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Abstract. For a non-conformal repeller A of a C!'*® map f preserving an ergodic
measure u of positive entropy, this paper shows that the Lyapunov dimension of u can
be approximated gradually by the Carathéodory singular dimension of a sequence of
horseshoes. For a C!*® diffeomorphism f preserving a hyperbolic ergodic measure 1
of positive entropy, if (f, 1) has only two Lyapunov exponents A, () > 0 > Ay(w), then
the Hausdorff or lower box or upper box dimension of x can be approximated by the
corresponding dimension of the horseshoes {A,}. The same statement holds true if f is a
C! diffeomorphism with a dominated Oseledet’s splitting with respect to .
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1. Introduction
In smooth dynamical systems, a fundamental approximation result asserts that a C!¢ dif-
feomorphism f which preserves a hyperbolic ergodic measure p of positive entropy can be
approximated gradually by compact invariant locally maximal hyperbolic sets—horseshoes
{A,}, in the sense that dynamical quantities on the horseshoes such as the topological
entropy and pressure, Lyapunov exponents, and averages of continuous functions are
approaching those of the measure (.

This type of result is widely referenced to the landmark work by Katok [20] or Katok
and Hasselblatt (see [21]). Misiurewicz and Szlenk [28] earlier proved a related result for
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continuous and for piecewise monotone maps of the interval. Przytycki and Urbariski [34]
obtained corresponding properties for holomorphic maps in the case of a measure with
only positive Lyapunov exponent. A related setting of dyadic diophantine approximations
was established by Persson and Schmeling in [32]. For a general C!*¢ diffeomorphism
f preserving a hyperbolic ergodic measure p with positive entropy, assume that p has
¢ different Lyapunov exponents {\ j}§'=1- On each approaching horseshoe A,, Avila,
Crovisier, and Wilkinson [2] obtained a continuous splitting

Tha\ M =E 1 ®E,®---DE

and showed that the exponential growth of Dy f"|g, is roughly A; for each i =
1,2,...,£. A corresponding statement for C I4+e non-conformal transformations (that
is, non-invertible maps) was shown in [11]. See [12], [16, 17], and [44] for other results
related to Katok’s approximation construction of C'+* maps.

A natural question is how large is that part of the dynamics described by these
horseshoes. So, it is interesting to estimate the Hausdorff dimension of the stable and/or
unstable Cantor sets of a horseshoe. If 1 is a Sinai—Ruelle-Bowen (SRB) measure (that is,
a measure with a particular absolute continuity property on unstable manifolds; see [6] for
precise definitions), it was shown in [36] that i can be approximated by ergodic measures
supported on horseshoes with arbitrarily large unstable dimensions, which generalized
Mendoza’s result in [26] for diffeomorphisms in a higher dimensional manifold. The
approach in [36] was based on Markov towers that can be described by horseshoes with
infinitely many branches and variable return times. However, there is an essential mistake
in the proof of the key proposition [36, Proposition 5.1]. The authors in [42] proved the
same result by a different method. They used the u-Gibbs property of the conditional
measure of the equilibrium measure and the properties of the uniformly hyperbolic
dynamical systems. Furthermore, in [42], the authors proved that the Hausdorff dimension
of u can be approximated gradually by the Hausdorff dimension of the horseshoes {A,}
provided that the stable direction is one dimension. See also [24, 25, 27, 29, 37, 38] that
represent works close to this topic.

In this work, our main task is to compare the dimension of the horseshoes {A,} and
the given hyperbolic ergodic measure u of a C” (r > 1) diffeomorphism in a more general
setting where 1 may not be an SRB measure. For a non-conformal repeller A of a C!+
map, using the approximation result in [11], we show that the Lyapunov dimension (see
equation (3.1) for the definition) of an f-invariant ergodic measure w supported on A
can be approximated gradually by the Carathéodory singular dimension (see equation
(3.6) for the definition) of the horseshoes {A,}. For a C!T¢ diffeomorphism f preserving
a hyperbolic ergodic measure p of positive entropy, if (f, ) has only two Lyapunov
exponents A, (1) > 0 > Ay(u), then the Hausdorff or lower box or upper box dimension of
W can be approximated by the corresponding dimension of the horseshoes {A,,}. The same
statement holds true if f is a C! diffeomorphism with a dominated Oseledec’s splitting
with respect to u.

We arrange the paper as follows. In §2, we give some basic notions and properties
about topological and measure theoretic pressures, and dimensions of sets and measures.
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Statements of our main results will be given in §3. In §4, we will give the detailed proofs
of the main results.

2. Definitions and preliminaries
In this section, we recall the definitions of topological pressure and various dimensions of
subsets and/or of invariant measures.

2.1. Topological and measure theoretic pressures. Let f : X — X be a continuous
transformation on a compact metric space X equipped with metric d. A subset F C X is
called an (n, €)-separated set with respect to f if for any two different points x, y € F, we
have d, (x, y) := maxo<k<n—1 d(f*), () > €. A sequence of continuous functions
@ = {¢p,}n>1 is called sub-additive if

Omtn < On+ Pmo f* forallm,m € N.

Furthermore, a sequence of continuous functions ¥ = {{, },>1 is called super-additive if
—W = {—,},>1 is sub-additive.

2.1.1. Topological pressure defined via separated sets. Given a sub-additive potential
P = {¢n}nz] on X, put

P,(f, ®, €) =sup { Z e¢’"(")|F is an (n, €)-separated subset of X}.
xeF
Definition 2.1. We call the quantity
1
Pop(f, @) = lirrb lim sup — log P,(f, ®, €) 2.1
€—>

n—oo N

the sub-additive topological pressure of (f, ®).

Remark 2.2. If @ = {¢,},>1 is additive in the sense that ¢, (x) = ¢(x) + @(fx) +-- -+
o(f"'x) £ S,p(x) for some continuous function ¢ : X — R, we simply denote the
topological pressure Piop(f, @) as Piop(f, ¢).

Let M 7(X) denote the space of all f-invariant measures on X. For u € M ¢(X), let
h,,(f) denote the metric entropy of f with respect to  (see Walters” book [39] for details
of metric entropy), and let

1
L(P, p) = lim _/¢n du.
n—oo n

The existence of the above limit follows from a sub-additive argument. In [9], the authors
proved the following variational principle.

THEOREM 2.3. Let f: X — X be a continuous transformation on a compact metric
space X, and ® = {¢,},>1 a sub-additive potential on X, then we have

Piop(f, ®) = sup{hy (f) + Li(P, ) : o € Mp(X), Li(P, p) # —00}.

