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Harmonic Polynomials Associated With
Reflection Groups

Yuan Xu

Abstract. 'We extend Maxwell’s representation of harmonic polynomials to i-harmonics associated to a reflec-
tion invariant weight function . Let D;, 1 < i < d, be Dunkl’s operators associated with a reflection group.
For any homogeneous polynomial P of degree 1, we prove the polynomial |x|27*4=2+21 p(D){1/|x|*"*12} is
a h-harmonic polynomial of degree n, where v = > ki and D = (D, ... ,D,). The construction yields a
basis for h-harmonics. We also discuss self-adjoint operators acting on the space of h-harmonics.

1 Introduction

Among many properties satisfied by the harmonic polynomials, there is Maxwell’s theory
of poles, which states that for any multiindex o € N% |a|; = a; + -+ + ag = n, the
polynomials [x|>***~29{|x|~#*?} is a harmonic polynomial of degree n in R?, where 9% =
o .- 8{(;‘* and |x| is the usual Euclidean norm of x € R? ([8, p. 251] and [9, Chapter 4]).
Moreover, it is also known that for any € S, the sphere shell in R, and d > 3,

(L.1) [, 0)" %]~} = ()" |x"C PP (K ),

where x = rx’ with r = |x|, (x,y) denote the usual inner product of R? and CV is the
Gegenbauer polynomial of degree n with index A. This formula is called Maxwell’s repre-
sentation in [10, p. 69], we note that the sign (—1)" is missing in [10]. Since the right hand
side of (1.1) is the zonal polynomial, the collection of Maxwell’s representation consists of
a basis of harmonic polynomials.

The purpose of this paper is to extend Maxwell’s construction to s-harmonics devel-
oped by Dunkl [3-6] recently. The theory of h-harmonics is analogous to the theory of
ordinary harmonics, it uses finite reflection groups in place of orthogonal group in the
classical theory. The role of the partial differentials is replaced by a family of commuta-
tive differential-difference operators, called Dunkl’s operators, and the surface measure is
replaced by measures invariant under the reflection groups. Let G be a finite reflection
group on R? with the set R, = {v; : i = 1,2,...,m} of positive roots; assume that
|vil = |v;| whenever o; is conjugate to o; in G, where 0; = oy, 1 < i < m, are re-
flections with respect to v;. For a nonzero vector v € R? the reflection o is defined by
xoy = x — 2((x,v)/|v|*)v, x € R%. Then G is a subgroup of the orthogonal group gener-
ated by the reflections {o; : 1 < i < m}. Let k be a multiplicity function defined on R,,
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which is an m-tuple of real numbers k;, 1 < i < m, such that k; = k; whenever o; is con-
jugate to o; in G. The differential-difference operators, D; (Dunkl’s operators), associated
to G and k are defined by ([4])

. f(x) - f(xo)) .
(1.2) Dif(x) := ; f(x) + ]Zlkjwwj,ei), 1<i<d,
where 0; is the ordinary partial derivative with respect to x; and ey, . . . , e; are the standard
unit vectors of R%. It is proved in [4] that Dy,... , Dy commute, that is, DiD; = D;D;

forall 1 < i, j < d. The h-Laplacian, which plays the role similar to that of the ordinary
Laplacian, is defined by

(1.3) Ay =Di+---+ D3

The fundamental relation between the h-Laplacian and the orthogonality is as follows. For
ki > 0,1 <i < m, we consider the inner product defined on polynomials

(1.4) (f,g)hk=/ FERGEM(X) dw,  he(x) := [ 1(x,vi) "
gd—1 i—1

The function hy is a positively homogeneous G-invariant function of degree «y, where for
abbreviation, we introduce the index v = > k;. Let P, := P9 denote the space of
homogeneous polynomials of degree # in x = (xi,... ,x;). A polynomial P € P9 is
orthogonal to all polynomials of degree less than n with respect to (f, g)s, if and only if
AyP = 0 ([3]). The elements of H" := P4 N ker A}, are called h-harmonics, and H" is the
space of h-harmonic polynomials of degree #n. When h, = 1 the h-harmonics become the
ordinary harmonics, which satisfy the classical Laplacian equation AP = 0. The dimension
of H" is

dim 3" = dim P, — dim P, > — <”+d 1) _ ("+d3).

