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Abstract Motivated by some models of pattern formation involving an unoriented director field in the
plane, we study a family of unoriented counterparts to the Aviles-Giga functional. We introduce a
nonlinear curl operator for such unoriented vector fields as well as a family of even entropies which we
call ‘trigonometric entropies’. Using these tools, we show two main theorems which parallel some results
in the literature on the classical Aviles—Giga energy. The first is a compactness result for sequences of
configurations with uniformly bounded energies. The second is a complete characterization of zero-states,
that is, the limit configurations when the energies go to 0. These are Lipschitz continuous away from a
locally finite set of points, near which they form either a vortex pattern or a disclination with degree 1/2.
The proof is based on a combination of regularity theory together with techniques coming from the study
of the Ginzburg—Landau energy. Our methods provide alternative proofs in the classical Aviles—Giga
context.
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Secondary 35B36; 35B65; 35J60; 35L65; 49505; 74G65

1. Introduction

In this paper, we study unoriented variants of the two-dimensional Aviles—Giga functional.
We first recall the main features of the classical (oriented) Aviles-Giga functional, which
is nothing else than the Ginzburg-Landau energy restricted to curl-free vector fields, that
is, gradients if the domain is simply connected. More precisely, the functional is defined
on the space of vector fields u : 2 C R2 — R? by

€ 1
= \Vu|2—|——/(1—|u\2)2 if curlu =0,
Eu(u) = ), % Jo
400

otherwise.
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https://doi.org/10.1017/51474748023000075 Published online by Cambridge University Press Updaies.


https://orcid.org/0000-0002-6334-9037
mailto:michael.goldman@u-paris.fr
mailto:benoit.merlet@univ-lille.fr
mailto:marc.pegon@univ-lille.fr
mailto:serfaty@cims.nyu.edu
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S1474748023000075&domain=pdf
https://doi.org/10.1017/S1474748023000075

942 M. Goldman et al.

This model, first introduced in [AG96], as well as some of its variants, appear in the
modelling of various phenomena in materials science such as blistering of thin films, liquid
crystals configurations and magnetization orientation in ferromagnetic materials. They
have attracted considerable attention in the mathematical literature over the last 20 years;
see, for example, [AG87, AG96, JK00, ADLM99, DKMOO01, JP01, JOP02, RS01, ARS02,
AKLRO02, DLO03, CDL07, Pol07, Ign12, IM11, IM12, Lor14] and are still the subject of
active research as witnessed by more recent articles [LP18, LLP20, G120, Mar20, Mar21,
LP21].

The main question is to understand the behavior as € | 0 of configurations with bounded
energy (such as minimizers) and in particular to derive a I'-limit of the energy. The
conjecture is that, in the limit, the energy concentrates on line singularities corresponding
to interfaces (‘domain walls’) in micromagnetics. In full generality and despite substantial
progress, this question is still open to this date.

The first step of the program, which was carried in [ADLM99, DKMOO01], is to prove
strong L' convergence of sequences of bounded energy. This shows in particular that in
the limit we obtain curl-free unit-norm vector fields. The proof combines a compensated-
compactness argument together with the fact that the energy controls a certain entropy
production. The latter was already observed by [JK00] which introduced the first entropies
for this problem. This is inspired by the analysis of scalar conservation laws, observing
that the eikonal equation

curlu =0, lul =1 (1.1)

can be considered as a one-dimensional scalar conservation law dyu; + d2(/1—u?) = 0.
To be more specific, an entropy is any mapping ® € C°°(S!,R?) such that

pa[u] := V- [@(u)] =0 (1.2)

for any smooth w satisfying equation (1.1). For solutions u of equation (1.1) obtained as
limits of bounded energy configurations u. and any entropy @, the entropy production
paeu] is typically not zero but a signed measure, of mass controlled by E.(u.) in the
sense that

1o | (©) < Climnt . (u. (13)

for some positive constant C' depending on . In the particular case of the so-called
Jin—Kohn entropies, [JK00, ADLM99| proved the sharp inequality (1.3) with C' =1,
leading to a characterization of the I'—liminf (see also [RS01, ARS02, IM11, IM12]).
For BV vector fields, this was complemented by a corresponding I'—limsup construction
in [CDLO7, Pol07]. However, as shown in [ADLM99], limit configurations are in general
not BV. In order to complete the program, it was therefore necessary to investigate
further the fine structure of configurations w satisfying (1.1) such that ue[u] is a signed
measure for any entropy ®. A first step considered in [JOP02] was to study the case of
configurations such that F.(u.) — 0 as € | 0 or, more precisely, in regions of the domain
where the energy does not concentrate and where ug[u] vanishes by equation (1.3). In
this case, the limiting configurations, called zero-states, must be Lipschitz continuous
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away from a locally finite singular set S. The singularities near the points of S must be of
vortex-type, that is, u(z) = £ 2/|z| locally, up to an origin-shift). Recently, [LP18, LLP20]
proved that the same conclusion can be obtained under the weaker assumption that the
entropy production coming from the Jin—Kohn entropies vanishes.