Here we take the convention that sup § = —oo.
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Although it is unknown whether the variational principle holds for super-additive
topological pressure, Cao, Pesin, and Zhao gave an alternative definition via variational
principle in [11]. Given a sequence of super-additive continuous potentials ¥ = {{,},>1
on a compact dynamical system (X, f), the super-additive topological pressure of W is
defined as

Pyar(f, W) := sup{h, (f) + Li(W,p):pe Mf(X)},

where

o1 1
£*(\D,M)=nlggo;fl/fn du=sup;f1/fn du.

n>1

The second equality is due to the standard sub-additive argument.

2.1.2. Measure theoretic pressure. We first follow the approach in [33] to give the
definitions of topological pressures on arbitrary subsets. Given a sub-additive potential
D = {¢p,}u>10nX,asubset Z C X, and o € R, let

M(Z,dD,0,N,¢) = inf{ Z exp (—om,- 4+ sup ¢ni(y)) :
i YEBu,; (xi,€)

| Buxi.e) D Z, xi e Xandn; > Nforalli}.

1

Since M (Z, ®, a, N, €) is monotonically increasing with N, let
m(Z,®,a,¢):= lim M(Z, ®,a, N, ¢€). 2.2)
N—00
We denote the jump-up point of m(Z, P, «, €) by
Pz(f, ®,¢) =infla : m(Z, &, a, €) =0} = sup{o : m(Z, P, o, €) = +00}.
Definition 2.4. We call the quantity
Pz(f, ®) =lim iélf Pz(f, @, ¢€)
€e—

the fopological pressure of (f, ®) on the set Z (see [14] for the weighted version of this
quantity).

Similarly, for « € R and Z C X, define

R(Z, q>,a,N,e)=inf{Zexp(—aN+ sup ¢N(y)):

i YEBN (xi,€)

U By(xi,€) D Z, x; € X}.

1
We set
r(Z,®,a,¢) =liminf R(Z, ,a, N, €),
N—>oo

7(Z,®,a,¢) =limsup R(Z, D, o, N, €)

N—o00
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and define the jump-up points of r(Z, ®, o, €) and 7 (Z, D, a, €) as
CP,(f,®,¢)=infla : r(Z, ®,a,€) =0} =supl{a : r(Z, D, a, €) = +00},
CPz(f,®,¢) =infla : 7(Z, D, a, €) =0} = sup{a : 7(Z, D, a, €) = +00},
respectively.
Definition 2.5. We call the quantities
CP,(f,®) = liiri)i(r)lfC_PZ(f, ®,€) and CPz(f, ) = liii(glfc_Pz(f, D, €)
the lower and upper topological pressures of (f, ®) on the set Z, respectively.
Given an f-invariant measure u, let
Pu(f, @, €) =mf{Pz(f, P, €): u(Z) =1}
and then we call the quantity
P, (f,®):= lignﬂi(r)lf P.(f,®,¢)
the measure theoretic pressure of (f, ®) with respect to . Let further
CP,(f, P, €)= gg)% inf{CP,(f, ®,€): n(Z) =1 -4},
CP,(f, ®,¢) = lim inf{CPz(f, ®,€): n(Z) >1—8).
We call the quantities
CP,(f,®) = liill)iglfC_PM(f, ®,¢), CP,(f,®) = ligrii(?fC_PM(f, D, €)

the lower and upper measure theoretic pressures of (f, ®) with respect to u, respectively.
It is proved in [10, Theorem A] that

Pu(f,®)=CP, (f,P)= CPL(f, ®) =hu(f)+ Li(D, ) (2.3)
for any f-invariant ergodic measure pu with £, (®, u) # —oo.
Remark 2.6. In fact, one can show that
P'u(f, (I)) = lnf{PZ(f’ CI)) : M(Z) = 1}’

where P denotes either P or CP or C P, see [46] for a proof.

2.2. Dimensions of sets and measures. Now we recall the definitions of Hausdorff and
box dimensions of subsets and measures. Given a subset Z C X, for any s > 0, let

o0
H5(Z) = inf { Z(diam U;)* : {U;}i>1 is a cover of Z with diam U; < §, foralli > 1}
i=1

and

H'(2) = lim H3(2).
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The above limit exists, although the limit may be infinity. We call #*(Z) the s-dimensional
Hausdorff measure of Z.

Definition 2.7. The following jump-up value of H*(Z)
dimy Z = inf{s : H*(Z) = 0} = sup{s : H*(Z) = o0}

is called the Hausdorff dimension of Z. The lower and upper box dimension of Z are

defined respectively by
dimp Z = lim inf og—() and dimp Z = lim sup og—()’
§—0 —logé 5§50 —logé

where N(Z, §) denotes the least number of balls of radius § that are needed to cover the
setZ. If dimp Z = dimp Z, we will denote the common value by dimp Z and call it the box
dimension of Z.

The following two results are well known in the field of fractal geometry, e.g. see
Falconer’s book [13] for proofs.

LEMMA 2.8. Let X and Y be metric spaces. For any r € (0,1), ® : X — Y is an onto,
(C, r)-Holder continuous map for some C > 0. Then

dimy ¥ <r~'dimy X, dimp¥ <r 'dimzX and dimgY <r~'dimgX.
COROLLARY 2.9. Let X and Y be metric spaces, and let ® : X — Y be an onto, Lipschitz
continuous map. Then
dimy ¥ <dimy X, dimgY <dimzgX and dimpY < dimpX.
Given a Borel probability measure & on X, the quantity
dimyg u = inf{dimyg Z : Z C X and u(Z2) = 1}
= (SII_I)I}) inf{dimyg Z : Z C X and u(Z) > 1 — 8}

is called the Hausdor{f dimension of the measure (. Similarly, we call the two quantities

dimg =51i_1>1})inf{di_mBZ :Z CXand u(Z2) > 1-—4}
and

dimp =81i_r)r(1)inf{di_mBZ :ZcC Xand u(Z) > 1 -6}

the lower box dimension and upper box dimension of i, respectively.
If w is a finite measure on X and there exists d > 0 such that

. log u(B(x,r))
m — =
r—0 log r

d

for p-almost every x € X, then
dimy p = dimg p = dimp p = d.

This criterion was established by Young in [45].
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3. Statements of main results
In this section, we will give the statements of the main results in this paper, and the proof
will be postponed to the next section.

3.1. Dimension approximation for uniformly expanding systems. Let f : M — M be a
smooth map of an mg-dimensional compact smooth Riemannian manifold M, and A a
compact f-invariant subset of M. Let M (A) and £7(A) denote respectively the set of all
f-invariant measures and ergodic measures on A.

