(vii) [lua — aul| < e/2 for all a € |, cq w(Fa).
We regard u as a unitary in the multiplier algebra of A x, T via the canonical unital

embedding A < M (A x, T), and set v = fu*. Then v is a contraction in L!(T, A), and
hence also in A x, T. We proceed to check the conditions in |Definition 2.6 Let z € T.
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Then
(v* xv)(z) = /Tv*(w)aw(v(wz)) dw = /wa(w)uaw(f(wz)u*) dw

(vi) Nk
= /wa(w)uf(wz)wu dw = (f * )(2).
Thus, v**v = f* f and hence condition (a) in follows from condition (ii)

above. In order to check (b), we compute as follows for z € T:
(vxv*)(z) = /v(w)aw(v*(wz)) dw = / fw)ua, ([@zf(Wz)u) dw
T T

N / flwwozf(@z)wu dw = /wf(w)wzf(wz) dw = (f = f) ().
T T

Thus v * v* = f* f We deduce that

* * * * > o )

[o"0 — vl < o v —vx ot = |[f + f = fxflL <,
as desired. In order to check (c), let ¢ € T. Then
a(v)(z) = 2f (2)u* = f(z)u’,

so a(v) = fu* Using this at the second step, we get

=R =R ~  (iv)
[a(v) — vl < fla(v) —vlly = If = flh <&,

as desired. Finally, in order to check (d), it suffices to take £ € Fr and a € Fy4, and
show the desired inequality for b = £a. Given z € T, we have

(vkbxv*)(2) = /Tv(w)ozw((b*v*)(wz)) dw
= /Tf(w)u*aw(/Tf(a)aag(v*(w,z)) do)dw
://f(w)u*g(a)aw(a)awo(sz(@z)u)dadw
TJT
(vi) * = (=
= /T/Tf(w)u &(0)ay(a)owz f(twz)wou dodw

— /T /T (o)  an (a)uf (W) f(7w2) dodw
Rz [ [ st @) dode

By (iv), if in the above expression we replace {(o)ay, (a) by £(2)a, we obtain an element
in A whose distance to (v x b * v*)(z) is at most /2. Hence,

(vxb*xv")(2) ~. zﬁ(z)aAAf(w)f(Wz) dodw

— (i) ~
= 2b(z) /T(f * [)(@2) do = zb(2)[| f * fll1 = a(b)(z).
We conclude that
[lvbv™ —a)|| < |lvxbxv* —a(d)]: < e,
as desired. This shows that & is approximately representable.
Conversely, assume that & is approximately representable. Denote the left regular

representation of G' by A\: T — U(L?(T)). By Takai duality, there is a canonical equi-
variant identification

(2.3) (Axo T xaZ,a) = (A® K(LA(T)), o @ Ad(N).
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Let p € K(L?(T)) be the projection onto the constant functions, and let e € M(A x,
T x4Z) be the projection corresponding to 14 ®p under the identification in (2.3). Then
e and p are T-invariant, and there is a canonical equivariant isomorphism

(2.4) (e(A o T x5 Z)e, a) > (4, ).

Let u € M(A %, T x5 Z) be the canonical unitary implementing @. Let F' C A be a
finite subset and let € > 0. Let § > 0 such that whenever x € A satisfies ||z*x — 1| < §
and ||zz* — 1]| < d, then there is w € U(A) with ||lw — z|| < e/2. Set

F'={e}U{a®@p:a€ F} CAx,TxgzZ.

Let F' C A x, T be a finite subset and let n € N such that any element in F”' is within
/2 of the span of {bu*: b € F',—n < k < n}. Using approximate representability of @,

let v € Ax, T be a contraction satisfying conditions (a), (b), (¢) and (d) in|Definition 2.6

for £g = min {W\F’V (5} and F’. Set y = v*u, which is a contraction in A x, T x5 Z.
Then

(2.5) az(y) = v*az(u) = z2v*u = zy

for all z € T. Moreover, given b € F’ and k € Z with |k| < n, we have

b
ybu® = v*ubu® = v*a(b)ut ! (%)EO v*a(b)v*vutt?

(a) ~ (d)
Xe, via(b)vvut Tl X, v ubvtovtuk Tt

—~

b) (c)
Roe, bu* kTt Rkeo buFv*u = buFy.

It follows from the choice of F’, n and &y that
€
(2.6) lye —eyll < 5

for every ¢ € F”. Set x = eye, which we regard as an element in A. By (2.5) we have
a,(z) = zzx for all z € T, since e is T-invariant. For a € F we have

. . . 5
lzaz® — al| = fleye(a @ pley”e — (a@p)| < yla®@p)y” — (a@p)| < 3,
since a ® p belongs to F". Moreover, ||z*z — 1| = |ley*eye — e|| < g9 < §, and similarly

lzz* —1]] < §. By the choice of d, there exists a unitary w € A such that ||w—z| < &/2.
It is then straightforward to check that ||wa—aw|| < e for all a € F and max,¢r ||, (w)—
zw|| < /2. This shows that « has the Rokhlin property.

(2). Assume that § is approximately representable. Let F' be a finite subset of A xzZ
and let € > 0. Denote by u the canonical unitary in the crossed product. Since A and
u generate A xg Z, one can assume that F = F' U {u}, where F’ is a finite subset of A.
Using approximate representability for 3, find v € U(A) with

o ||3(b) — vbv*|| < e for all b € B(F'), and
o [[6(v) —vfl <e.

Set w = v*u, which is a unitary in A x3 Z. For b € F' we have

wb = v*ub = v*B(b)u = bv*u = bw.

Moreover,
wu = viuu = uf " (v)u ~. uw.

It follows that ||wa — aw|| < € for all a € F = F' U {u}. On the other hand,
B.(w) = B.(v*u) = v*(2u) = 2w

for all z € T. Thus, w is the desired unitary, and B has the Rokhlin property.

Conversely, assume that 3 has the Rokhlin property. We continue to denote by u the
canonical unitary in A g Z that implements 3. Let F' C A be a finite subset and set
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F' = FU{u} C A xgZ. Use[Proposition 2.2/ to choose a unitary w € U(A xg Z) such
that

. Bz(w) = zw for all z € T;
o ||wb—bwl| =0 forall be F'
Set v = uw* € A xg Z. Then the first condition above implies that BZ(’U) = v for

all z € T, and hence the unitary v belongs to the fixed point algebra (A xg Z)”, which
equals A by Proposition 7.8.9 in [35]. For a € F, we have

[lvav™ = B(a)]| = |luw*awu” — vau™|| = ||lw*ew — al| < e.
Moreover, ||5(v) — v|| = |Ju(uw*)u* — uw*|| < e, since u € F’. Tt follows that v satisfies
the conditions of so [ is approximately representable. [l

Using we show that for actions with the Rokhlin property, every ideal
in the crossed product is induced by an invariant ideal of the algebra.

Proposition 2.9. Let A be a unital C*-algebra and let a: T — Aut(A) have the
Rokhlin property. Then every ideal in A% has the form I N A%, for some T-invariant
ideal I in A, and every ideal in A x, T has the form I x, T for some T-invariant ideal
I in A. In particular, if A is simple then so are A% and A x,, T.