An important further step was obtained in [DLOO03| (see also [AKLRO02]), where it is
shown that configurations of finite energy share some of the characteristic properties of
BV-mappings. In particular, it is possible to define a countably rectifiable jump set J,
with weak traces u* on both sides. Probably the main open question to complete the
proof of the I'—convergence is to show that the entropy production is concentrated on
Ju, see [GL20, Mar20, Mar21, LP21] for recent progress on this question.

According to [EINP03, EV09, ZANV2I], considering unoriented Aviles-Giga func-
tionals is motivated by the modelling of physical systems far from equilibrium which
spontaneously break translational symmetry by forming striped patterns. This includes
for instance convection patterns in ordinary fluids, more specifically Rayleigh-Bénard
convection rolls in high Prandtl numbers, liquid crystals and optical patterns in Raman
and Maxwell-Bloch laser systems. Two of the authors started to study in [MS23] some
unoriented variants of the Aviles—Giga functional, that is, variants in which v and —u
are identified. More precisely, working in the SBV setting, that is, BV functions whose
differential has no Cantor part; see [AFP00]) they consider the energy

u € SBV (,R?),

€ 1
- [ |Va 2+—/1— H2 o if thum=0on Jy
El(u®u) = 2/Q| ul* 4o - lel)T Y ut+um=00n (1.4)
and curl,u =0,

+00 otherwise,

where V,u = (01u,0,u) denotes the absolutely continuous part of the distributional
gradient Vu, curl, u = (01u2)q — (O2u1)a, Ju is the jump set of u and u™ the traces of u
on J,,. This preserves the original model as much as possible while allowing nonorientable
fields. One can check that this functional is unambiguously defined as a function of u®wu
since if 4 ® 4 = u ®u, then 4(x) = fu(zr) almost everywhere in 2 and |V,a| = |V, ul.

As shown in [MS23], the passage from the oriented to the unoriented setting has a
dramatic impact on the properties of configurations with moderate energy. First, the
optimal jump profiles are not always one-dimensional and are thus difficult to precisely
characterize (in particular they are different from the two-dimensional ‘cross-tie’ patterns
found in its micromagnetics variants [ARS02]). Second and maybe more importantly, the
curl-free constraint may be lost in the limit ¢ | 0. This shows in particular that following
the program described above will be very challenging in the unoriented case.

Nevertheless, the aim of this paper is to perform the first two steps and prove
compactness, which happens, maybe surprisingly, despite the possible loss of the curl-
free condition, as well as to investigate the structure of zero-states, thus providing a
parallel to the results of [DKMOO1] and [JOP02].

Since we have no control on u but only on v = u® u, an important preliminary step is
to express the energy E. in terms of v. To this aim, we introduce a good notion of curl
for unoriented configurations (see Definition 1.4 and equation (1.8) below) and denote
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it by curlv. It turns out that a convenient requirement is that curlv = (curlu)w for
smooth v with v = u®w. It is thus a vector-valued and nonlinear operator. We also
need to define the entropy production in terms of w. For ® an even entropy, that is,
O(—2) = ®(2) for z € S! and v = u®u, we define

fiplv] := V- [®(u)].
Our first main result is then the following.

Theorem 1.1. Let Q CR? be a domain of finite area and e | 0. If v), = uy, @ uy, is such
that sup, E. (v,) < oo, then there exists v = u®@u with w € L*(Q,S") such that up to
exrtraction, v, — v in LY. Moreover, for every even entropy ®, the corresponding entropy
production [ip[v] is a signed measure with

o] () < Climinf E, (v,)
for some constant C > 0 depending on ®.

Let us point out that we actually prove a more general compactness result which allows
for a relaxation of the curl-free condition (see Theorem 5.4).

Theorem 1.1 shows in particular that configurations of vanishing energy are zero-states
in the sense that v = u® u for some w of unit length with fig[v] = 0 for every even
entropy. Our second main result proves that in the unoriented setting the structure of
zero-states is very similar to that described in [JOP02] in the classical oriented setting.
The only difference is that point singularities may be vortices but also 1/2-disclinations
(we can also interpret a vortex as two glued 1/2-disclinations so that, essentially, these
latter are the only type of singularities).

Theorem 1.2 (Structure of zero-states). Let v =u®u be a zero-state. Then ch;lg =0
and there exists a locally finite set S C Q such that

() v is locally Lipschitz continuous in Q\S.