n n—2

For the general theory and many important properties of h-harmonics, we refer to [3-7]
and the references there. There is also the connection to the multivariate orthogonal poly-
nomials associated to the quantum Calogero models. We refer to [1, 2] and the references
therein.

We are interested in finding a basis for h-harmonics. We extend Maxwell’s construction
to h-harmonics in Section 2, and discuss the operators acting on the space of h-harmonics
in Section 3, where we use h-harmonics associated with the symmetric group S, as an
example.

2 Construction of h-Harmonics

We start with the following two basic formulae about the action of Dunkl’s operators and
h-Laplacian:

Lemma 2.1 Let X be a real number and g € P,,. Then
2.1) Di(|x[*g) = Axi[x|*~*g + [x[*Dig,
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and
(2.2) An(|x*g) = 2X(d/2+ A2 — 1+ n+7)|x]* 2g + [x]* Ayg,

where if \ < 0, then both of these identities hold at R? \ {0}.

Proof Since |x|* is invariant under the action of the reflection group, it follows from the
definition of D; in (1.2) that

Di(x|*g) = o(|x|")g + Ix*Dig,

from which (2.1) follows. The identity (2.2) can be proved using (2.1). For A = 2m, m an
integer, (2.2) also appeared in [3, Lemma 1.9]; the proof there holds for all A real. [ |

Definition 2.2 For any o € N4, We define homogeneous polynomials H,, by
(2.3) Hy(x) := [x[rHd-2#2lal oy —2—di2y

where D = (Dy, ... ,Dy) and D* = D - .- DI,

The fact that H,, is a homogeneous polynomial, in fact, an h-harmonic, is proved in the
following theorem. Let us introduce the notation thate; = (0,...,1,...,0),1 <i < d,
where 1 is at the i-th position.

Theorem 2.3 For each o € N% H, is an h-harmonic polynomial of degree |a|,, that is,
H, € 9{?&‘1. Moreover, H,, satisfy the recursive relation

(2.4) Hype,(X) = —(2y +d — 2+ 2|a))xiHy (x) + |x|*D;H,.

Proof First we prove that H,, is a homogeneous polynomial of degree |c|;. We use induc-
tion on n = |a|;. Clearly Hy(x) = 1. Assume that H, has been proved to be a homoge-
neous polynomial of degree n for |a|; = n. Using the identity (2.1) it follows that

DiHy = 2y +d — 2 + 2|y x| x| 42lelipaf|x|=2r—dr2}
+ |X|2fy+d—2+2\a|1 DiDa{lx‘—zﬂy—dﬂ}’

from which the recursive formula (2.4) follows from the definition of H,,. Since D;: P, —
Pn_1, it follows from the recursive formula that H,., is a homogeneous polynomial of
degreen+1 = |af; + 1.

Next we prove that H, is an h-harmonic, that is, we show that AyH, = 0. Setting
A = —2n — 27 — (d — 2) in the identity (2.2), we conclude that

Ah{|X|72n7277d+2g} — |X|72”7277(d72)Ahg,

for g € P,. In particular, for ¢ = 1 and n = 0, we conclude that Ah(|x\_2"f_d*2) = 0 for
x € R?\ {0}. Hence, setting ¢ = H,, |a|; = n and using the fact that Dy, ... , D, are
commuting, it follows that

AhHa — |X|2n+2'y+(d—2)AhDa{‘X|—2'y—d+2}

— |X|2n+27+(d72)'DaAh{‘X|7277d+2} — 0’
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which holds for all x € R since H,, is a polynomial. ]

If v = 0, then the h-harmonics reduce to the ordinary harmonics. The definition of H,,
is then reduced to Maxwell’s construction of harmonics.