Proof. Since A@K((*(Z)) =2 Ax,T bym (Corollary 2.5| it is enough to show the statement
for A*. We identify A with A* x4 Z, where & is the predual of «; see [Definition 2.4

Let J be an ideal in A%*. Since ¢ is approximately inner by part (2) of M
it follows that &(J) = J. Hence I = J X4 Z is canonically an 1deal in A satisfying
INA* =J, as desired. O

3. K-THEORETIC OBSTRUCTIONS TO THE ROKHLIN PROPERTY

In this section, we study the K-theory of C*-algebras that admit circle actions with
the Rokhlin property. First, we show that the canonical inclusion A% — A induces

an injective order-embedding K, (¢): K.(A%) — K.(A); see|Proposition 3.1} Moreover,
the quotient of K, (A) by K.(A®) can be canonically identified with K,(SA%), and the
induced extension

0—— K,.(A%) K.(A) K,(SA*) ——0

is pure; see [Definition 3.2| and [Theorem 3.3|

In the following proposition, we will use the fact that if a: T — Aut(A) has the
Rokhlin property, then so does its n-amplification a®idyy, : T — Aut(M,(A)) for every
n € N, and that M, (A)®idan = M, (A).

Proposition 3.1. Let A be a unital C*-algebra and let a: T — Aut(A) be an action
with the Rokhlin property, and let ¢: A% < A denote the canonical inclusion. Then
Ko(t) and K7 (1) are injective. Moreover, for z,y € Ko(A®) we have Ko(¢)(x) < Ko(¢)(y)
in Ko(A) if and only if z < y in Ky(A%).

Proof. Consider the Pimsner-Voiculescu exact sequence associated to the predual auto-
morphism & € Aut(A%) of « (Definition 2.4)):

1-Ko(a) Ko(e)

Ko(A%) Ko(A%) Ko(A)
Ky (A) = K1 (A°) = K (A7),

Since & is approximately inner by part (2) of [Proposition 2.8 we get K,(&) = 1 and
thus K, (¢) is injective.
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We turn to the last part of the statement. Let x,y € Ky(A®*), and assume that
Ko()(z) < Ko(t)(y). Set z = y — x, so that Ko(t)(z) > 0 in Ky(A). Find projections
0,4 € Upeny Mm(A®) with z = [p] — [q] in Ko(A®), and let e € |J,,cy Mm(A) satisfy
Ko(t)(2) = [e] in Ko(A). Then [p] = [e] + [¢] in Ko(A). By increasing the matrix sizes,
we may assume that there exist k,n € N such that:

p and ¢ belong to M, (A*);

e belongs to M, (A);

e is orthogonal to g & 1x;

e p® 1y is Murray-von Neumann equivalent to (e + q) @® 1 in M, (A4).

Note that z = [p® 1;] — [¢® 1x]. Without loss of generality, upon replacing p and ¢ with
p @ 1, and q @ 1, respectively, and n with n + k, we may moreover assume that:

e ¢ is orthogonal to g;

e p is Murray-von Neumann equivalent to e + ¢ in M, (A).

Set (™ = a ®idyy, , which has the Rokhlin property. Let s € M,(A) be a partial
isometry satisfying s*s = p and ss* = e+ ¢. For e = 1/12, let § > 0 such that whenever
B is a C*-algebra and a € B, satisfies ||a? — a|| < §, then there exists a projection
r € B with ||r —al|| < e. Set ¢g = min{e,§/5}, and let o: M,(A) — M,(A%) be
a unital completely positive map as in the conclusion of Theorem 2.11 in [I3] for e,
Fi ={p,q,e,s,5*} and F5 = {p,q}. Set t = o(s) and f = o(e). Then

t*t e, 0(s*s) = o(p) =g, P,

so ||t*t — p|| < 2ep. In particular, (1 — q)f ~a2., f and hence ||¢f|| < 2e¢. Similarly,

[[fall < 2e0.
Set a =(1—¢q)f(1—¢q). Then a = a* and ||a — f|| < 4e9. Moreover,

a®=(1-q)f(1-q)f(1—q) =22 (1= )f* (1~ @) m22, 1 - )f (1 —q) =a,
so ||a® — a|| < 4eg < 6. By the choice of § applied to B = (1 — q)M,,(A%)(1 — q), there
exists a projection r € M, (A%) with ||r —al| < € and rq¢ = 0.
Set x = (¢ +r)tp € M, (A). Then
atx = pt*(q +r)tp ~c pt*(q + a)tp

Raco Pt (q + f)tp oz, ptTtt"tp

R2eg P =np,
so ||lz*x — p|| < 8o + ¢ < 1. Similarly, we have

xx* = (q+r)tpt* (g + 1) e, (q+ )ttt (g + 1)
Racy (@ +7)(a+ g+ Ha+7) Racore (g+7) =g+,

so ||xza™ — (¢ + )|l < 10ep + € < 1. Since x = (q + 7)zp, it follows from Lemma 2.5.3 in
[25] that there exists a partial isometry v € M,,(A“) such that v*v = p and vv* = ¢+ .
It follows that [p] = [¢] + [r] in Ko(A%), and thus z = [p] — [q] is positive in K(A®), as
desired. O

Next, we recall the definition of a pure subgroup and a pure extension.

Definition 3.2. Let G be an abelian group and let H be a subgroup. We say that H
is pure if nH = nG N H for all n € N. In other words, for every h € H and n € N, if
there exists g € G with ng = h then there exists h’' € H with nh/ = h

An extension 0 - H - G — @ — 0 is said to be pure if H is pure in G.

The notion of a pure subgroup generalizes that of a direct summand. For example,
the torsion subgroup of any abelian group is always a pure subgroup, although it is
not always a direct summand. If G is finitely generated, then any pure subgroup is
automatically a direct summand. On the other hand, there exist pure subgroups which
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are finitely generated, yet not a direct summand (despite being direct summands in
every finitely generated subgroup that contains them).

In the following theorem, note that part (3) does not follow from part (2) since in (3)
we only make assumptions about one of the K-groups of A, and not both. Also, if we
assume that A satisfies the UCT, then part (1) admits an easier proof: by the universal
multicoefficient theorem, the 6-term Pimsner-Voiculescu exact sequence decomposes into
two pure extensions if and only if its boundary map vanishes once tensored with O,, for
n =2,3,...,00. That said maps vanish follows from[Proposition 3.1} since the dynamical
system (A ® O,,,a ® idp,, ) has the Rokhlin property for all n = 2,3,...,00. We thank
the anonymous referee for providing us with this argument.

Theorem 3.3. Let a: T — Aut(A) be an action on a unital C*-algebra A with the
Rokhlin property. Denote by ¢: A% — A the canonical inclusion.

(1) There is a canonical class Ext.(a) = (Exto(a),Exti(c)), where Ext;(a) €
Ext(K;(SA%), K;(A%)) is the pure extension

K]' L
0— > K, (A) 22

KJ(A) K](SAQ)HO

(2) If both Ky(A) and K;(A) are (possibly infinite) direct sums of cyclic groups,
then there are isomorphisms

Ko(A) 2 K (A) 2 Ko(AY) @ K1 (A%)

such that [14] € Ko(A) is sent to ([14«],0) € Ko(A%) & K1(A%).
(3) If at least one of Ky(A) or K1(A) is finitely generated, then there are isomor-
phisms as in (2).

Proof. (1). Arguing as in the beginning of the proof of we deduce

that the Pimsner-Voiculescu exact sequence associated to ¢ splits into the short exact
sequence

0— K.(A%) - K.(A) —» K. (SAY) — 0.