(ii) For x € Q\S, v =wv(x) on the connected component of [x+ Ru(x)]N[Q\S] which
contains .
(iii) For every B := B,(z") such that 2B := Ba.(z") C Q and 2BNS = {2}, we can
choose u such that
(a) either u(z) = (x—2°)/|]z —2°| in B\{2°} (see Figure 1),
(b) or there exists & € S' such that (see Figure 2)
o u(z)=(z—2%/|z—2° in {x € B\{z"}: (z—2")-£ >0},
o v is Lipschitz continuous in {x € B\{z"} : (z —2°)- £ <0}.

Structure of a zero-state near a singularity xz°. Line segments represent the director
field £u. Dotted curves are orthogonal to this field.

An important conclusion of Theorem 1.2 is that zero-states are curl-free. As already
mentioned, this is generally not true for arbitrary limit configurations (see [MS23]). This
shows that the creation of curl must come with a cost.
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Figure 2. Case (iii)(b) a 1/2-disclination.

To sum up, our main accomplishments are the following:

(a) We introduce a good notion of curl for unoriented configurations, which we denote
curl and which extends the usual notion of curl in the sense that curl(u ®u) =
(curlu)wu. This curl operator is vector-valued and nonlinear.

(b) We introduce a new family of entropies, which we call the trigonometric entropies
and which have remarkable arithmetic properties. These are at the core of the
proofs of both theorems. To the best of our knowledge, albeit being quite natural
(in particular they contain the Jin—Kohn entropies; see Remark 1.8), these entropies
have never been used so far. We thus anticipate that they could also prove useful
for other related problems. In order to use entropies in the unoriented setting, these
have to be even in the usual sense. This is not the case for the standard entropies of
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[JK00, DKMOO1]. We are able to show that, despite this constraint which reduces
the admissible family, controlling just the entropy production for the family of (even)
trigonometric entropies is enough to recover compactness.

(c) We prove a parallel structure theorem to [JOPO02], precisely that zero-states
(in particular limits of vanishing energy configurations obtained by the compactness
result) are locally Lipschitz continuous away from a locally finite singular set.
Moreover, every singular point corresponds either to a vortex z/|z| or to a
disclination with degree 1/2; see Figures 1, 2. Because of the unoriented situation,
the kinetic formulation approach employed in [JOP02] is no longer available.
Instead, the route we follow is to prove W? regularity of zero-states. This is inspired
by ideas from [LP18]. Using results from the Ginzburg-Landau theory (see [BBH94,
SS07, AP14]) allows to identify the location of the vortices (or disclinations). At
this point, thanks to the WP regularity we can follow the characteristics (here its
level lines) in a classical sense to conclude on the geometric structure.

We now give an outline of the proofs of Theorem 1.1 and Theorem 1.2 together with
more precise definitions of the objects under consideration.

1.1. Main definitions and outline of the proofs

Complex representation. Inspired by [GMM20] where a related unoriented functional
of Ginzburg-Landau type (thus without constraints on the curl) was considered, we find
it actually convenient not to work with tensor products w ® w but rather in complex
number representation. We will use a bold font for elements of R? and a regular font
for the corresponding elements of C, in the sense that w = (u1,u2) is identified with
u=uy +iug € C.

We now observe that for u,u € C we have

U =u <— u=tu <— uwRXu=uRu.

We can thus identify unoriented vector fields v = u ® u with complex-valued functions
v =u2. In the sequel, we heavily use the multiplicative structure of C. From now on,
we also identify all the quantities depending on v and v (we write curlv for curlv and

. . v v .
so on). Notice that if v = (vll v12> and v = v1 4+ ivy we have the correspondence
Vig Voo

V] = Vqp — Vss vy =201, and |v| = Tro. (1.5)
In order to define unambiguously a square-root ¢ on C, we set
o(rei?) = re®®/?  for —7m <0 <mandr>0. (1.6)

So, o is a right inverse on C for I1: z € C+ 22 and a left inverse for IT on {re® :r >0,
—7/2 <0 <7/2}. In particular, we have o(v)? = v.

Remark 1.3. In the study of nematic liquid crystals and in other fields, directors {+u}
with u € S are usually represented as @, = u®u — (1/2)Id. Taking local averages, the
theory is extended to (Q—tensors: mappings taking values into the space of 2 x 2 symmetric
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traceless matrices. Here, in the energy (1.4), the vector fields w are not supposed to have
unit length and a representation by Q-tensors is not straightforward (the trace of u®w is
not prescribed). Moreover, it is not clear how to properly define a curl operator for general
@ —tensors (we could extend formula (1.8) below but many other choices are possible).

Unoriented curl and energies. We may now define our unoriented curl operator,
which has the particularity of being nonlinear and vector-valued. It is defined so that if
v =u? with u smooth, then curlv = (curlu)u.