It turns out that H, is related to the projection operator projsu: P, — fH’;. In [3]
Dunkl proved that the projection operator is given by '

[n/2]
1 o
2.5 jon P = § . JAIP,
( ) pro]ﬂ-{ﬁ P 41]'(_’}/—7/l+2—d/2)] ‘X| h™

where the normalization is determined by the fact that proj,., Q = Q for Q € H".

Theorem 2.4 For o € N and |a|, = n,
(2.6) H,(x) = (—=1)"2"(y — 1 + d/2),, proj,a{x*}.

Proof We use induction on n = |al;. The case n = 0 is evident. Suppose that the equation
has been proved for all « such that |@|; = n. By the definition of H, we have

[n/2]
®a{‘x|—2fy—(d—2)} — an|x‘—2'y—2n—(d—2) Z

j=0

1
47y —n+2—4d/2);

x| A {x7,
where a, = (—1)"2"(y — 1 + d/2),. Applying D; to this equation and using the identity
(2.1) with g = A]{x}, we conclude, after carefully computing the coefficients, that

DD {Jx| )

=a,(—2y—2n—d+ 2)|x|727*2”*d

[(n+1)/2] |
20 AJ [ A T—lgy foa
JZ—; ity — v 2 —djy; M A+ 2iR DA,

where we have also used the fact that D; commutes with A;,. Now, using the identity
A {x 0} = AL f00 +2/DiAT 0, j=1,2,3,...,

(see, for example, [4, p. 173]) and the fact that a,,,; = a,(—2vy — 2n — d + 2), we conclude
that Hyye; = aut1 Projgen 1 {x**¢}, which completes the induction procedure. ]
An immediate consequence of this theorem is the following corollary.

Corollary 2.5 The projection operator proj: P, + H! is given by,

1
(=D)m2"(y = 1+d/2),

(2.7) proj b P(x) = |X‘2ﬂ+27+d—2p(‘D){|X‘ —zw—d+2}.
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The theorem shows that there is a one-to-one correspondence between x“ and H,,. Since
every h-harmonic in 3" can be written as a linear combination of x* with |a| = 1, we
conclude that the set {H, : |a|; = n} contains a basis of H{". However, the h-harmonics
in this set are not linearly independent, since there are dim P,, of them which is more than
dim J’CZ. Nevertheless, it is not hard to derive a basis from this set of H,. In fact, the linearly
dependent relations among the set {H, : |a|; = n} are given by

H[HZE] Foet Hﬂ+2e¢, _ ‘X|2n+27+d72®ﬁAh{|X‘7277d+2} -0

for each 8 € N such that |3|; = n — 2. There are exactly dimP,_, = #{3 € N : ||, =
n — 2} linear dependent relations. For each of these relations, we can exclude one polyno-
mial from the set {H, : |a|; = n}. The remain dim f]'Cﬁ (= dim P, —dim P,,_,) harmonics
still span f}{z; hence, they form a basis for J{ﬁ. We note that the basis is not unique, since
we can exclude any one of the polynomials Hgye,, - - . , Hg42e, for each dependent relation.
For example, we may exclude Hg + 2e, for all |3|; = n — 2 from {H,, : |a|; = n} to obtain
a basis. We summarize the results in the following.

Corollary 2.6 The set {H, : |a|; = n} contains a basis of H". Moreover, one particular
basis can be taken as {H,, : |a]; = n,ay = 0,1}.

For example, if n = 2 and d = 3, then a basis of J—C’z‘ consists of polynomials
{Hi 1,0, Hi01, Ho1, Ha00, Ho20}-

Such a basis for 3—(2, however, is not an orthonormal one; that is, although H,, are orthog-
onal to polynomials of lower degree with respect to the inner product (1.4), they are not
orthogonal to each other.