We claim that the extension is pure. By taking considering the tensor product of A
with any unital C*-algebra which is KK-equivalent to Cy(R), endowed with the trivial
action of T, it follows that it suffices to prove that Ko(A®) is a pure subgroup of Ky(A).
Let © € Ko(A%), let k € N and let y € K¢(A), and suppose that ky = Ko(¢)(x). Find
projections py, ¢z € |U,,eny Mm(A®) and py, ¢y € U,,en Mm(A) such that x = [p,] — [g.]
and y = [py] — [gy]. It follows that k[py] + [¢z] = [pz] + k[gy] in Ko(A). Without loss of
generality, we may assume that there is n € N such that

® D, qr to M, (A)* and py, g, belong to M, (A);

e p, is orthogonal to g, and p, is orthogonal to q;
e there exists s € M1 (A) with

qz + Dy Pz + qy

Py .

Qy
s's = ) and ss* =

by 4y
Note that a(™): T — Aut(M,x(A)) has the Rokhlin property. For ¢ = 1/12, let
0 > 0 such that whenever B is a C*-algebra and a € B is a self-adjoint element satisfying
lla®—al| < &, then there exists a projection r € B with ||r—al|| < e. Set &g = min{e, §/10},
and let 0: M, (A) — M,r(A%) be a unital completely positive map as in the conclusion
of Theorem 2.11 in [I3] for ey, Fi = {pz,qa, Py, qy,s,s"} and Fo = {pz,q,}. Then
lo(pe) = pall <€ and [lo(gs) — gzl <e.
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Set e, = o(py) and f, = o(gy), which are self-adjoint contractions in M,;(A%)
satisfying |2 — e, || < 20 and [|f7 — fy|l < 2c0. Set ¢t = o(s). Then

t*t mo, diag(ge + ey, ey, ..., ey) and tt* ~o., diag(pe + fy, fy,- -5 fy)-

Set a = (1 —pa) fy(1 —pg) and b = (1 — ¢z)ey(1 — ¢z), which are self-adjoint elements
in the corners of M, (A%) by 1 —p, and 1 — g, respectively. Moreover, |la — f,|| < 4o
and ||b — ey|| < 4e¢. On the other hand,

a® = (1= po) fy (1 = pa) fy(1 = p2)
R2eo (1 7pz)f73(1 7pz)
~2¢ (1 _pz)fy(l _pz) =a,

so |la® — al| < 4eg < §. Similarly, we have ||b> — b|| < §. Using the definition of §
with B = (1 — pg)Mpip(A%)(1 — ps), there exits a projection g, € M,,(A*) satisfying
llgy — al| < e and pyqy = 0. Similarly, there exits a projection p, € Myi(A®) satisfying
lpy — bl < e and pyg, = 0. Set

r= diag(pa: + (vi 5;,7 ce a&y)tdiag((bc + ﬁyaﬁyv ce aﬁy)v
which belongs to M,;(A%). One checks that ||[7*r — diag(qs + Dy, Dy, ---,Py)|| < 1, and
that ||r*r — diag(ps + @y» @y, - - - @y)|| < 1. By Lemma 2.5.3 in [25], there exists a partial
isometry w € M,x(A®) such that
4z + ﬁy py + E]Vy

py qy
*
wrw = ) and ww® =

by dy
It follows that [p,] + k[gy] = k[py] + [py] in Ko(A*). With z = [¢,] — [g,] € Ko(A%), we
have kz = z, as desired.

(2). The displayed isomorphisms follow from Proposition 5.4 in [41]. Since parts of
the proposition are left as an exercise, and since we need to show that the isomorphism
is compatible with the classes of the unit, we give a brief argument here for the existence
of an isomorphism Ky(A) & Ko(A%)® K1 (A%) sending [14] to ([14«],0). (The argument
for K1(A) is identical because the assumptions are symmetric.) Abbreviate K;(A) to
K;, and K;(A%) to K7, for j = 0,1. It is a standard result in group theory, usually
attributed to Kulikov, that subgroups of direct sums of cyclic groups are again direct
sums of cyclic groups; see Theorem 18.1 in [7]. Since K7 is a direct sum of cyclic groups,
we deduce that the same is true for Kf'.

By part (1) of this theorem, there is a canonical quotient map n: Ky — K{* whose
kernel is K. Choose a presentation Ki* = P, g Cs, where each Cj is a cyclic group
with generator zs. In particular, {zs: s € S} generates K¢. Let s € S. If x4 has
infinite order in K¢, we let y; € Ky be any group element (necessarily of infinite order)
satisfying m(ys) = xs. If 2 has order n < oo, let z; € Ky be any lift of x5, and note
that nzs belongs to K¢, which is a pure subgroup of Ky. Hence there exists ks € K§
with nks; = nzs, and we set y; = z; — kg, which also lifts x,.

Let L be the subgroup of Ky generated by {ys: s € S}, which is mapped isomor-
phically onto K¢ via m. In particular, K¢ N L = {0} and K§ + L = Ky. (Equiv-
alently, L defines a splitting for the quotient map 7.) We deduce that the extension
0= K§f = Ko — K" — 0 splits, and thus Ky =2 K§ ® K{*. The isomorphism can be
clearly chosen to send [14] € K to [1aa] € K.

(3). Assume that K;(A) is finitely generated (and in particular a direct sum of cyclic
groups). Hence Ky(A%) and K;(A®) are both finitely generated, being a quotient and
a subgroup of Kj(A), respectively. The argument given in the proof of part (2) above
shows that there is an isomorphism Ky(A) & Ko(A*) & K1(A*). Thus Ky(A) is also
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finitely generated, and repeating the same argument again, exchanging the roles of Kj
and K7, shows that K7 (A) & Ko(A%) @ K1(A%). O

In reference to part (2) of we mention that it is not in general true that
a pure subgroup of a direct sum of cyclic groups is automatically a direct summand. For
example, set G = @D, . Zon, With canonical generators x,, € Zy» for n € N, and let H
be the subgroup generated by {z, — 2z,4+1: n € N}. Then H is pure in G but not a
direct summand.

4. CIRCLE ACTIONS ON KIRCHBERG ALGEBRAS

This section contains our main results concerning K KT-theory for Rokhlin actions.
This includes Theorems [C|and [F] from the introduction. In the presence of the UCT, any
isomorphism between the pure extensions from lifts to a K K T-equivalence.
We show by means of an example that an isomorphism of the K- and KT-theories does
not necessarily lift to a K K T-equivalence; see Finally, we also describe the
extensions that arise as Ext, () for a Rokhlin action « on a Kirchberg algebra satisfying

the UCT; see

Definition 4.1. Let A be a simple unital C*-algebra. Then A is said to be:

(1) purely infinite, if for every a € A\ {0} there are x,y € A with zay = 1.
(2) a Kirchberg algebra, if it is purely infinite, separable and nuclear.

Recall that an automorphism ¢ of a C*-algebra is said to be aperiodic if ¢™ is not

inner for all n > 1.

Proposition 4.2. Let A be a unital C*-algebra, and let a: T — Aut(A) be an action
with the Rokhlin property.
(1) A is simple if and only if A® is simple and & is aperiodic.
(2) A is purely infinite simple if and only if A% is purely infinite simple and & is
aperiodic.
(3) A is a Kirchberg algebra if and only if A* is a Kirchberg algebra and & is
aperiodic.
(4) A satisfies the UCT if and only if A satisfies the UCT.