Definition 1.4. For v € V[/li)’c1 (Q,C), curlv denotes the measurable vector field  — R2

which vanishes on the set {z € Q:v(z) =0} and is defined by curly := (p1,p2) elsewhere
with

1 1
p1i= (1;1 +1> (0102 — Oav1) — i%(alvl + Dav2),

p2 = %%(31112 — o) + % (r;l - 1) (011 + Oav2).
This can be rewritten in compact form as
vy v
curly — . " <VL '0)7 (1.7)
4 vz vy V-
ol vl

where V1 := (—0,,01). Notice that curly € L} (€2, R?) defines a distribution.

loc

Remark 1.5. Using for instance equation (1.5), it is not hard to see that

. 1
curlv = ME@(V.@J— +VH(Tr(v)), (1.8)

where ut := (—us,u;) and

V-ou=(V-v,,V-v,)
is the column-wise divergence of v.

Remark 1.6. We cannot use only one component of ch;l(uQ) = (p1,p2) to retrieve curlu
or even the condition curlu = 0. Indeed, if u takes only real values then v = u? satisfies
v1 — |v] = vy =0, hence p; =0 whereas u is curl-free only if dou = 0. Symmetrically, if u
takes values in iR then vy + [v| = v = 0 and p; = 0 while curlw vanishes only if d;u = 0.

We can now use the curl operator to encode the curl-free constraint and replace the
functional E! defined in equation (1.4) by
e [ V]2 1 / 5 . —
+ — 1—|v if ve Wh(Q,C) and curlv =0,
El(v):=¢ 2 Jq 4|v] = 2¢ Q( D) (@.0)
400 otherwise.

(1.9)
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By convention, |Vv|?/(4|v|) = 0 wherever v =0 (recall that Vo =0 a.e. on {v =0}). We
will show in Proposition 2.2 that the functionals E. and E! are indeed equivalent.

Drawing analogy with both the Aviles—Giga functional and micromagnetics models,
[DKM+01, DKMO02, DKMO05, RS01, ARS02], we will actually consider a larger class
of energies where the curl-free constraint is relaxed. We will consider two possible
relaxations. The first one is meant to allow dislocations at small scales while penalizing
their energy; the other contains an analogue of the stray-field energy in micromagnetics.

We assume here that g and W are measurable functions from C to [0, + cc], that
A AL €10, + 00] and that there exists a constant k > 0 such that

erle
g >k in some neighborhood of S,
W(v) >kmin((1—[v])%[1—]v]|) forveC, (1.10)
max(A\,\l) >k for e > 0.

We then define

—

~ 1 — 1
E.(v) :za/g(v)|Vv|2+f/ W (v) +)\2/ |cur1v|+£”curlv
Q €Ja Q €

Notice that E! corresponds to the choice g(v) = 1/(8lv]), W(v) = (1 —|v|)?/2 and
max(A2,\!) = +occ.

€)1’ e

2
. 1.11
o @1

Unoriented and trigonometric entropies. We define entropies as mappings ¢ €
C>(S!,C?) such that the real and imaginary part of ® are usual entropies, that is, they
satisfy equation (1.2). We fix an arbitrary function xo € C2°(]0, 4+ o0),[0,1]) with xo(1) =1
and supp xo C (1/2,2). With a slight abuse of notation, we identify any entropy ® with
its extension to C by

z
o) = xll:he ().
For any v € L'(€2,C) and any even entropy ®, we define the entropy production

fislv] = V- [@(o(0))]- (112)

In order to motivate the definition of the trigonometric entropies, let us recall from
[DKMOO1] that setting T :=R/(27Z), we can associate to any A € C*°(T,C) the entropy
Y[\ := ® € C°°(S!,C?) defined by

. —sinf cosf
o) = A0)( ") - N . 1.13
=20 ("o ) X0 g (113)

Moreover, if A is m—antiperiodic, then ® is even.

Definition 1.7. For n € Z, we set " := Y [2ie,], where e,, is the trigonometric monomial
6 € R — e € C. We call these functions trigonometric entropies. More explicitly, for
n€Zand z €S,

" (2) = (n—1)z"*1 (_1) +(n+1)2"t <1) .

7
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Notice that if n is odd, then ®" is even. The main properties of these entropies that
we will use are the very favorable algebraic expressions of

O ()AD () and [@"(2) =" ()] A[@"(2) — D" ()],
from Lemma 4.4.

Remark 1.8. Defining the Jin-Kohn entropies on S' by ¥1(z) := (22(1 — (2/3)23),
21(1—(2/3)2%)) and $y(2) := (2/3)(23, — 23) (see [JKO0]) we can easily check that ®+2 =
629 +612.