3.1.1. Definitions of repeller and Lyapunov dimension. We call A a repeller for f or f is

expanding on A if:

(1) there exists an open neighborhood U of A such that A={xeU: f*(x) e U
for all n > 0};

(2) thereis k¥ > 1 such that

IDx f()|| > «|lv|| forallx € Aandv € Ty M,

where || - || is the norm induced by the Riemannian metric on M, and D, f : TxM —
Tr(xyM is the differential operator.

Given an f-invariant ergodic measure p supported on the repeller A, let Aj(n) >
Aa(p) = -+ - = Ayp(u) and hy,(f) denote the Lyapunov exponents and the measure
theoretic entropy of (f, u), respectively. We refer the reader to [6, 39] for detailed
descriptions of Lyapunov exponents and the measure theoretic entropy. We further define
the Lyapunov dimension of y as follows:

hu(f)7Am0 (H—)f'“f)"moflJrl ()

. £+ s hu(f) = Ay (),
dimp p := hu(f) Fmg=t (1) 0<h ‘ S 3.1
Tong (1) ° < hu(f) < Amg(),

where ¢ = max{i : Ao () + - - - + Amg—it1 () < hu(f)).

The original definition of Lyapunov dimension in [1, 19, 22] is defined only for
hyperbolic systems as follows: assume that v is an ergodic measure of a smooth diffeo-
morphism f with Lyapunov exponents A; > - -+ > X, > 0> A, > -+ > Ay, then the
the Lyapunov dimension is

L bt A
[Ae+1]

A
Lyadim v =4£ +

il

where £ = max{i : A + - - - + A; > 0}. Assume further that v is an SRB measure, then
hy(f) = A1 + - - - + A, As a consequence,
hv(f)+)tLt+l +-- '+)\€

Lyadim v =¢ +
|Aet1]

and £ = max{i : —Ay,4+1 —---—X; = h,(f)}. Hence, the definition in equation (3.1) is
a reasonable substitute. For a C! expanding map f, Feng and Simon [15] defined the
Lyapunov dimension of an ergodic measure as the zero of the measure theoretic pressure
P, (f, ®7(t)) =0 (see equation (3.4)). In this paper, we will prove that the unique
solution of the equation P, (f, ® (¢)) = 0is indeed our definition of Lyapunov dimension
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(see Theorem A). Furthermore, this paper shows that the Lyapunov dimension of an
ergodic measure defined in equation (3.1) is equal to its Carathéodory singular dimension
(see Proposition 3.2), so the Carathéodory singular dimension (see §3.1.3 for the detailed
definition) can be regarded as a geometric explanation of the Lyapunov dimension.

3.1.2. Singular valued potentials. Let A be a repeller of a smooth map f: M — M.
Givenx € A andn > 1, consider the differentiable operator Dy f" : TeM — Tpn ()M and
denote the singular values of D, f" (square roots of the eigenvalues of (D, f*)*D, f") in
the decreasing order by

Oll(.x, fn) zaZ(x’ fn) Z zamo(x’ fn) (32)
For ¢t € [0, mg], set
mo
o' (x, 1) = Z log a; (x, f*) + (t — [t]) log otmy—1n (x, 7). (3.3)
i=mo—[t]+1

Since f is smooth, the functions x — «;(x, f"), x — ¢'(x, f™) are continuous for any
n > 1. Itis easy to see that for all n, £ € N,

o', [T Z ¢ )+ (00, ).
It follows that the sequence of functions
() = {=¢" ¢, [nz1 (3.4)

is sub-additive, which is called the sub-additive singular valued potentials.

3.1.3. Carathéodory singular dimension. We recall the definition of Carathéodory
singular dimension of a repeller which is introduced in [11].
Let ®f(r) = (=o', f™}n=1. Given a subset Z C A, for each small number r > 0, let

m(Z,t,r) = ngnoo inf{ Z exp ( sup  —¢' (¥, f’“))},
i

YEBy, (xi.r)

where the infimum is taken over all collections {B,, (x;, r)} of Bowen’s balls with x; € A,
n; > N that cover Z. It is easy to see that there is a jump-up value

dimc, Z :=inf{t : m(Z,t,r) =0} = sup{t : m(Z, t, r) = 400} 3.5
The quantity

dimc¢ Z := lim inf dim¢ , Z (3.6)
r—0

is called the Carathéodory singular dimension of Z. Particularly, the Carathéodory
singular dimension of the repeller A is independent of the parameter r for small values
of r > 0 (see [11, Theorem 4.1]).
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For each f-invariant measure u supported on A, let
dimc, u := inf{dimc, Z : pu(Z) =1},
and the quantity
dime p = lig i(?f dimc,

is called the Carathéodory singular dimension of the measure p.

3.1.4. Approximation of Carathéodory singular dimension of repellers. ~ Given a repeller
A of a C'™® map f, the following result shows that the zero of the measure theoretic
pressure function is exactly the Lyapunov dimension of an ergodic measure u € E¢(A),
and the Lyapunov dimension of an ergodic measure of positive entropy can be approxi-
mated by the Carathéodory singular dimension of a sequence of invariant sets. Recall that
@ f (1) == {—¢'(-, f")}n=1 is the sub-additive singular valued potentials with respect to f
(see the definition in equation (3.4)).

The following result gives a measure theoretic version of Bowen’s equation, that is, the
unique zero of the measure theoretic pressure is exactly the Lyapunov dimension of an
ergodic measure.

PROPOSITION 3.1. Let f : M — M be a C' map of an mo-dimensional compact smooth
Riemannian manifold M, and A a repeller of f. For every f-invariant ergodic measure |4
supported on A, we have that

dimp p = sy,
where s, is the unique root of the equation P, (f, ® (1)) = 0.

For an ergodic measure supported on a repeller with positive entropy, one can find
a sequence of compact invariant sets whose Carathéodory singular dimension gradually
approaches the Lyapunov dimension of the measure.

THEOREM A. Let f: M — M be a C'™ map of an mg-dimensional compact smooth
Riemannian manifold M and A a repeller of f, and let i be an f-invariant ergodic measure
on A with hy,(f) > 0. For any € > 0, there exists an f-invariant compact subset Ay C A
such that dim¢ A, — dimy, u as & approaches zero.

Some comments on the previous theorem are in order. First, the map of higher
smoothness C!7¢ is crucial as it allows us to use some powerful results of Pesin theory.
Second, if f is a local diffeomorphism preserving an ergodic expanding measure p of
positive entropy, that is, (f, 1) has only positive Lyapunov exponent, in this case, one can
also obtain an approximation result as in [11] so that we can obtain the second statement
in the previous theorem in this setting. In [37], for a C? interval map f with finitely
many non-degenerate critical points, the author proved that the Hausdorff dimension of
an expanding measure x can be approximated gradually by the Hausdorff dimension of a
sequence of repellers.