Proof. (1). If A is simple, then A® is simple by [Corollary 2.5l We show that & is

aperiodic. Arguing by contradiction, suppose that there exist n > 1 and a unitary
v € A* such that &™ = Ad(v). Set

w = va(v) @ (o).
Then " = Ad(w). Using that ¢™(v) = v at the second step, that ve = &"(x)v for all
x € A* at the third, and that & "(v) = v at he fifth, we get
a(w) = a(v)@?(v)---a" (v)a" (v) = a(v)a?(v) - a" )

=va " (@(w)a? (v) - a" " (v)) = va(a " (v))a@ (@ " (v)) @ a T (v))

=wvav)---a" " (v) = w.
It follows that w is d-invariant. With u denoting the canonical unitary in A% x4 Z that
implements ¢, we therefore have uwu* = w. Set z = u™ w*. Tt is clear that 2 commutes
with u, and for a € A“ we have

zaz" = u”2w*aw(un2)* =u e (a) (u"z)* =a,

so z belongs to the center of A* x57Z = A. Since A is simple, its center is trivial and thus

there is A € C with u™ = Aw. In particular, um’ belongs to A%, which is a contradiction.
This shows that ¢ is aperiodic.
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Conversely, if & is aperiodic and A% is simple, it follows from Theorem 3.1 in [21]
that the crossed product A* x4 Z =2 A is simple.

(2). Assume that A is purely infinite simple. Then & is aperiodic by part (1). Let
a € A® be nonzero and let ¢ > 0 small enough so that 3 + 3¢ < 1. Without loss of
generality, we assume that ||a|| = 1. Find z,y € A such that zay = 1. By Lemma
4.1.7 in [38], we may assume that ||z|| < 1+ e and |jy]| < 1+e. Let 0: A —» A% a
completely positive unital map as in the conclusion of Theorem 2.11 in [13] for € > 0,
Fy ={x,y,za,a} and F; = {a}. Then

o(x)ao(y) R(14e)2e 0(x)o(a)o(y) = o(za)o(y) ~: o(zay) = 1.

Hence |lo(z)ac(y) — 1| < &3 + 3¢ < 1. It follows that o(z)ac(y) is invertible. With
z € A denoting its inverse, we have o(z)ac(y)z = 1, as desired.

Conversely, assume that & is aperiodic and A% is purely infinite simple. Then A &
A® x4 Z is purely infinite simple by Corollary 4.6 in [I8].

(3). This follows from (1) and (2), since A is nuclear (respectively, separable) if and
only if so is A“.

(4). If A satisfies the UCT, then so does A* by Theorem 3.13 in [I1I]. The converse
follows from the fact that the UCT is preserved by Z-crossed products. O

Remark 4.3. Let the notation be as in

e Simplicity of A is really needed in (1) to conclude that & is aperiodic, even if
A® is simple. Consider for example the trivial automorphism of C, whose dual
action is the left translation action Lt: T — Aut(C(T)).

e Outerness of « is not enough in (2) to deduce pure infiniteness of A% from pure
infiniteness of A (unlike for finite groups). For example, the fixed point algebra
of O by its gauge action is AF (and not even simple).

We will need some terminology.

Definition 4.4. Let G be a second countable, locally compact group (in this work
either T, Z, or the trivial group), let A and B be separable, unital C*-algebras, and let
a: G — Aut(A) and B: G — Aut(B) be actions. We say that (4,«) and (B, ) are
unitally K KY-equivalent, if there is an invertible class n € K K% (A, B) with [14] x n =
[15]. In this situation, we say that 7 is a unital K K% -equivalence.

A unital K K%-equivalence between two Z-actions (A, o) and (B, ) naturally induces
an isomorphism between the Pimsner-Voiculescu 6-term exact sequences of ¢ and 6
which moreover preserves the classes of the units; this can be found in [29], and a special
case will be proved in If the automorphisms are moreover approximately
inner, then each of these 6-term exact sequences splits into two short exact sequences.
The resulting equivalence relation for sums of short exact sequences (with distinguished
classes) is the following:

Definition 4.5. For j = 0,1, let Kf, Gf, Kj}—, and Gj}— be countable abelian groups, let
k§ € K§ and kf € K7, and let

(&) 0 Kf G5 > K{ ;=0 and (F) 0K -G - K{_ ;=0
be short exact sequences. We say that (€, &1, k§) is isomorphic to (Fo, Fi, kg ) if there

exist group isomorphisms ¢; : Kf — Kjf and 9;: ng — ij with @ (k§) = kI making
the following diagram commute:

& & £
(4.1) Kj Gj Kl—j
l#’j \LW lwlj
F F F
Kj Gj Klfj'
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This is different from having two isomorphisms (€o, k§) = (Fo, k) and & = Fi,
since, for example, we require the isomorphism K§ = Kg to be the same both in the
isomorphism & =& Fy and in £ = F.

We are now ready to prove that Rokhlin actions of the circle on unital Kirchberg
algebras are conjugate if they are unitally K K T-equivalent.

Theorem 4.6. Let A and B be unital Kirchberg algebras, and let a: T — Aut(A)
and #: T — Aut(B) be actions with the Rokhlin property. Then (A, «) and (B, 3) are
conjugate if and only if they are unitally K K T-equivalent.

When A and B satisfy the UCT, these conditions are equivalent to the existence of

an isomorphism (Ext,(«), [1ae]) 2 (Ext.(53),[1ps]) in the sense of [Definition 4.5

Proof. Assume that o and § are unitally K KT-equivalent, and fix a unital KKT-
equivalence £ € KKT((A, a), (B,ﬁ)). Denote by &€ x T the K K% equivalence between
(Ax,T,a) and (BT, B) that ¢ induces. Combining Takai duality with
it follows that & x T induces a K K%-equivalence 1 between (A%, &) and (B, ). Since
£ is unital, we can choose 1 to be unital as well.

Since A® and B? are Kirchberg algebras by part (3) of it follows
from Theorem 4.2.1 in [36] that there exists an isomorphism ¢: A® — BP such that
KK(¢) = n. Since 7 is equivariant, it follows that ¢ o & o ¢! and S determine the
same class in KK (B?,B?). Since A and B are simple, it follows from part (1) of
m that & and S are aperiodic. Thus, by the equivalence between (1’) and
(3’) in Theorem 9 in [30], ¢ o o ¢~ and $3, and thus & and j3, are cocycle conjugat
It follows that their dual actions are conjugate, and hence (A, «) = (B, 8) as desired.

We turn to the last part of the statement. Fix a unital KK -equivalence p €
KKT((A, ), (B, ). Arguing as in the first part using Baaj-Skandalis duality, we obtain
a unital K K%-equivalence

ne KK*((A%,a),(B”,0)).