Sketch of proof of Theorem 1.1. The proof of Theorem 1.1 (for EE) follows closely
the strategy of the proof of its oriented counterpart in [DKMOO1]. The first step (see
Proposition 5.1) is to prove that the energy controls the entropy production in the sense

that for every even entropy &, there exists a constant C' > 0 depending on & such that,
for every ¢ € C1(Q,C),

/Qﬁ<1> [v]¢

Thanks to [Mur78, Mur81, Tar79], this yields that, for sequences (vx) of bounded energy,
(fio[vy]) is compact in Hj ! (). Using the div-curl lemma of Murat and Tartar (see
[Mur78, Tar79]), we conclude that, for every pair of even entropies ®¢, ®° we have as
weak limits in L2,

< O (B-(0)[¢lloo +2 B2 @) VC]2) (1.14)

Jin [0°(o(0)) A2 0)] = [ Fim oo [ @o(n] . (119

If we now consider the Young measure v, ® £? generated by (v;,) (£? denotes the Lebesgue
measure), this translates into

[ #enneo@nn e = | [ o] | [ @e@ume)].

The question is then to understand if the class of entropies we have at our disposal is
rich enough to conclude that v, must be a Dirac mass (which then classically implies
strong convergence of (vg); see [Miil99] for example). It is at this point that our proof
departs from the one of [DKMOO1]. Indeed, to reach the conclusion in the oriented case
[DKMOO1] used (after an approximation argument) the following entropies for £ € St,

(1.16)

<I>5( ) € when €2+ >0,
z) =
0 when £-2+ <0.

Alternatively, in [ADLM99] the Jin—Kohn entropies of [JK00] are used for a similar
conclusion. None of these entropies are even and therefore available in the unoriented
setting. We use instead the trigonometric entropies ®" for odd n to prove that the first
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Fourier coefficient of v, is of modulus equal to 1. Since v, is a probability density on S!,
this implies that it is a Dirac mass (see Lemma 4.5).

Remark 1.9.

(1) Notice that we can also obtain an alternative proof to the compactness results
of [DKMOO01, ADLM99| in the oriented case by using instead the trigonometric
entropies ®” with n even.

(2) On the contrary, if we replace v = u? by v = u? for some ¢ > 3 in the model, that
is, we identify the elements of {e?*7/9y : 0 < k < g— 1}, then the space of entropies
with the respective symmetry reduces to the space of constant mappings S' — C2.
In this case, it turns out that the compactness result analogous to Theorem 5.4
does not hold and the corresponding I'—limit is trivial (see [MS23]).

Sketch of proof of Theorem 1.2. Our proof of Theorem 1.2 is totally different from
the proof in [JOP02] for the oriented case. Indeed, that proof is almost entirely based
on the use of the entropies ®¢ defined in equation (1.16) in order to follow in a weak
sense the characteristics of the eikonal equation (which are lines). In the unoriented case,
we build instead on a method of Lorent and Peng [LP18, Theorem 4] (see also [LLP20,
Lemma 7]) which in turn is inspired by the earlier work [S93] of Sverak on differential
inclusions. We apply it in Proposition 6.1 with the trigonometric entropies to show that
if v is a zero-state, then v € VVII’?’/2 () (actually WEP for every p < 2; see Remark 6.2)

oc loc

and for every open set w CC 2 and |h| < 1,
/|v(a:+h)—v(x)|2dx§C|h\21n(1/\h|). (1.17)
w

From v € wh3/2

loc
recover the condition curlv = 0. Before commenting on the implications of equation
(1.17), let us give a sketch of the proof. For the sake of simplicity, we focus on the first
nontrivial even trigonometric entropy ®3 and derive the weaker Besov estimate:

(©) and the vanishing of any nontrivial even trigonometric entropy, we

[ 1Dwitc < cinli (115)
Q

that is, v € Bi/;loc(Q). This is the exact analog of [LP18, Theorem 4] replacing the Jin—
Kohn entropies by the trigonometric entropies ®*3. Letting Dy, f(z) := f(x +h) — f(z),
the main point is that as a consequence of Lemma 4.4,

C _
Dol < & (Du@ (o ()] A DA (0 (0))]). (1.19)
We then use once again the div-curl structure of the right-hand side (recall equation
(1.15)). Indeed, we notice that ®~3(c(v)) is divergence free (since fig-3[v] =0) to find a

Lipschitz function F with ®=3(c(v)) = VL F. For every smooth test function ¢, we then
have
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[1pwpe <c ‘ [ 94D A D12 )] ¢
Q Q

=C

/Q (VD F]- [D4[ (o(0))]] ¢

<c /Q D1 F| | Da[@® (o (0))]] ] 9¢],

where we used integration by parts and V- [D,[®3(c(v))]] = 0. Since both F and ®* oo
are Lipschitz continuous, we find by Holder inequality,

[ 1ptic < cm ( / |th|4<2)
Q Q

After simplification, this yields (1.18).