We consider the extension of Maxwell’s representation (1.1) of the ordinary harmonics
in the following. We need the intertwining operator V between the commuting algebra of
differential operators and the algebra of Dunkl’s operators. The intertwining operator V is
the unique linear operator defined by

VP, C P, Vi=1, DV=V8 1<i<d.
In [5], Dunkl introduced the kernel K, (x,y) defined by
Ku(x,y) = Vx({x,y)"/n),

where V4 means that V is acting on the variable x. There are many properties of K, for
example, K,(x,y) = K,(y,x) and D,K,(x,y) = y;K,—1(x,y). In [5], it is shown that the
reproducing kernel of the space J(" is given by

[n/2]
Pi(x,y) =2"(y+d/2), Y

j=0

1

- K. - .
4Jj!(f’y—n+2—d/2)j|x| n—2j (1), X)

Since v = 0 implies that V' = id and that h-harmonics becomes the ordinary harmonics,
the following theorem gives the analogy of Maxwell’s representation for h-harmonics.

Theorem 2.7 Forn € S !, x = |x|x’ € RY,

|X|2n+2V+(d72)Kn(TI7 D){|X‘7277d+2} = (71)n|x‘nv[C£‘7+(d*2)/2)(<‘7 77>)] (X/)'
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Proof From the equation D;K,(x,y) = y;K,—1(Xx,y), it follows that AyK,(x,n) =
K,—2(x,n) since |n|* = 1. Together with Theorem 2.4 and the formula (2.5), we conclude
that

|X‘2n+27+(d72)Kn(n’ @){|X|7277d+2}
== (71)’72"(’7 -1+ d/z)n Pfojg{}; Kn(na X)

[n/2]
= (=D)"2"(y = 1+d/2), Y
j=0

y—1+d/2 _,
n+y—1+d/2"" K

1
4ijW(—y —n+2—4d/2);

‘X|2an_2j(77,X)

= (-1y" x)

On the other hand, we showed in [14] that for |x| = || = 1, we have

nAEY 2 VA2 /D ().

Ph /! —
ﬂ(x7n) ’}/71+d/2 n

Since P!(x,m) € H!, it is homogeneous in x; hence, we can factor |x|" out and use the
above equation to finish the proof. ]

The importance of the intertwining operator is that it allows to transform certain prop-
erties of the ordinary harmonics to h-harmonics. The above theorem gives just one more
example. At this moment, the explicit formula of V' is known only in the case of G = 7§
([13], and [5] ford = 1) and S5 ([6]). Recently, the operator has been proved to be positive
by M. Rgsler in [12], confirming a conjecture by Dunkl

For ordinary harmonics, more can be said about the representation. For example, it is
known ([8, p. 251] or [9, p. 134]) that ford = 3,

|18y +idy)" "0 |x| '} = (—1)"""(n — m)!e=" P (cos ),

leads to an orthonormal basis for the spherical harmonics, where P} are the the associated
Legendre’s functions, §; = 0/0x;, and we use the standard spherical coordinates x; =
rsin@sing, x, = rsinfcos ¢, x3 = rcosf, where r* = x? + x5 + x3. However, we do
not know what is a proper analogy of this formula for h-harmonics. In fact, we are not
aware any construction of orthonormal basis for " at this point. In order to construct an
orthonormal basis from H,, we need to be able to compute the inner product (H,, Hg)y, for
|a]y = |81, which turns out to be difficult. One immediate consequence of the recursive
relation (2.4) is the following result.

Lemma 2.8 Ifboth p and q are elements of H", then

(2.8) /SH xipgh*dw =0, 1<i<d.