For each f-invariant ergodic measure u supported on A, the following result shows that
the Carathéodory singular dimension of w is exactly its Lyapunov dimension.
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PROPOSITION 3.2. Let f : M — M be a C' map of an mo-dimensional compact smooth
Riemannian manifold M, and A a repeller for f. Then the following statements hold:

(1) foreach subset Z C A, we have that
dime Z = tz,

where tz is the unique root of the equation Pz(f, ® (1)) = 0;
(2) for each f-invariant ergodic measure |1 supported on A, we have that

dime pu = dimg, .

3.2. Dimension approximation in non-uniformly hyperbolic systems. In this section, we
first recall an approximation result in non-uniformly hyperbolic systems that is proved
by Avila, Crovisier, and Wilkinson [2], then we give the statement of our dimension
approximation result in non-uniformly hyperbolic systems.

3.2.1. Lyapunov exponents and holonomy maps. Let f: M — M be a diffeomor-
phism on an mg-dimensional compact smooth Riemannian manifold M. By Oseledec’s
multiplicative ergodic theorem (see [30]), there exists a total measure set O C M
such that for each x € O and each invariant measure p, there exist positive integers
di(x), d>(x), . . ., dp)(x), numbers A1(x) > A2(x) > - - - > Ap(y)(x), and a splitting

I'M=E(x)Ex)®---® Ep(x)(x),

which satisfy that:
(1) Dy fEi(x) = E;i(f(x)) for each i and 3" d; (x) = my;
(2) foreach 0 # v € E;(x), we have that

M) = lim ~ log [ D, /" W)
n—oon
Here we call the numbers {); (x)}f:()i) the Lyapunov exponents of (f, i). In the case that
W is an f-invariant ergodic measure, the numbers p(x), {d;(x)}, and {X;(x)} are constants
almost everywhere. We denote them simply by p, {d;}/_,, and {A;}}_,.

A compact invariant subset A C M is called a hyperbolic set if there exists a continuous
splitting of the tangent bundle 7o M = E* @ E*, and constants C > 0, 0 < A < 1 such
that for every x € A:

(1) Dy f(E*(x)) = E°(f(x)), Dx f(E"(x)) = E"(f(x));

(2) foralln >0, [[Dyf" ()|l < CA"|v|| if v € E*(x), and || Dy f"(0)|| < CA"||v]| if
v e E“(x).

Given a point x € A, for each small 8 > 0, the local stable and unstable manifolds are

defined as follows:

Wg(f.x) ={y e M :d(f"(x), f"(y)) < B foralln > 0},
Wg(f,x)={yeM:d(f"(x), f"(y) < foralln > 0}.
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The global stable and unstable sets of x € A are given as follows:

Wi, x) = £ @), WL ) = £ £ ).
n>0 n>0
A hyperbolic set is called locally maximal if there exists a neighborhood U of A such that
A = (,ez f"(U). Recall that a horseshoe for a diffeomorphism f is a transitive, locally
maximal hyperbolic set that is totally disconnected and not finite.

Let W and W* be the unstable and stable foliations of a hyperbolic dynamical system
(f, A). For x, y € A with x close to y, let Wg(f, x) and Wg(f, x) be the local stable
foliations of x and y. Define the map 4 : Wg(f, x) — Wg(f, y) sending z to h(z) by
sliding along the leaves of W*. The map # is called the holonomy map of W*. The map h
is Lipschitz continuous if

dy(h(z1), h(z2)) < Ld.(z1, 22),

where 71, 22 € Wg (f,x) and d, dy are natural path metrics on Wg (f, x), Wﬂ”(f, y) with
respect to a fixed Riemannian structure on M. The constant L is the Lipschitz constant, and
it is independent of the choice of W*. The map # is a-Holder continuous if

dy(h(z1), h(z2)) < Hdx(z1, 22)%,

where H is the Holder constant. Similarly, we can define the holonomy map of W*.

3.2.2. Approximation of Lyapunov exponents and entropy. For a C'1¢ diffeomorphism
f: M — M, Katok [20] showed that an f-invariant ergodic hyperbolic measure (a mea-
sure has no zero Lyapunov exponents) with positive metric entropy can be approximated by
horseshoes. However, Katok’s result does not explicitly mention a control of the Oseledets
splitting over the horseshoes. Recently, Avila, Crovisier, and Wilkinson [2] showed that
there is a dominated splitting over the horseshoes, with approximately the same Lyapunov

exponents on each sub-bundle of the splitting.
Recall that D f-invariant splitting on a compact f-invariant subset A:

TAM=E,®E,®---DE;, (£ >2),

is a dominated splitting if there exists N > 1 such that for every x € A, any unit vectors
v,we T, M:

veE(),weE;j() with i <j= DN = 21D fN .

We write E{ > Ep > - -- > E,;. Furthermore, if there are numbers A > Ay > - -- > Ay,
constants C > 0, and 0 < & < minj<j<¢(A; — A;4+1)/100 such that for every x € A,
n €N, 1 < j < { and each unit vector u € E;(x), it holds that

CT1e" ) <Dy f )] < CeMt),
then we say that
TAM=E ®E®---®E;, ({>2)

is a {A;}1<j<¢-dominated splitting.
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For the reader’s convenience, we recall Avila, Crovisier, and Wilkinson’s approximation
results in the following, see [2] for more details.

THEOREM 3.3. Let f : M — M be a C'* diffeomorphism, and y an f-invariant ergodic

hyperbolic measure with h,(f) > 0. For each ¢ > 0 and a weak-* neighborhood V of 1

in the space of f-invariant probability measures on M, there exists a compact set A} C M

and a positive integer N such that the following properties hold:

(1) A} is alocally maximal hyperbolic set and topologically mixing with respect to f N,

) hu(f) =& <hiop(fs Ae) <hu(f) + & where Ae=AF U f(AH) U~ -+ fNTIAD);

(3) A is e-close to the support of u in the Hausdorff distance;

(4) each invariant probability measure supported on the horseshoe A; lies in V;

B) if M >Ay>---> A are the distinct Lyapunov exponents of (f,u), with
multiplicities dy, dy, . .., dy, then there exists a {Aj}1<j<¢-dominated splitting
ThaM=E®E & - E, withdim E; = d; for each i, and for each x € A,
k > 1 and each vector v € E;(x)

MmN < D N @) < eHFON T foralli = 1,2, ¢

Remark 3.4. In the second statement, the original result does not give the inequality of
the right-hand side. However, only a slight modification can give the upper bound of the
topological entropy of f on the horseshoe.