In order to improve from the Besov regularity to the stronger WP estimate and to
equation (1.17), we need to implement a refined version of this argument involving all
the even trigonometric entropies.

Defining the Ginzburg-Landau energy in the open set w (see [BBH94, SS07]) as

QL () = & / Vul o [ (1 juf?y?

2 an* J.,
we deduce in Lemma 6.4 from equation (1.17) that for every mollification v, of v we have
GL, (vy;w) < Cln(1/n). (1.20)

From the theory of Ginzburg-Landau vortices and in particular [AP14], we find that v
has degree zero outside a locally finite set S. In particular, we can use the theory of lifting
for Sobolev maps [BMP05, Dem90] to find locally outside of S a curl-free square-root of
v with Sobolev regularity. At this point, we can follow the characteristics in a classical
sense to conclude on the geometrical structure.

Remark 1.10. As for Theorem 1.1, our proof of Theorem 1.2 can be used to give a new
proof in the classical (oriented) Aviles-Giga setting.

Remark 1.11. Let us point out that, in order to conclude that the number of singularities
is locally finite, it is crucial to obtain a sharp estimate in equation (1.17). Indeed, even
a logarithmically failing estimate would lead to a potentially infinite number of vortices.
In particular, if (vy) is such that vy — v and E‘Ek (vr) — 0, equation (1.20) should be
compared with the much weaker bound

GL., (w;vr) = o(1/eg).
This work is the first where the connection between Ginzburg-Landau vortices and zero-

states of the Aviles—Giga energy is made a priori rather than a posteriori.

1.2. Organization of the paper

In Section 2, we show the equivalence between considering the variable u and v = u? both
for the curl-free constraint and for the energy. In Section 3, we collect all the properties
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of entropies and entropy productions that we need. In Section 4, we study the family of
trigonometric entropies and establish some of their properties. Compactness issues are
dealt with in Section 5, in particular the general compactness result, Theorem 5.2, is
established. The structure of zero-states is obtained in Section 6. We indicate throughout
the article how our methods apply to the classical Aviles-Giga functional.

1.3. Conventions and notation

We identify the target spaces R? with C and recall the following conventions.
(i) St:={z€C:|z|=1}.

(ii) For u = uy +iup € C with uj,us € R, we write u = (uy,uz) € R2. This applies to
functions. u : 8 — C corresponds to u : Q — R? with u(x) = (u(z),uz(z)) and
u(z) = up (z) +duz(x).
However, we do not use bold fonts for the elements of the domain Q C R?: we write
x = (z1,22) € Q.

(iii) We recall that o is defined by o(re?’) = \/re’?/? for —m < <7 and r > 0.

Throughout the paper, €2 is an open domain of R? and w CC €2 means that w is an open
set with @w C Q) compact.

For z € C2, 2 := (—2,21). We also denote V+ = (—0s,0;).

For z¢ = Cg),zb = (zg) € C2, we denote by 2% A z° the wedge product defined by

29N 20 = det(2%2%) = (2%)1 - 20 = 2028 — 2828,

For ¢:w CR? = C2% V-¢:= 0,01 +0s20.

For u:w CR? = C, curlu:=curlu = VAu = dug — dou; = —V-ut =V, u.

|z| denotes the modulus of the complex number z, and |z| the Euclidean norm of x € R?.
For complex vectors w € C?, we write [|w||s2(c2) for the Euclidean norm y/Jws [ 4 [ws|?.
The associated bilinear dot products are denoted by * - .

For u € BVjoc(£2) (see [AFP00]), we denote by D,u the absolutely continuous part of its
differential and by D_.u its Cantor part. Similarly, V,u and curl, v denote the absolutely
continuous part of Vu and curlu. The jump set of u is denoted by J, and v, is a unit
normal vector to J,,. The traces of u at some point x € J,, are defined with the convention
u® = limy o u(z £ty (2)).

We denote by SBV?2(2) the subspace of elements u € SBV (Q2) such that V,u € L*(Q).
Notice that unlike [AFP00] we do not impose the condition H*(.J,,) < +o0.

2. Equivalence of the models
We first show that c/u?l(uz) allows to recover curl, u:

Lemma 2.1.

(i) Let u € SBV2,(Q,C) such that (u™)? = (u™)? H'-almost everywhere on J,, then
u? € Wli’cl(Q,C) and

curl(v?) = (cwrlgu)u  in L1 (Q). (2.1)
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In particular (with the convention w/|u|> =0 wherever uw vanishes), there holds

curl, u = (II?I(UQ) . in Lj,. ().

[uf?