Denote by F(n) € KK(A%, B?) the K K-equivalence that n induces under the forget-
ful functor KK%Z — KK. Similarly, we let F(n x Z) € KK (A, A) denote the KK-
equivalence that 1 x Z induces, which can be canonically identified with F(p). Using
naturality of the functors involved, we deduce that the diagram

K;(A%) K;(A) Ky ;(A%)

if(n)j i}'(p)j if(nhj

KJ(Bﬁ) —_—> K](B) _—> Kl_j(BB),

commutes. Since all vertical maps are isomorphisms and F(n)o([la=]) = [1ps], we
deduce that (Ext,(a), [1a=]) = (Ext.(5), [1ps])-

We now prove the converse, so assume that A and B satisfy the UCT. By part (4)
of [Proposition 4.2, A* and B? also satisfy the UCT. Since ¢ and /3 are approximately
inner, an isomorphism (Ext,(a), [14a]) 2 (Ext. (), [15s]) is equivalent to & and 3 hav-
ing isomorphic Pimsner-Voiculescu 6-term exact sequences (in a unit-preserving way);
see the comments before It thus follows from Theorem 2.12 in [28] that
(A%, &) is unitally K K%-equivalent to (B?,3). Again by Baaj-Skandalis duality, it fol-
lows that (A, ) is unitally K K-equivalent to (B, 3). This finishes the proof. O

In the context of [Theorem 4.6, the assumption that the diagram (4.1)) from

commutes cannot be dropped, and it is not enough to have isomorphisms
K.(A%) =2 K, (B?) and K,(A) = K,(B). In the next example, we construct a Kirchberg

2Nakamura uses the terminology “outer conjugate” to mean what we call “cocycle conjugate”.
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algebra A satisfying the UCT, and two actions a,y: T — Aut(A) with the Rokhlin prop-
erty, such that A = A” but « and y are not conjugate. In particular, the example shows
that an isomorphism of the K T-theory cannot in general be lifted to a K K T-equivalence.

In preparation for our construction, we introduce some notation. If B is a unital
C*-algebra and ¢ € Aut(B) is an approximately inner automorphism, then the Pimsner-
Voiculescu exact sequence for ¢ reduces to the short exact sequences

K;(v)

(4.2) 0 K,(B)

for j = 0,1. We denote by n;(p) € Ext(K:_;(B),K,;(B)) the class of the above
extension. Note that if ¢,9 € Aut(B) are cocycle conjugate automorphisms, then

i () = n; (V).
Example 4.7. Let p be a prime number. Let &, € Ext% (Z[}ﬂ , Z) be a nontrivial class,

and fix a representing extension

O—>Z—>E0—>Z[%]—>O.

KJ(B th Z) _— Kl_j(B) _— O y

Set
K=Qoe@(ZeEoZ[il]) and E=KoK.

n=1
Then K and F are torsion free and abelian. Using that Ej is a non-trivial extension of
Y/ [%] by Z, fix a non-trivial extension

(4.3) 0-K—->E—-K-—=0,

and write { € Ext(K, K) for the induced class. Since K is torsion free, it follows that
the extension in is pure. Note that there is also an isomorphism F = K @ K. (In
other words, and this is a crucial ingredient in the construction, the group E can be
written in two non-equivalent ways as an extension of K by itself.)

Set ko = (1g,0,0,...) € K and eg = (ko, ko) € E. Since K is torsion-free, we may use
Elliott’s classification of simple AT-algebras with real rank zero (see the comments before
Proposition 3.2.7 in [3§]), to find a simple, unital AT-algebra C satisfying Ko(C) =
K,(C) =2 K with [1¢] corresponding to ko € K. Use the case ¢ = 1 of Theorem 3.1
in [24] to find an approximately inner automorphism ¢ € Aut(C) with n9(p) = 0 and
m(p) =& € Ext(K, K). Then

K()(C Ny Z) > Kl(C Ny Z)
The proof of Theorem 3.1 in [24] is in fact constructive, and the argument used to prove
the case ¢ = 1 shows that ¢ can be chosen to be approximately representable. Indeed, it
is shown in Subsection 3.11 of [24] that there is an increasing sequence (Cp,)nen of unital
subalgebras of C' with C' = ligcn, and unitaries u,, € C,, satisfying ¢ = @Ad(un).

Claim: ¢ is aperiodic. Arguing by contradiction, suppose that there exist n > 1 and
u € U(C) such that o™ = Ad(u). Set v = up(u)--- " 1(u) € C. Then ¢ = Ad(v)
and v is @"Q—invariant. Moreover, we have
p(v) = p(u)p?(u) - " ()" (u) = p(u)p?(u) - " (u)u
= up ™" (p(w)?(u) - " Hw)) = up(e" (W) (" (W) - 9" T (w))
= up(u) " (u) = v,

and thus v is @-invariant. Denote by D the twisted crossed product of C' by ¢ with
respect to the twist induced by v. By Theorem 2.4 in [32], the crossed product C' x, Z

is isomorphic to the induced algebra Ind?nzz) 1 (D). By compactness of T, this induced
algebra is isomorphic to C(T, D). In particular,

(44) E%Ko(c Nwz)gKl(C NLPZ)%KO(D)@Kl(D)
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We proceed to compute the K-theory of D. Set K = K(¢?>(Z)). By Theorem 3.4
in [34], there is an automorphism ¢y of C' ® K whose crossed product is isomorphic to D
(this is the so-called Packer-Raeburn stabilisation trick). An explicit formula for ¢q is
given at the beginning of the proof on page 301 (see Equation (3.1)), which shows that
we can choose ¢ to be unitarily equivalent to ¢ ® idg (see also the top line on page
302). It follows that D is isomorphic to (C' ® K) Xygiae Z = (C %, Z) ® K, and thus
has the same K-groups as C' x, Z. That is, Ko(D) = K{(D) = E.

Combining the above with (4.4), we deduce that E = E @ E. This is, however, not
the case: the largest divisible subgroup of E is Q?, while the largest divisible subgroup
of E® E is Q*. This contradiction shows that ¢ is aperiodic, proving the claim.

Set B=C x,%Z and f = : T — Aut(B). Then 8 has the Rokhlin property by
since ¢ is approximately representable. Moreover, B is unital, separable,
nuclear, satisfies the UCT, and is simple since ¢ is aperiodic. Set A = B ® Oy and
a=p®idp_, . Then A is a unital Kirchberg algebra satisfying the UCT, and « has the
Rokhlin property. Note that

A = (C %, Z)° © Onp = C @ O,

and thus A¢ is the unique unital Kirchberg algebra satisfying the UCT with K-theory
given by Ko(A®) =2 K1(A%) 2 K, with unit class ko.

We now wish to realize A in a different way as a crossed product by an approximately
representable automorphism, in such a way such that the associated Pimsner-Voiculescu
exact sequence splits into two copies of the trivial extension of K by itself.

Let 1 € Aut(Os) be an aperiodic, approximately representable automorphism of
O (see, for example, Proposition 3.3 in [12]). Set ) = id 4o ®1)o, which we identify with
an aperiodic, approximately representable automorphism of A®. Since K;(Os) = 0,
both classes 70(o) and 71 (1g) are trivial. It follows that the same is true for ny(¢) =
(1) = 0 in Ext(K, K). The crossed product A® X, Z is therefore a unital Kirchberg
algebra satisfying the UCT with both K-groups isomorphic to F, and unit class eq. It
follows from the classification of Kirchberg algebras (specifically Theorem 4.2.4 in [36])
that there is an isomorphism A = A® X, Z. Denote by v: T — Aut(A) the action that
1Z induces on A via this identification. Then ~ has the Rokhlin property because v is
approximately representable. Moreover,

AT 22 (A% %y Z)¥ = A

It follows that KT (A, a) = KX(A,~) as groups (in fact, a and ~ have isomorphic crossed
products and fixed point algebras). This group isomorphism is automatically an isomor-
phism of R(T)-modules, since the action of R(T) = Z[z,z~!] on K! is determined by
the dual automorphism, which for Rokhlin actions is approximately inner (by

tion 2.8)) and hence trivial on K-theory.

We denote by t“: A% — A and 7: A* — A the induced inclusions of A% into A as
the a- and ~-fixed point algebras, respectively.

Claim: there is no K K" -equivalence (unital or otherwise) between (A, ) and (A, 7).