Remark 3.5. By the estimation in the fifth statement of the above theorem, one can further
show that there exists a constant C > 0 such that

Cle®i=9m <D, ()| < CePFO" foralli =1,2,...,¢

for all x € Ag, v € E;j(x), and n > 1. Without loss of generality, one can assume that
C = 1 by considering an equivalent norm.

3.2.3. Statements of results. Let f : M — M be a C'T diffeomorphism of a compact
Riemannian manifold M, and let i be a hyperbolic ergodic f-invariant probability measure
with positive entropy. Suppose that (f, 1) has only two Lyapunov exponents A, (1) > 0 >
As (). Ledrappier, Young [23] and Barreira, Pesin, Schmeling [7] proved that

GG
Au(it) As () ’

where Dim denotes either dimy or dimp or dimp. Our strategy used to prove the dimension

Dimp 3.7)

approximation in this setting is as follows. It follows from Theorem 3.3 that 4, (f) can be
approximated by the topological entropies of a sequence of horseshoes {A¢}q~¢. Using
well-established properties of dimension theory in uniform hyperbolic systems, one can
show that

hyu(f)
12 ()]
fori = u, s and every x € A. Burns and Wilkinson [8] prove that the holonomy maps of
the stable and unstable foliations for (f, A.) are Lipschitz continuous. Consequently, one

Dim(A, N Wi (f, X)) ~
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can show that
dimg (A N Wg(f, x)) +dimg (A N Wg(f, x))
< DimA,
< dimp (A N WE(f, x)) + dimp (A N WE(f, x))

forevery x € A.. Hence, Dimyu is approximately equal to DimA . The detailed proofs will
be given in the next section.

THEOREM B. Let f: M — M be a C'*® diffeomorphism, and |1 be an f-invariant
ergodic hyperbolic measure with h,(f) > 0. Assume that (f, u) has only two Lyapunov
exponents Ay, () > 0 > Ag(u). For each ¢ > 0, there exists a horseshoe A such that

|Dim A — Dim u| < e,
where Dim denotes either dimy or dimy or dimp.

In [41], the authors relaxed the smoothness of Theorem 3.3 to C! under the additional
condition that Oseledec’s splitting E* @ E* of (f, ) is dominated. In this setting, one
does not have Lipschitz continuity of the holonomy map in general. However, using Palis
and Viana’s method [31], one can show that for every y € (0, 1), there is some D, > 0
such that the holonomy maps of the stable and unstable foliations for the hyperbolic
dynamical system (f, A,) (see Lemma 4.2) are (D,, y)-Holder continuous. Since y is
arbitrary, using the ideas in [43], one can prove the following theorem.

THEOREM C. Let f: M — M be a C' diffeomorphism, and let ju be an f-invariant
ergodic hyperbolic measure with h, (f) > 0. Assume that (f, u) has only two Lyapunov
exponents A, () > 0 > Ag(u) and the corresponding Oseledec’s splitting E"* & ES is
dominated. For each € > 0, there exists a horseshoe A such that

IDimA; — Dimu| < e,

where Dim denotes either dimy or dimy or dimp.

4. Proofs
In this section, we provide the proof of the main results presented in the previous section.

4.1. Proof of Proposition 3.1. Given an f-invariant ergodic measure u, let P(t) :=
Py (fla, ®y(2)), it is easy to see that the function t — P(¢) is continuous and strictly
decreasing on the interval [0, mg]. It follows from equation (2.3) that P(0) = h,(f) > 0,
and P(mg) < 0 by Margulis-Ruelle’s inequality. Consequently, there exists a unique root
s, of the equation P, (f|a, @ r(2)) = 0.

If h (f) = 0, itis easy to see that h, (f) = s, = 0. Hence, dimg u = 5.

If 0 < hu(f) < Amy(w), then P(0) > 0 and P(1) < 0. This implies that s, € (0, 1)
and 0 = P(sy) = hy(f) — Suhme (). As a consequence, we have that
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If hy (f) = Apgy (), note that

0= hy(f) + LoD f(s5), 1)

mo

=hu(H)— Y 2 = (= [5uD g 15,1 ()

i=mo—[s,]+1
Hence,
m
hu(f) — Zi=0m0—[s,¢]+1 Ai ()
)\mo—[sﬂ](lu«) ’

Sp = [Su]
However, since ¢ — P (t) is strictly decreasing in ¢, we have that
[sp] = max{i : Apg (1) + -+ - + Amg—i+1(0) < hp ()}
This yields that
sy = dimg w.

This completes the proof of the proposition.

4.2. Proof of Theorem A. By [11, Theorem 5.1], for each f-invariant ergodic measure
© with positive entropy and for each ¢ > 0, there exists an f-invariant compact subset
A¢ C A such that the following statements hold:

(D) hop(fla) = hu(f) — &
(i) there is a continuous invariant splitting 7xM = E1(x) @ E2(x) @ - - - & E¢(x) over
A¢ and a constant C > 0 so that

C™lexp(n(h; () — ) < [IDxf" W)l < C exp(n(hj(1) + ¢))

for any unit vector u € Ej(x), where A1(u) < --- < Ag(p) are distinct Lyapunov
exponents of f with respect to the measure p.

By modifying the arguments in [11, Theorem 5.1], one may improve the estimate in
statement (i) as follows:

@ hu(f) +e = hop(fla) = hu(f) —e.
Since A, is a repeller of f, one can choose an f-invariant ergodic measure jt. on A, so that
B (f) = hop(fla,) yields that
Piop(flae: @r() = hy () + Li(Pf (1), pe)
>hy(f) + Le(@p(t), u) — (¢ + De (by statement (ii))
> Pu(fla, ®@()) — (mo + De.

However, since f is expanding, by the variational principle, there exists an f-invariant
ergodic measure i, on A, so that

Piop(fla, ®r() = hi, (f) + Li(P (1), ILe)
Shu(f) + Le(@p(@), u) + (t + e
< Pu(fla, @r(@®) + (mo + De.
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Hence,

[ Prop(f1ag> @r(@)) — Pu(fla, @r(0)] < (mo + De.

By [11, Theorem 4.1], the Carathéodory singular dimension dim¢ A, of A, is given by
the unique root of the following equation:

Ptop(flAga (Df(t)) =0.
This, together with Proposition 3.1, yields that
K| dimc Ay —dimp | < [Pu(fla, @ p(dime Ag)) — Pu(fla, @ p(dimg p))]

= |Pu(fla, @r(dimc Ag)) — Prop(fla,, @r(dime Ag))l
< (mo + e,
where K = miny,ep log m(Dy f) and m(-) denotes the minimum norm of an operator.