(i) Let u € SBVjoe(%,SY) with (u™)? = (u™)? H'-almost everywhere on J,, then
u? € WhHQ,C) and (2.1) holds true.

Proof. We only establish the first point, the second being similar. Let u € SBV;2.(©,C)
such that (u*)? = (u™)? on its jump set J,. By the chain rule for BV -functions (see
[AFP00, Theorem 3.96]), for every f € C'(C) with || Df(2)]|ec < C(1+]z|) for some C >0,
fou € SBVip(R2) and

D[fou] = Df(u)Dou+[f(u®) = f(u7)]| @' L.
Setting v := u? and applying this formula with f(2) = 22, we get
Dv =2uD,u+[(u")? - (v )?|@v,H' L J, = 2uD,u.

In particular, v € Wli’cl (2). We first consider the domain, Q' := {z € Q : u(zx) # 0}. With
the abuse of notation (9yu,02u) := V,u, we have,

curl, u = O1ug — Oauy. (2.2)

Now, we express the components of v in terms of the components of v and use the chain
rule to compute their partial derivatives. Almost everywhere in €', there hold

2_ 2 2, .2
v = uj — uj, vy = 2ujus, |v] = uy +u3,
which yield

81112 — 82’[}1 =2 [ulaﬂLQ + ugalul — U182U1 +’LL2621,L2] s

0101 + Oqv9 = 2 [u181u1 — U901 Ug + w1 Dous +U282’LL1] .

Using these identities in the formula of Definition 1.4 and simplifying, we get, almost
everywhere in ' and with (pq,p2) := curlw,

|’U‘p1 = ’UJ% [ulaﬂlg +ugO1u; — u102ug + Uzaguﬂ

—Uiu2 [u181u1 — ugO1ug + u1Ooug + u232u1]

= |v|ug (O1ug — Dauq) 22 |v|ug curl, u,
|’U‘p2 = U1U2 [U181UQ +ugd1u1 — u109u +U282u2]

— ’LL% [u181u1 — u281u2 +U1(921L2 + Uzagul]
= |v|ug(d1uz — Gauy) 22) |v|ug curl, u.

We obtain the desired identity curly = (curl, u)u almost everywhere in €2'.
In the remaining region Q" := {x € Q : u(x) = 0}, we have curlv =0 by definition and
D,u =0, hence

curl, u = 0 almost everywhere in " (2.3)
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(see below). Therefore, the identity curly = (curl, w)wu holds true almost everywhere in 2
and since both sides of the identity define locally integrable functions, the identity holds
in L] (). This ends the proof of the lemma.

Justification of equation (2.3): Let T' € C1(C) such that T'(z) = z for |2| < 1, T'(2) = /||
for |z| > 2. For 6 > 0, let us set us := 6T(6'u). On one hand, we have us — 0 in Li ()
as 0 | 0 so Dus — 0 in the sense of distributions. On the other hand, by the chain rule

Dus=DT(6 'u)Dyu+6 [T(67 ™) = T(6 'u™) ] @vyH' L J,. (2.4)

As 6] 0, the second term in the right-hand side goes to 0 in D'(f2) and the first term
converges to 1o»Dyu in L, (€2) by the dominated convergence theorem. Identifying with
the limit Dus — 0 in D’'(§2), we get Dyu =0 in Q. O

We now justify the equivalence of the energies E! and E! (recall definitions (1.4) and
(1.9)). The problem is mostly to find a ‘good’ square root for v; see [DI03, Mer06, 1L17]
for related results.

Proposition 2.2. Let £ >0, and let Q) be an open set with finite measure.

(i) Let uw € SBV(Q,C) be such that E.(u®u) < oo, and let v :=u?. Then, v €

—_

WH1(Q,C), curlv =0 and

E!(v)=FE.(u®u (2.5)

).

(ii) Conversely, if v € WHY(Q,C) is such that E!(v) < oo, then there exists u €
SBV%(Q,C) withv=1u?, curl,u=0 and u* +u~ =0 H!-almost everywhere on J,.

In particular, equation (2.5) holds.
Proof. (i). Let v :=u? with u as in (i). The condition E!(u®u) < oo implies u €
SBV?(Q) and from the assumption on  also u € L?(Q2). As a consequence v € L*(f2).
By Lemma 2.1(i) (replacing SBV;2. by SBV? in the hypothesis), we have v € W11(Q,C)
with Vv = 2uV,u and curlv = 0. Moreover, using the convention |Vv|?/|v| =0 wherever

v =0, we have
2
[Vl :/|Vau|2.
o 4| Q

Eventually, (1 — |v])? = (1 —|u|?)? from which (2.5) follows.

(ii). Let v be as in (ii).