This argument is in part similar to the one used in the proof of Arguing by
contradiction, let us assume that there is a K K -equivalence p € KK*((4,a),(A,7)).

Using the Baaj-Skandalis duality, we get a K K%-equivalence
pxTeKK((Ax,T,a),(Ax,T,7)).

Since (A x4 T,@) ~grz (A% &) and (A x4 T,7) ~ggz (A%, ) by Takai duality, we
identify p x T with a K KZ%-equivalence

k€ KK((A%, &), (A,%)).
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Denote by F(k) € KK(A* A%) the K K-equivalence that x induces under the forget-
ful functor KK% — KK. Similarly, we let F(k x Z) € KK(A, A) denote the KK-
equivalence that k x Z induces, which can be canonically identified with F(p). By
naturality of all the functors involved, there is a commutative diagram

o

(4.5) 00— K1 (A%) —> K (A) —> Ko(A%) —= 0

\Lm l(qu)* lm

0 —— K (A%) — Ki(A) —— Ky(A*) —— 0,

5

where the vertical maps are all group isomorphisms. Note that the horizontal short exact
sequences are the Pimsner-Voiculescu sequences associated to & and 7, respectively,
as in (£.2), and thus their Ext-classes are n;(ct) and (%), respectively. Moreover,
& = p®idp_ and under the K K-equivalence C ~gx C ® Oy induced by C ~gx O,
the class 11 (&) corresponds to £. Similarly, ¥ is conjugate to id 4o ® 1y € Aut(A*® O ),
which under the K K-equivalence A® ~x g A% ® O induced by C ~g i O, the class
1M (%) corresponds to np (idge) = 0.

Commutativity of implies that ¢ = 0, which is a contradiction. We conclude
that a and 7 are not K K T-equivalent. In particular, o and v are not conjugate.

The above example shows an interesting phenomenon, worth putting into perspective.
In Example 10.6 in [39], the authors construct two circle actions on commutative C*-
algebras with isomorphic KT-theory, which are not K K -equivalent. In their example,
the underlying algebras are not even K K-equivalent, so the actions cannot be KKT-
equivalent. As informed to us by Schochet, there was until now no known example of
two circle actions on the same C*-algebra, with isomorphic fixed point algebras and
crossed products, all satisfying the UCT, and with isomorphic K T-theory, that are not
K KT-equivalent. Our construction provides such an example.

states that, for Rokhlin actions on UCT Kirchberg algebras, the class
Ext(a) defined in part (1) of is a complete invariant up to conjugacy. It
is then natural to ask for a range result, namely, which Ext-classes arise from Rokhlin
actions on UCT Kirchberg algebras. In the next result, we show that the only possible
obstructions are the ones we obtained in specifically that the extension is

pure.

Theorem 4.8. Let K and K; be abelian groups, let kg € Ky, and let & € Ext(Ky, K1)
and &; € Ext(K7, Ky) be extensions. The following are equivalent:

(a) There is a Rokhlin action a: T — Aut(A) on a unital UCT Kirchberg algebra
A with (Ext. (), [1a«]) = (&, &1, ko) in the sense of Definition 4.5

(b) & and &; are pure.

Proof. That (a) implies (b) follows from part (1) of[Theorem 3.3] Assume that (b) holds,

and write & and &; explicitly as
(50) O%KOAGogKl%O and (51) O%KlgGng();)O.

For j = 0,1, let (K ;"))neN be an increasing sequence of finitely generated subgroups
of K; whose union equals K;. Without loss of generality, we assume that ko belongs
to K[()n) for all n € N. Fix j = 0,1. Since &; is pure, for every n € N there exists

a (necessarily finitely generated) subgroup I}fﬁ)j of G; such that m; restricts to an
n)

isomorphism K Y_L)] =K f
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Let G§n) be the subgroup of G; generated by ¢; (Kj(n)) and f(ﬁ)] We denote by EJ@)
the restricted short exact sequence

g 0 K™ G KM ——0,
J J J 1-j

where the maps are the restrictions of the ones for £;. Fix n € N. Since &; is pure
and Gg-”) is finitely generated, it follows that Ej(n) is isomorphic to the trivial extension.
Thus there are isomorphisms

G2 KM o k™M =g,
Under the above identifications, let

be the induced injective map.
Given n € N, let B,, be a UCT Kirchberg algebra satisfying

(Ko(By), K1(By), [15]) = (K, K™ ko).

Fix an aperiodic approximately representable automorphism @ of (9OO Set B, = En ®
Os and ¢, = id B, ® ® € Aut(B,). Then ¢, is approximately representable and
aperiodic. Set A, = B, X, Z and let {™: T — Aut(A4,,) denote the dual action of .
Then A, is a Kirchberg algebra satisfying the UCT by part (4) of and
o™ has the Rokhlin property by Since the K-theory of A, is finitely
generated, it follows from part (3) that Ext.(a(™) is isomorphic to the
trivial extension, and hence (Ext, (a(™), ko) = (é'é"),é'l(n), ko)

Use Theorem 4.1.1 in [36] to find a unital homomorphism 6, : En — §n+1 inducing
the canonical inclusion

(K§", K" ko) — (K" K1 ko)

at the level of K-theory. Set 6,, = §n®idow : B, = Byy1, and note that 6, is equivariant
with respect to the automorphisms ¢,, and p,1+1. Let p,: (A,, a(”)) = (Apt1, a(”H))
be the unital equivariant homomorphism induced by 8,, using duality.

Finally, we set (4,a) = lig(An,pn,a(")). Then A is a Kirchberg algebra satisfying
the UCT, and « has the Rokhlin property by part (4) of Theorem 2.5 in [I3]. Since

K;(py) is identified with h{": G — GV it follows that p,, induces an embedding

5;71) — 5]("+1). Since the direct limit of (Ej(n), p”)neN is isomorphic to &;, we conclude
that (Ext.(a),[lae]) = (&0, &1, ko), as desired. O

The following consequence of [Theorem 4.6| and [Theorem 4.8 will be needed later.

Corollary 4.9. Up to conjugacy there exists a unique circle action on Qs with the
Rokhlin property.

We turn to Theorems [F]of the introduction, relating Rokhlin actions on arbitrary C*-
algebras with Rokhlin actions on Kirchberg algebras. We will need to consider a specific
automorphism of Oy; its explicit description will be crucial in the proof of [Theorem 4.15

Notation 4.10. For every n > 1, let u,, € M, = B({*({0,...,n — 1})) be the unitary
given by uy(d;) = 041 for j = 0,...,n — 1, where the subscripts are taken modulo n.
(In particular, u; = 1 € C.) Let p,: M,, — Oy be a unital homomorphism. Fix an
isomorphism k: @, ; Oz = Oz, and let ¥ € Aut(O;) be the automorphism satisfying

30ne can take ® to be oy for any t # 0 in Theorem 1.1 of [3]. Indeed, the comments immediately
after the statement show that all a; are approximately representable, and the fact that oy, for t # 0, is
aperiodic, is a well-known consequence of the fact that the flow a has the Rokhlin property.
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Vor =ro@, Ad(pn(uy,)). One can check with elementary methods that ¥ is
aperiodic.

There exist by now a few equivariant O;-embedding results; see, for example, Propo-
sition 5.3 in [43] or Theorem 4.8 in [8]. We need a more precise version of this embedding
result in order to use it in the proof of S0 we prove it next.