Consequently, we have that dim¢ A, — dimg, i as € approaches zero.

4.3. Proof of Proposition 3.2. Given a subset Z C A, since Pz(f|a, ®y(t)) is con-
tinuous and strictly decreasing in #, let tz denote the unique root of the equation
Pz(fla, ®f(t)) = 0. For every t < tz, we have that Pz(f|r, ®r(¢)) > 0. Fix such a
number 7, and take 8 > 0 so that Pz(f|a, ®(z)) — B > 0. Since

Pz(fln, @y()) = lirgiélf Pz(fla, @r(@), 1),
r
there exists ro > 0 such that for each 0 < r < rq, one has

Pz(fla, @r(),r) > Pz(fla, Dr(t)) — B.

Fix such a small » > 0. By the definition of topological pressure on arbitrary subsets, one
has

m(Z, ®¢(t), Pz(fla, ®r(@)) — B, 1) = +o0.

Hence, for each & > 0, there exists L € N so that for any N > L, we have that

exp(—N(Pz<f|A,<I>f<t)>—/3>)inf{Zexp( sup —so’(y,f”f))}

YEBy, (xi.r)

zinf{ZCXP(—(Pz(fIA,<1>f(t))—ﬁ)n,-+ sup —<p’(y,f”"))}>$,

Y& Bn,- (xi,1)
where the infimum is taken over all collections { By, (x;, r)} of Bowen’s balls with n; > N,

which covers Z. This yields that

inf{ Z exp( sup  —¢'(y, f”"))} > & exp(N(Pz(fla, Pr(1) — B)).

YEBy, (xi,1)
Letting N — oo, we have that

m(Z,t,r) = +o0.
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Hence,
dimc, Z >t
for all 0 < r < ry. Consequently, since ¢ < tz is arbitrary, we have that
dim¢c Z > tz. “.1)

However, for each t > tz, one has that Pz(f|a, ®#(¢)) < 0. Fix such a number ¢, and
take B > 0 so that Pz(f|a, ®(¢)) + B < 0. By the definition of topological pressure on
arbitrary subsets, for any R > 0, there exists 0 < r < R such that

Pz(fla, @7 (1), 1) < Pz(fla, (1) + B.
For such a small » > 0, one has
m(Z, ® (1), Pz(fla, ® (1)) + B, 1) = 0.

Hence, for each smallg > 0, there exists L € N so that for any N > Z, we have that

exp(—N(Pz<f|A,d>f<r>)+E>>inf{Zexp( sup —q)’(y,f”w)}

yEBni (xir)

yeBni (xi,r)

< inf{ Yo exp (= (Po(fla @5 0) +Bomi+ sup ¢/ (. f""))} <&,

where the infimum is taken over all collections { B, (x;, r)} of Bowen’s balls withn; > N,
which covers Z. This yields that

inf{ZeXp( sup —so’(y,f”"))}SEeXP(N(Pz(fIA,<I>f(t))+5))-

YEBy; (xi.r)

Letting N — 00, one has

m(Z,t,r)=0.
Consequently, for such » > 0, one has

dimc, Z <t.
Hence, we have that

dim¢ Z = hi‘lf(?f dimc, Z <tz. 4.2)

It follows from equations (4.1) and (4.2) that

dim¢ Z = t5.

To show the second statement, for a given f-invariant ergodic measure p supported on
A, and a subset Z C A with u(Z) = 1, we have that

Pz(fla, @) = Pu(fla, @r(2)).
By item (1) of Theorem A and the first statement, one has

dim¢ Z > dimg, u.
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By the definition of Carathéodory singular dimension of arbitrary subsets, one has
dimcyr Z > dimg u
for all sufficiently small » > 0. Consequently, we have that

dime = liirl)iélf dimc, u = li?l}élf inf{dimc Z : u(Z2) = 1} > dimy, .

To prove that dimc o = dimz u, we assume that dimc o > 7 > dimy u. By the first
statement in Theorem A, we have that

Pu(fla, @) <O.

By the definition of measure theoretic pressure, for each n € N, there exists 0 < r, < 1/n
so that

inf(Pz(f|a, @), ra) : (Z) = 1} < 0.
Hence, there exists a subset Z, C A with u(Z,) = 1 so that
Pz, (fla, (@), 1) <O.
PutZ := (ns1 Zn, then ,u,(?) = 1and
P5(f1a, ®@) =Tim inf Pz(f|a, @@, r)

<liminf Pz, (f|a, @), ry) <0.
n—>oo

It follows from the first statement and the definition of Carathéodory singular dimension
of u that

dime p = lim inf dime,, 1 < lim inf dime, Z = dime Z <7,
r—0 r—0

which yields a contraction. Hence, we have that dim¢ © = dimy, .

4.4. Proof of Theorem B. Ledrappier, Young [23] and Barreira, Pesin, Schmeling [7]
proved that

ARG,
() ()’

where Dim denotes either dimy or dimg or dimp. Fix a small number ¢ > 0. By

Theorem 3.3, there exists a horseshoe A, such that:

() |htop(f, Ag) — hu(f)| < é&; -

(ii) there exists a dominated splitting 7o, M = E* @ E° with dim E' =d; (i = u, s),
and for each x € A, every n > 1, and each vector v € Ei(x)(i =s,u),

Dimp

ePitw—emn ”Dxfn W) < ePitW+en

The above estimation can be proven in similar fashion as Remark 3.2.
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Fixed any k € N and denote F = f 2" Since A, is a locally maximal hyperbolic set for f,
A is also a locally maximal hyperbolic set for F. Notice that

W/’;(F,x)ﬂAg = Wg(f,x) NA, and Wé(F,x)ﬂAs = Wg(f,x) N Ag.

Let || - || and m(-) denote the maximal and minimal norm of an operator. For every x € Ag,
Barreira [4] proved that

th < dimy (A O Wh(f, X)) < dimp (Ae O WE(f, X)) < T,
where Lﬁ, ?],j are the unique solutions of
Pop(F, =t log ||Dx Flgu@l) =0 and  Pop(F, —t log m(Dx FlEgu(x))) = 0,

respectively. Using the same arguments as in the proof of [3, Theorems 6.2 and 6.3], one
can prove that the sequences {g’;} and {fﬁ} are monotone. Furthermore, setting

1 k 7o Tim 7K
t,:=lim ¢, and ¢,:= lim 7,
k—o00 k— 00

one can show that ¢, 7,, are the unique solutions of the following equations:

Pyar(f, —t{log | Dy f"|g«|I}) =0,  Piop(f, —t{logm(Dx f"[g«)}) =0,

respectively.
Consequently, we have that

1, <dimy (A N WE(f, x)) < dimg (Ae N WE(f, x)) < dimp (Ae N WE(f, X)) <1,

and
h
Euzsup{ i v(f) :ve./\/lf(Ag)},
lim — / log || Dy f" | gull dv
n—oon
_ h
ty = sup { v(f) TV E /\/lf(Ag)}.
lim — [ logm(Dy f"|gu) dv
n—oon
Combining with items (i) and (ii), one has
hu(f) —e hu(f)+e

< Dim(A; N WE(f, %) = “3)

Au(p) + € Au(p) — e

for every x € A, where Dim denotes either dimy or dimp or dimg. One can show in a
similar fashion that

hu(f) —¢

. , hu(f) +e
G =5 S PImA NS, ) < — e

N 4

for every x € A,.