Proof Consider H, and Hg with |a|; = |8|; = #, it follows from (2.4) that
(2y+d—2+2n) - x;Ho,Hgh* dw = /Sd ] D;H, Hph* dw — /Sd 1 Hpie, Hgh® dw = 0,

which implies the desired result since {H,, : ||, = n} contains a basis for H". [ |
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3 Operators Acting on the 1-Harmonics

Next we recall that the adjoint D} of the operator D; on H" is defined by
(P D, = (D} p.Dn, P € Fyq €I

It follows that D} is a linear operator that maps H" into "

7+1- The definition of H,, pro-
vides an easy access to D;.

Theorem 3.1 The action of the adjoint D} on H,, € H" is given by

2n+2v+d
3.1 DiHy=—-——————Haqe,.
G T 2nt2y+d-—2

Proof Let H, € J—ij and Hz € 9{]; +1- Using (2.8) and the recursive relation (2.4) twice, we
conclude that

2v+2n+d

(Ha, DiHg)y, = (2 +2n + d)(xiHo, Hg)py, = —m

(Ha+e1 ) Hﬁ)hkv
which leads to the desired result. |

Since {H,, : |a|, = n} contains a basis for 3", upon using the recursive relation (2.4)
we end up with an alternative proof to the following result in [4, Theorem 2.1].

Theorem 3.2 For P € J{’;,
(3.2) DIP = (d+2n+27) (xiP —(d+2n+2vy— 2)71|x|2D,~P).

The Theorem 3.1 makes it easier to derive properties of D}. Among the operators acting
on P, the operators D; D} and D;D; are of particular interest, since they are self-adjoint
with respect to the inner product (1.4) and they map " to 3(". Other interesting operators
include D; D7 —D;D; and D; D} —D; D} whose square are self-adjoint on 3h. Tt turns out
that the latter two operators differ only by a constant, and they are also constant multiple
of the operator x;D ; —x;D;, which has been used in [7] to find orthogonal decompositions
of H!'. Let A, ; be operators defined by

.A,‘JPZ@j(X,‘P)fxi@]‘P, PGUnTn, i=1,2,... ,d.

Lemma 3.3 The operators A; ; are self-adjoint and they satisfy A; ; = A; ;. Moreover,

(3.3) Aijf(x) =6 jf(x) + 2Zksf(xas)<v5,ei)<v5,ej)/<v]-,vj>.

s=1

where §; ; = 0ifi # jand §;; = 1ifi = j.
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Proof From the definition of D;, we write D; = 0; + D;, where the operator D; consists of
the difference part. Then, using the equation that

Dj(x;) = ZZ ks(vs, €;) (vs, €j) / (vs, V) = Dj(x;),

s=1

a straightforward calculation yields that for any polynomial f, we have

Dj(xif) = 0j(xi f) + x:D;(f) +2 Z ks f (x05)(Vs, €;) (Vs, €5) / (Vs, V)

s=1

=xDi(f)+0i;f+2 Z kof (x00) (vs, €;) (Vs, €) / (Vs, V).
s=1

This leads to the explicit formula of A; ; and it implies that A; ; is symmetric with respect
to i, j. Since h? is G-invariant and for any reflection o, we have

/Sd_l f(xoj)g(x)h* (x) dw = /Sd_l f(x)g(xo;)h*(x) dw,
which shows, by (3.3), that A, ; is self-adjoint. |
Lemma 3.4 For f € P, the operator B, ; defined by
Biif =Qy+2n+d—2)*D;D;f — (2y+2n+d)>’*D;D;f
is self-adjoint. Moreover,
Qy+2n+d*(D;Dj — DiD)f = 2y +2n+d—2)*(D;Df — D;D;f)
=—Q2v+2n+d—2)2y+2n+ d)z(ij,- —xDj))f.
Proof From the fact that A; ; = A;; it follows that
Di(xif) — Dilxjf) =xD;f — x;Di f.