Proposition 4.11. Let B be a unital, separable, exact C*-algebra, and let ¢ € Aut(B)
be an approximately inner automorphism. Then there exist a unitary v € Oy and a
unital, equivariant embedding (B, ¢) — (O2, Ad(v) o V).

Moreover, the unitary v can be chosen so that there is a unital, equivariant embedding

(OQ, idoz) — (02, Ad(’U) o \I/)

Proof. Fix a unital embedding 6: B — Os. Denote by 7: £*°(03) — (O2)x the
canonical quotient map. Let (u,)nen be any sequence of unitaries in B satisfying
p(b) = nan;OAd(un)(b) for all b € B, and set z = 7((0(un))nen) € (O2)o. Then
the unitary z satisfies p(b) = z0(b)z* for all b € B. By the universal property of the
crossed product, there exists a unital embedding ©: B x, Z — (O2) oo

We will show that © lifts to a unital completely positive map B x, Z — £°(O3)
which agrees with 6 on the canonical copy of B. Denote by v € B X, Z the canonical
unitary implementing ¢ For n € N, let ¢,,: Bx,Z — M, (B) and ¢,: My, (B) = Bx,7Z
be the unital completely positive maps given as follows

n—1
Z o F(b)exk—j ifo<j<n

. 1 .
n(bu?) = { j+n-1 and n(b®eir) = — kla)ub=7.
n () 8 sy fon <o Ualb® j0) = 0 (a)

O otherwise,

One readily checks that 1, (¢, (bv?)) = ”%jbvj if |j| < n, and 0 otherwise. In particular,
tn © ¢y, converges pointwise in norm to idpx,,z, and thus © o, o ¢, converges pontwise
in norm to ©. Since B x, Z is separable, it follows from Theorem 6 in [2] that the set of
maps B X, Z — (O2)o which have unital completely positive lifts into £°(Os) is closed
in the point-norm topology. In particular, it suffices to show that for every n € N, the
map O o, o ¢, has a unital completely positive lift which extends 6.

Using nuclearity of M, let p,: M, — £>°(O3) be any unital compeltely positive lift
of the composition

_EEEE L ML(B) 2 B oxiy 7 —2 - (0s) s

M,
Let pp: My, (B) — £°(O2) be the linear map determined by
pu(b® ej) = pn(ej;)20(0)pn(en i)
forallb € Band j,k=0,...,n—1. Then p, is unital. We claim that p,, is positive. Since
a positive element in M,,(B) is the sum of n elements of the form Z] k—o Uibr @ ejx, for

some by, ...,b,_1 € B, it suffices to show that p,, preserves positivity of such elements.
Given by, ...,b,_1 € B, set
n—1
b= Z bibr @ej € My(B) and x—ZQ ) pn(€j ;) /26600((’)2)
4,k=0

Then p,(b) = z*x > 0, as desired. It follows that prn is positive, and one shows in a
similar way that it is completely positive.

Note that 7o p,, = © o1, and this p, o ¢, is a lift for © o 1, o ¢,, which agrees with
f on the canonical copy of B. Thus there exists a unital completely positive lift for ©
which extends 6.
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Using Lemma 2.2 in [20], find a unital embedding o: B X, Z — O, satisfying o(b) =
0(b) for all b € B, and set w = o(u). Consider the following embeddings, where the first
one is the restriction of ¢ to B:

(B, ) = (02,Ad(w)) = (02 ® Oz, Ad(w) ® ).

Note that Ad(w) is unitarily equivalent to ide,, and that idp, ® ¥ is conjugate to
U. It follows that Ad(w) ® W is unitarily equivalent to idp, ® ¥ of Oy = O3 ® Os.
Since idp, ® ¥ is conjugate to ¥, and thus there is a unital, equivariant embedding
(B,¢) = (O2,Ad(v) o ¥) for some unitary v € O,.

Since (O2,idp,) embeds unitally into (Oq, ¥), it follows that is also embeds unitally
into (02 ® Oz, Ad(w) ® ¥). Thus the last part of the statement also follows from the
construction above. g

As a byproduct of the proposition above, we can easily deduce a T-equivariant version
of Kirchberg’s Os-embedding theorem. It should be pointed out that there are other
ways of proving this which even apply to all compact groups; see We thus
do not claim the corollary below to be really new, or as general as it could possibly be.

Corollary 4.12. Let A be a unital, separable, exact C*-algebra, and let a: T — Aut(A)
be an action with the Rokhlin property. Denote by v: T — Aut(Os) the unique action

with the Rokhlin property (see [Corollary 4.9). Then there exists a unital, equivariant
embedding (4, a) < (Oa,7).

Proof. Note that A% is unital, separable and exact, and that the predual automorphism
& € Aut(A®) is approximately inner by [Proposition 2.8] Use [Proposition 4.11|to find a
unitary v € Oz and a unital embedding

(4.7) L (A%, &) = (Og, Ad(v) 0 D).

Set ® = Ad(u) o ¥. Since V¥ is aperiodic, the same is true for ®. It follows from
parts (3) and (4) of that Oy xg Z is a Kirchberg algebra satisfying
the UCT, and it has trivial K-theory by the Pimsner-Voiculescu exact sequence. Thus
O Xg¢ 7Z is isomorphic to Oy. Moreover, since ¥ is approximately representable by
construction, the same is true for ®. By m it follows that the dual action
® has the Rokhlin property, and thus D is conjugate to v by [Corollary 4. 91

Applying crossed products to , and identifying (A% x4 Z, &) with (A4,«) (see
, and identifying ((92 ¢ Z,®) with (O,7) as in the paragraph above, we
obtain a unital homomorphism 7: (A, a) — (Oz,~). Finally, 7 is injective because so is
¢ and Z is amenable. (|

Remark 4.13. We point out that it is possible to give a simpler proof of
which avoids[Proposition 4.11} by applying Lemma 4.7 in [I] to any embedding A < Os.
This argument even has the advantage of working for arbitrary compact groups. We have
taken a more indirect approach because by itself is not enough to prove

and in its proof we will need to use [Proposition 4.11] instead.

Recall that a homomorphism 7: A — B is said to be full if for every a € A with
a # 0, the ideal in B generated by 7(a) is all of B. If ¢ € Aut(A4) and ¢ € Aut(B)
satisfy ¢ om = m o ¢, then the T-equivariant homomorphism 7: A X, Z — B Xy Z
induced by 7 is full if and only if so is .

The following easy observation will be used in the proof of

Remark 4.14. If (A,, T, )nen is an inductive system and 7, is full for every n € N,
then lig(An, ) is simple.

We are ready to show that every Rokhlin action on a separable, nuclear C*-algebra is
K K"-equivalent to a Rokhlin action on a Kirchberg algebra. Our proof roughly follows
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arguments of Kirchberg, specifically as in Chapter 11 of [19]. However, we need to make
the choices carefully and perform some computations in equivariant K KT-theory using
the continuous Rokhlin property from [I2], in order to guarantee that the resulting
action on the Kirchberg algebra has the Rokhlin property. (We do not seem to be able
to guarantee this using the Cuntz-Pimsner construction from Theorem 2.1 in [27].)