LEMMA 4.1. The holonomy maps of the stable and unstable foliations for (f, A;) are
Lipschitz continuous.
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Proof. Fix a positive integer N, put F := f~ and A = A,. Since A is a locally maximal
hyperbolic set for f, so is A for F. Notice that

WE(F, X)NA = Wg(f,x) NA and Wg(F, X)NA = Wg(f, xX)NA. 4.5)
Let
ap = |DF'|gull,  bp =|DFlgsll, cp=I|IDF|gell, dp =|DF"|gs].
It follows from item (ii) that
D, F|rni
M <e®N foreveryx € Aandi € {s, u}.
m(DxF|Ei(x))
Hence,

IDF|gs|l - IDF|g«|l < e()\,x(’u)+3g)N
m(DF|gu)

provided that ¢ > 0 is sufficiently small such that A; () + 3¢ < 0. By [8, Theorem 0.2],

we have that the holonomy map of the stable foliation for (F, A) is C'. Similarly, note that

<1,

ClFbFCF =

||DF|ES|| < e(_)w(u)_gg)]v
m(DF||gs)m(DF||g«)
provided that ¢ > 0 is sufficiently small such that A, (u«) — 3¢ > 0. It follows from [8,
Theorem 0.2] that the holonomy map of the unstable foliation for (F, A) is C'. Combining
with equation (4.5), one has the holonomy maps of the stable and unstable foliations for
(f, A) are Lipschitz continuous. O

<1

anFdF =

By Lemma 4.1 and the fact f is topologically mixing on A, one has dimg (A; N
Wg (f,x)),dimg (A N Wg(f, x)), and dimp (Ag N Wg(f, x)) are independent of 8 and
x (see the proof of [5, Theorem 4.3.2] for more details). Let

A = (Ae D WE(£, 1)) X (Ae N WS(f. X)).
By the properties of dimension (e.g. see [13, 33]), one has
dimy (Ae N Wg(f, x)) +dimp (A N Wg(f, X))
< dimg A;
< dimg A, (4.6)
< dimp Ag
< dimp (Ae N W5 (f, X)) +dimp (A N Wy(f, x)).
Let ®: A; x — A, be given by

®(y.2) = WS(f. y) N Wi(F. 2).

It is easy to see @ is a homeomorphism onto a neighborhood V. of x in A;. It follows from
Lemma 4.1 that ® and ®~! are Lipschitz continuous (see [S, Theorem 4.3.2] for detailed
proofs). It follows from Corollary 2.9 that

Dim Vy = Dim A, ,,
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where Dim denotes either dimy or dimy or dimp. Since {Vy : x € A,}is an open cover
of A, one can choose a finite open cover {Vy, Vy,, ..., Vi, } of A,. It follows from
equation (4.6) that

dimp (Ae N WE(f, 2)) + dimpg (Ae 0 WH(f, %))

<dimy Ay = max dimpy V,,
1<i<k

< dimp A, = max dimpg Vy,
1<i<k

< dimg (A, N W (f, x)) + dimg (A, N WS(f, x)),
for every x € A.. Combining equations (4.3) and (4.4), we obtain

tim Dim A, = 22 Il _

- m l‘l’s
e—0 () As(p)

where Dim denotes either dimy or dimp or dimp. This completes the proof of Theorem B.

4.5. Proof of Theorem C. For every pair (f, i) satisfying the assumptions, Wang and
Cao [40, Corollary 1] proved that

hu(f)  hu(f)

Au() As () ’

Fix a small number ¢ > 0. Wang, Cao, and Zou [41, Theorem 1.1] proved that there exists

a horseshoe A, such that:

@) Thop(f, Ae) —hu ()l < & _

(ii) there exists a dominated splitting 7o, M = E* @ E° with dim E' =d; (i = u, s),
and for each x € A,, every n > 1, and each vector v € Ei(x)(i =s,u),

dimH[L =

eMilw)—em ||Dxf”(v)|| < ePitwten

The above estimation can be obtained by item (v) of [41, Theorem 1.1] and
Remark 3.2.

Fix a positive integer k € N, denote F = f 2 Since A ¢ 1s a locally maximal hyperbolic
set for f, so is A, for F. Notice that

WE(F,x) NA; = Wﬁ’f(f, x)N A, and Wg(F, X)NA; = Wg(f, x) N Ag.
For every x € Ag, it follows from [43, Lemmas 3.5 and 3.6] that
1 < dimy (Ae N WE(f.x)) < dimp (A, N WE(S. ) <17,
where Lﬁ, fﬁ are the unique roots of
Piop(F, =t log | Dy FlEux)ll) =0, Piop(F, —t log m(Dy F|Eu(x))) = 0,

respectively. Using the same arguments as in the proof of [3, Theorems 6.2 and 6.3], one
can prove that the sequences {L’,j} and {?],j} are monotone. Set

t,:= lim /X and 7,:= lim 7\,
k— 00 k—o00
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where 7, 7, are the unique solutions of the following equations:

Pyar(f, —t{log ”DxfnlE"(x)”}) =0, Ptop(fa —t{log m(Dxfn|E”(x))}) =0,
respectively. Hence, we have that

t, < dimy (Ae N WE(f,x)) < dimg (A, N WE(S, X)) < dimg (Ae 0 WE(F. ) <o

Since
h
Luzsup{ I v(f) :ver(Ag)}
lim — / 10g ||Dxfn|Eu(x)|| dv
n—oon
and
_ h
tu:sup{ i v(f) :ve./\/lf(Ag)},
lim — log m(Dxf”|Eu(x)) dv
n—oon
using items (i) and (ii), one can show that
h — h
M < Dim (A, N WE(f, x)) < M 4.7)
Au(p) +¢ Ag(u) — ¢
for every x € A,, where Dim denotes either dimy or dimy or dimgp. Similarly, we obtain
that
h — h
_M < Dim (AgﬂWé(f,x)) < _M (4.8)
As(u) — ¢ As(u) + ¢

for every x € A;.