By Theorem 3.1, D} H, is a multiple of Hy,.,. Hence, apply D; on the recursive relation
(2.4), we conclude that

2y+2n+d—2

D;Df —D;D)NH, = —2y+2n+d —2)(D;(x;H,
2y+2n+d (D;D; ) (2y+2n )(Dj(iHa)

— D,-(xjHa)) + 2(x]®1Ha — xiD]‘Ha)
= (2v+2n+d)(xjD;H, — x;D;H,).
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Moreover, using the fact that D;H,, € 3" | and Theorem 3.2, we conclude that

2y+2n+d—2 .
_ngDl Ha = —(2"}/ +2n+d— Z)D](X,Ha) + 2Xj®,’Ha + |X|2'D,'D]'Ha

_ 2y+2n+d—4
2y +2n+d-2

+ ZXJ"D,‘HO( — 2xiﬂ)jHa.

'D?DjHa — (2’)/ +2n+d— Z)A,‘J‘Ha

Putting these two formulae together, we obtain, after rearranging terms, that

_(2’7+2n+d—2)(2’y+2n+d—4)
(27 +2n+d)?

D,D;H,

1

_ 2y+2n+d—4
2y +2n+d-2

—(2y+2n+d—2)A; jH,

D:D;H,

1

2y+2n+d—2
—————(D;D%+D;D})H,.
(2’Y+2n+d)2( j+ PP
Since both A; j and D; D7 + DD are self-adjoint, we conclude that B; ; are self-adjoint.
The desired identity follows from the fact that B, ; = B} i= Bji. [ |

In [7] Dunkl has used the operators R; ; := (;D; — x]@i)z to generate a sequence of
commuting self-adjoint operators acting on the h-harmonics. For the group 7, x - - - X 7,
the operators he constructed take the form D;D; + Z’];i R, and their eigenfunctions
form an orthonormal basis for h-harmonics. We can construct a sequence of commuting
operators using A; ; for the symmetric group.

Symmetric Group The group G = S; is the symmetric group on d objects. In this case,
the operator D; takes the form

f& = f(G, ))x)
D, -5 S TR
00 = () +ko D PR
7
where (i, j) is the transposition of x; and x;, (i, j)x = (... ,xj,... ,x;,...). In this case, it
can be easily verified that
d
Aij=ko(i,j) and Ai;=TI+k » (D)
I=1,l4i

where I stands for the identity operator.

Theorem 3.5 In the case of symmetric group the operators C; defined by C; = A; — 21]3 Aij
is a sequence of commuting self-adjoint operators.

https://doi.org/10.4153/CMB-2000-057-2 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2000-057-2

Harmonic Polynomials 505

Proof Using the formulae of A; ; it is easy to see that A; ; are commuting amongst each
other as long as the indices belong to disjoint sets, and we also have A; ;A;; = A; A;; for
i # j,i# l. We claim that

(3.4) [Aii —Aij, Ajil =0, i>j,and [Aj+Aj, Al =0, i#1#],

where [A, B] = AB — BA is the commutator. Indeed, we have

i = Aijs Ay = [ D2 GG+ D (D)

i 1] i 1]
=K (G, G, )1+ 16D, (G,D] =0,
i 1]

since [(1,0), (i, )] = (G, j,0) — (4,1, j) = —[G, D, (j,1)]. The second claimed equation
follows similarly. Now, for i > j, we have by (3.4) that

(€, Cj] = [Ai;i — Aij, A { Z Ail, ]]} - [Ai,i - iﬂi,z,iﬂj,z}
=1 =1

I=1,1#j
j j—1 j—1
{Z ZA] 1} =) [Aij+Ais, Ajul =0,
I=1 I=1 =1
which proves the desired commuting result. ]

The operators C; are essentially the so-called Murphy elements, » j>i(i, 7) ([11]). The
author thanks a referee for pointing out the connection.