Theorem 4.15. Let A be a separable, nuclear unital C*-algebra, and let av: T — Aut(A)
be an action with the Rokhlin property. Then there exist a unital Kirchberg algebra D
and a circle action §: T — Aut(D) with the Rokhlin property, such that (A, a) ~ggr
(D, ) unitally.
Proof. Let v € Oy be a unitary as in the conclusion of [Corollary 4.12] and set ® =
Ad(v) o U. Fix unital embeddings

T: (Og,idOQ) — (OQ,CI)) and p: (Aa76z) — (02,@)

We prove the theorem in two steps. First, assume that there is a unital equivariant
embedding o: (Oz, ®) — (A%, &). Let s1, 52 € Os be the canonical generating isometries,
and note that 7(s1) and 7(s2) are ®-invariant. Set t; = o(7(s;)) for j = 1,2. Then
t; is an isometry, &(t;) = t;, and €1t] + tot5 = 1. Define a unital equivariant map
m: (A% &) — (A%, &) by

7(a) = ho(p(a))t; + taat
for all a € A%, Then 7 is full. Indeed, if a € A%\ {0}, then p(a) # 0 and thus pure
infiniteness of Oy implies that there exist x,y € Oz with zp(a)y = 1p,. Then

o(z)tim(a)tio(y) = o(zpla)y) = 1,
and thus 7(a) generates A% as an ideal, as desired.

Claim 1: We have KK%(7) = KK%(id s« ). By Theorem F in the introduction of [12]
(see also Corollary 3.10 there), the action v: T — Aut(O2) has the continuous Rokhlin
property, and thus it is unitally K K -equivalent to (C (T)®O9, Lt ®ido2) by Theorem C
of [12]. By Baaj-Skandalis duality, and since the dual of v is K K%-equivalent to ®, we
deduce that (Oq, ®) is K K%-equivalent to (Os,idp,). Thus

KK%((A%, &), (02, ®)) = 0.

Since oop factors through (Os, ®), it must be K KZ-trivial. We conclude that K KZ(wr) =
KK%(id ga).

We deduce from the claim above that 7 is a K K%-equivalence, and that 7 is a K K-
equivalence. Set (Co, ) = lim ((A*, &), 7). Then Cj is simple because 7 is full (see

Remark 4.14)), and it is nuclear, unital and separable because so is A*. Denote by
IT: (A%, &) — (Co,0p) the canonical equivariant map into the limit.

Claim 2: II is a K KZ-equivalence. (This is not immediate from Claim 1, since K K%
is not a continuous functor.) By the second paragraph on page 287 of [29], it suffices to
show that the class F(IT) € KK (A%, Cp) that II induces under the forgetful functor F,
is a K K-equivalence. This is contained in Kirchberg’s proof (specifically Sections 11.2
and 11.3 in [I9]) there), so the claim follows.

Set (C,0) = (C ® Ox,b0p ® idp.. ). Then C is a unital Kirchberg algebra, and
(C,0) ~grz (A%, &) unitally, since (Owo,ido,. ) ~x gz (C,idc) unitally.

Claim 3: 0 is aperiodic and approximately representable. It suffices to prove the claim
for 0y. Since (Cy, 0) is the direct limit of (A%, &) and & is approximately representable, it
follows that so is §y. Note that there is an isomorphism Cy = lig(A, 7). Let 7: (4, ) —
(4, @) be the map induced by w. Then 7 is full, because so is 7. It therefore follows

from [Remark 4.14] that Cy is simple. By part (1) of [Proposition 4.2 we deduce that 6

is aperiodic.
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Set D = C xgZ and 6 = 9. Since C is a Kirchberg algebra and 6 is aperiodic, it
follows from part (3) of [Proposition 4.2] that D is a unital Kirchberg algebra. Moreover,
0 has the Rokhlin property by [Proposition 2.§] since 6 is approximately representable by
Claim 3. Finally, by Claim 2, the equivariant map [I®ide__ is a unital K K%-equivalente
(A%, &) ~gkz (C,0). By taking crossed products, we obtain a unital K K'-equivalence
(A, ) ~gxr (D, ). This proves the theorem in the case that there is a unital equivariant
embedding o: (Oz, ®) — (A%, &).

We turn to the general case. Let 0 be the unique unital UCT Kirchberg algebra
which is K K-equivalent to O, and whose class of the unit is zero.

Claim 4: there exists an automorphism 1 € Aut(Os) which leaves a copy of (9&2)
invariant, and such that with ¢ € Aut(Ogg)) denoting its restriction, ¢ is aperiodic
and admits and a unital equivariant embedding v: (Og, ®) — (05,2),@). Fix an injec-
tive homomorphism v: Oy — O, and set p = 1lp_ — v(1), which is a projection in
Os. Adopt the notation of in particular we will use the unital ho-
momorphisms p,: M, — Os and the permutation unitaries u, € M,. For n € N,
set w, = v(pp(u,)) + p, which is a unitary in O. Consider the automorphism
¥ = @, Ad(w,) of @, O, and note that the restriction of ¢ to the invariant
subalgebra ), ¥(0O2) can be identified with @~ ; Ad(pn(u,)). Fix an isomorphism
K: ®ZO:1 Os — O, and let p: Oy — Oy be the following composition

®s

n=1

0, "= ®, 0 Ry Ooc —=> Ouc
Set w = p(v) and ¢ = %o Ad(w) o ¢ o K+ € Aut(Os). Set e = u(1), which is a
projection in O satisfying ¢(e) = e and [e] = 0 in K(Ox) = Z. In particular, there
is an injective homomorphism j: O&S) — Os whose image is eOy.e. Note that 1 leaves
the image of j invariant. Then p(v) is a unitary in eOye, and we let ¢ € Aut(Oc(,g))
be given by ¢ = j 1ot oj. Let v: Oy — (9&2) be the unital homomorphism given by
t = 77! o p. One readily checks that ¢ and ¢ satisfy the conditions in the claim.

Claim 5: any automorphism ¢ € Aut(@c()g)) satisfying the conclusion of Claim 4 sat-
isfies ((9((,2), ) ~gkz (C,idc). Note that there are unital, equivariant homomorphisms

((95,2), ©) = (O, ¥) and (C,id¢) = (Oso,¥). Both of these are K K-equivalences, and
thus they are K K”-equivalences by the second paragraph on page 287 of [29].

Let ¢ € Aut(Oc(,g)) be as in the conclusion of Claim 4. Then clearly there is a unital
equivariant embedding of (Oq, ®) into (A* ® (95,2’,@ ® ). Using the first part of this
proof, let dp: T — Aut(Dg) be an action with the Rokhlin property on a unital Kirchberg
algebra Dy such that (D, dy) is K K T-equivalent to the dual system of (A% ® oV a®
¢). Said dual system is KKT-equivalent to (A4,«) by Claim 5, and thus there is a
K KT equivalence n € KKT((A,(I), (Do,éo)). Since &g has the Rokhlin property, by
Corollary 2.5| there is a canonical isomorphism Ko(Do %5, T) & Ko(DJ’). Combining
this with the natural group isomorphism K{ (Dyg,d0) = Ko(Dg x5, T) given by Julg’s
theorem, it follows that there is a natural identification K (Do,d) = Ko(D{°). Since
Dgo is a Kirchberg algebra by part (3) of any element of its Ky-group
can be realized by a projection in DSO. It follows that there exists a projection g € Dgo
such that [14] x n = [q] in K{ (Do, ). Set D = gDoq and let 6: T — Aut(D) denote
the restriction of dg to D. Then D is a unital Kirchberg algebra, and ¢ has the Rokhlin
property by part (3) of Theorem 2.5 in [I3]. Finally, it is clear that 1 implements a
unital K K -equivalence (A4, a) ~ggr (D,6), as desired. O
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