LEMMA 4.2. Let A be a locally maximal hyperbolic set of a C' diffeomorphism such
that f is topologically mixing on A. Assume that the diffeomorphism f|x possesses a
{ru (), As(w)}-dominated splitting TAM = E* & E* with E* = E* and 1,(n) > 0 >
As(u). Then for every y € (0, 1), there exists D, > 0 such that the holonomy maps of
the stable and unstable foliations for f are (D,,, y)-Holder continuous.

Proof. Since the diffeomorphism f|5 possesses a {A, (i), As(1)}-dominated splitting
TaM = E* ® ES with E* > Ef and A, () > 0 > Ag(u), there exists a constant C > 0
such that for every x € A, n € N and each unit vector v € E'(x) (i = u, s),

CT1MHI07) < Dy ()] < Cen BT,

As illustrated in Remark 3.2, for simplicity, we assume that C = 1 in the rest of the proof.
Fix a positive integer N and put F := £V . This implies that for every x € A,

< [ Dx F gl <M < D FlEs |l < o2Ne
m(Dx F|Eu) m(Dy F|Es)

Notice that A is also a locally maximal hyperbolic set for F' and
Wg(F,x)NA=Wg(f,x)NA and Wé(F,x)ﬂA = Wg(f,x)ﬂA

for every x € A.
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Let 7* and 7" be the holonomy maps of stable and unstable foliations for f, that is, for
anyx € A, x’ € Wg(f, x),and x” € Wg(f, x) close to x,

i We(f,x)NA — Wg(f,x’)ﬂAwithnS(y) = Wi(f, y)ﬂWg(f,x’)
and
7 We(f, )N A — Wi(f, xYN A with " (z) = W (f,2) N Wi(f, x".

Therefore, 7* is also a map from Wg(F, x)N A to Wg (F,x)N A and 7" is also a map
from Wg(F, x)NAto Wg(F, x)NA.

Let U C M be an open subset such that A = ()7 f"(U), and U C Diff! (M) be a
neighborhood of f such that for each g e U, Ay =),z " (U) is a locally maximal
hyperbolic set for g and there is a homeomorphism iy : A — A that satisfies g o iy =
hgo f. with hy CP-close to identity if g is C'-close to f. For g €U, let TA,M =
Eg ® Eg, denote the hyperbolic splitting over A,. For i € {u, s}, {W’g(g, 7): 2€ Aglis
continuous on g in the following sense: there is {Qé,,x : X € A}, where Qé’x : Wé( f,x)—
W (g, he(x)) isa C' diffeomorphism with 6, , (x) = /¢ (x), such that if g is C'-close to f
then, forall x € A, Gé’x is uniformly C!-close to the inclusion of Wé (f,x)in M.

For any y € (0, 1), let U)f be a small C! neighborhood of F (recall F = £V). Taking
G e Zx{f N Diff?(M) such that for every x € Ag (here Ag is a locally maximal hyperbolic
setfor G),n e Nyandi = u, s,

N2 < || DG i || < "N O100429), (4.9)

CLAIM 4.3. The following properties hold:

(a) h(;|W§(F’x)ﬂA and (hG|W§(F,x)mA)_1 are (C,, y)-Holder continuous for some
C, >0
(b)  the stable and unstable foliations

(W5(G,2):z€ Ag), {W'G,z):z€ Ag)
are C' and invariant for G. Thus the holonomy maps
T W5 (G, hg(x)) N Ag — W4 (G, he(xX) N Ag  with
5 (y) = W5(G, y) N Wg(G, hg(x)),
and
TG WE(G, hg(x)) N Ag — Wg(G, he(x") N Ag  with
n¢(z) = WE(G, 2) N WE(G, hg(x))
are Lipschitz continuous.

Proof. (a) See [43, Claim 3.1].
(b) Since G satisfies equation (4.9), we conclude
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IDGleell - IDGlesll _ ane N (uy+26)
m(DG|g«) a
= N As(W)+6e)

=1

provided that Ag () + 66 < 0. By [18, Theorem 6.3], the stable foliation is C L A similar
argument shows that the unstable foliation is also C!. Then the corresponding maps
are uniformly C' (see [35, pp. 540-541] for more details), which implies the desired
result. O

We proceed to prove Lemma 4.2. For any y € Wg (F,x)NA,
ho () = ha(WS(F. y) N Wh(F, x))
= W5(G, ha(») N W(G, hg(x))
=ng(hc(y).
For the above y, by Claim 4.3, there exists D), > 0 such that
7 =hg' om0 hg

is (D,, y)-Holder continuous. Using the same arguments, one can prove (° y~!, 7%, and
(z*)~! are also (Dy, y)-Holder continuous. O

By Lemma 4.2 and the fact that f is topologically mixing on A,, one has dimg (A; N
Wg (f,x)),dimg (A N Wg(f, x)), and dimp (Ag N Wg(f, x)) are independent of 8 and
x (see the proof of [43, Lemma 3.4] for more details). Let

Acx = (AN Wg(f, X)) X (A N Wg(f, X))

be a product space. By the properties of dimension (see [33, Theorem 6.5] for details),
one has

dimg (Ae N W (£, x)) + dimpg (Ae N W3(f, x))
<dimpy Agx
<dimg A; « (4.10)
< dimp Ae
< dimpg (Ae N W (f, 2)) +dimp (As N WE(f, x)).
Let ® : A.x — A, be given by

®(y.2) = Wi(f. y) N Wi(F. 2).

It is easy to see that ® is a homeomorphism onto a neighborhood Vy of x in A,. For
any y € (0, 1), by Lemma 4.2, there is £, > 0 such that ® and & ! are (Ey, y)-Holder
continuous (see Step 2 in the proof of [43, Theorem A] for more details). By Lemma 2.8
and the arbitrariness of y, one has

Dim Vy = Dim A, ,,
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where Dim denotes either dimy or dimy or dimgp. Since {V, : x € Az} isan open cover of
A, one can choose a finite open cover {Vy,, Vy,, ..., Vi } of A;. It follows from equation
(4.10) that

dimy (A N WA, x)) + dimp (A, N W(f, )

<dimg A, = 1n<1jc1<xk dimpy Vy,
<i<

< dimg A; = max dimpg Vy,
1<i<k

< dimp (Ae N WE(f, X)) + dimp (A N W(f, X)),
for every x € A,. This together with equations (4.7) and (4.8) yields that

Bl huf)
Au () As (1)

where Dim denotes either dimy or dimy or dimp. This completes the proof of Theorem C.

lim Dim A, = = Dim p,
£—0
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