For the symmetric group, the group elements (i, j) and Dunkl’s operators interact in
simple rules, we have D;(i, j) = (i, j)D; and Dy(i, j) = (i, j)D1, i # I # j. As a conse-
quence, the action of (i, j) on the h-harmonics H,, is given by (i, j))H, = H(j j)o- We can
use these facts and the operators C; to find an orthogonal decomposition of the space of
h-harmonic functions.

Let us consider the case d = 3. In this case, we have

Cr =T+ko(1,2) +ko(L,3).
Applying C; to H,, |a|1 = n, we see that C; maps span{H,, : 0 € S3} to itself. Asa
linear operator, it follows that €; has a matrix representation of 6 x 6. With the help of

Mathematica, we found that the matrix has 4 distinct eigenvalues, 1 — ko, 1 + ko, 1 — 2kg
and 1 + 2ko. The corresponding eigenspaces are given by

E\_k, = span {(Hy — H(13)0)+(2,3)(Ho — Hi1 3)a),

(Ho — Happa) + (2,3)(Ho — Hy 2a)} N
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Ey4k, = span {—(Hq + H(13)0) + (2,3)(Ha + H(1 3)0),

— (Ho + Hapya) + (2,3)(Ho + Happa) } 0 HE

E1,2k0 = Span {Z(_l)sign UHaU} N :H:ﬁ) E1+2k0 = span {Z Haff} N fHﬁ

0ES; 0ES;

Since eigenfunctions belong to different eigenvalues are orthogonal, we have

Theorem 3.6 The space of h-harmonics for S; admits the orthogonal decomposition,
H! = Ei—k, & Ey1k, ® E1_ok, ® Ersak,.-

Such a decomposition also works for d > 3, but the computation becomes messy. For
d = 4, the matrix is of size 4! = 24, its corresponding eigenvalues are 1 (multiplicity 4),
1 £ ko (multiplicity 3), 1 £ 2k, (multiplicity 6), and 1 & 3k, (simple), which decomposes
H" into 7 orthogonal subspaces.

The family C; is not enough to yield a complete orthogonal decomposition of H". In
order to obtain such an decomposition, it is often necessary to study the operators that are
self-adjoint and map " to itself. For example, we can look into the action of the operators
D;Df. Using the basis {H, }, we can write down the action of D;D¥ on H, for symmetric
group. Indeed, from (2.5) and (2.6) we obtain using (2.1) that

DiHy(x) = (=1)2"(y — 1+ d/2),[Di{x*} — @y +2n+d — 4) ' A {x*}] + |x|*p(x),
where p € P,_;. From the correspondence between x* and H,,, we also have

D{x*} — y+2n+d — 4) ' AL{x*}

(3.5) = > o’

[Bli=n—1
— (*1)"71(2"71(7 -1+ 61/2),1_1)7l Z cgHp + x|*q

[Bli=n—1

where g € P,,_3. However, since D;H, is a h-harmonic, it follows that p = g and

DiHy, = —(2y+2n+d—4) Z csHp.
|Bli=n—1

Thus, we only have to find the coefficients cg, which can be carried out using (3.5). The
computation of cg is rather tedious, we have, for example,
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Lemma3.7 Fora € N%, |a|y =nanda; > a; > --- > ay,

d
DiHy = —(d + 2y +2n — 4)jHy e, + Z aj(etj — 1)Ho e ve,
j=1
i—1 aj—a;i—1 ai—aj—1
—(d+2vy+2n— 4)k[z Z Ho (11)ej+le; + Z Z Ho—41) e,+le]}
j=i+l =0
ap—ag—1

+2k Z |:_aP a—ep—e€gte; + Z (ap l)H (H+1)ep+(1—1 )eﬁe,}

1<p<q<d I=

Together with Theorem 3.1, we can then find the action of D; D} on 3. This allows
us to study, for example, the eigenvalues and eigenfunctions of these operators. Further
research will aim at constructing a complete orthogonal decomposition of the space H" by
studying the eigen structures of self-adjoint operators.
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