Step 1. Selection of a BV square root u of v. We would like to define a square root of
v of the form wu, := ¢'?/25(e~*v) for some ¢ € R. We follow a strategy similar to the
one of [DI03]. To deal with the discontinuity of o through (—o0,0) and the fact that
2+ |o(z)| = /]z] is not smooth at 0, we need to smooth out o. First, we introduce
x € C*®(Ry) such that x(s) =sfor 0<s<1,0<x <1and x(s) =1 for s >2. Next, we
consider for 0 < 6 < 7 a 2m-periodic odd function f5 € C*°(R,(—n/2,7/2)) such that
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f5(0)=0/2 for 0e[0,m—4],
/2 > f35(0)>0 for fe[r—0d,7m—0/2],
0 >f5(0)>—-2r/6 for 6e[r—4/2m].

For z =re’ € C and 0 < § < 7, we define 00 (2) := /7 fs5(f) and for 0 <5 <, A>1,
o M(2) = x(Az])o’ (2).

Eventually, we set
uij/\ = ewmo‘s”\(e_wv).

By construction, u‘jf‘ € WhH1(Q,C) and (ug;/\)2 — v pointwise, uniformly in ¢ as | 0 and
AT oo. We also easily see that

[Vl
Vvl

for some universal constant C' > 0. Integrating on 2 and using Fubini, we have

2m 2\ 1/2
[ ([ arse [ o ([ ) <
Q v

Let (6,) 4 0 and (\,;) 1 oco; we deduce that there exists a sequence (¢,,) C [0,27) such that
(uf;;j)‘") is bounded in W11(Q,C). Therefore, there exists u € BV (,C) such that, up to
extraction, ufo’:)‘" — u almost everywhere and weakly star in BV (£2,C). Passing to the

limit in the relation (ufo’;/\"ﬁ — v as n1 oo, we get u? = v, with u € BV(Q,C).

almost everywhere in (2,

/ |Vu‘”‘|d<p< C—=
0

Step 2. Properties of u. From the chain rule for BV functions, we have
Vo =2uV,u+2uVeu+ [(u™)? = (u)?] v, H L J,.

By identification, we obtain Vv = 2uV,u, V.u =0 and (u7)? = (u™)? H'-almost
everywhere on J,,. Using |u|? = |v|, we have

v 2
/|Vau|2= Vol _
Q o 4yl

hence u € SBV?(,C). Eventually, by Lemma 2.1 (i), we obtain curl, v =0, and from the
above identity, we get equation (2.5). O

3. Entropies and entropy production

We recall that we have fixed an arbitrary function xo € C2°([0, + 0),[0,1]) with xo(1) =1
and suppxo C (1/2,2) and that for us an entropy is a function ® € C°(C,C?) such that,
for z #£0,

o) = (2 ()
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and such that, for every u € C°°(,S!) with curlu = 0, we have V- [®(u)] = 0. Let us also
recall that, as an alternative, we could equivalently define entropies by the condition (see,
e.g., [IM12, Proposition 3])

d 0 cosf
@[q)(e )] € C(Sin9> for every 6 € R.

Notice that this condition differs from the one of [DKMOO1] since we consider the
constraint curlu = 0 instead of V-m =0 (they are equivalent up to a rotation of angle
7/2). We now set up some definitions that will be used throughout the paper.

Definition 3.1.

(i) We denote by ENT the space of entropies and by ENT,, the subspace of even
entropies, namely the elements ® € ENT such that ®(—z) = ®(z) for every z € S*.

(ii) We denote by C2°(T,C) the subspace formed by the m-antiperiodic functions, that
is, such that A(-+7) = —A) in the space C*°(T,C) of smooth 27-periodic complex-
valued functions.

(iii) We denote by A(€2) the set of measurable functions v : € — S! such that (recall
definition (1.12)) fig[v] is a Radon measure for every ® € ENT,,.

(iv) We call zero-states the functions v € A\(Q)Asuch that fig[v] =0 for every ® € ENT.,.
The subset of zero-states is denoted by Ag(£2).

Recall from equation (1.13) the definition of Y[A] which associates to each A € C*°(T,C)
an entropy. The following lemma is adapted from [DKMOO1, Lemma 3| (see also [IM12,
Proposition 4]).

Lemma 3.2.

(i) The functions YT[\] are entropies. Moreover, the mapping Y : C*°(T,C) — ENT is
one-to-one and onto.

(ii) T maps C°(T,C) onto ENTyy.

Proof. The first point is the counterpart of [IM12, Proposition 4] with the changes u <>
m :=u"’, curlu <> V-m.

For the second point, if A € C2°(T,C), we easily check from the formula that Y[}\] is
even, hence from the first point, Y[\] € ENT,,.

Conversely, if ® € ENT,,, by equation (i), there exists A € C°°(T,C) such that ® = T[}].
Writing ®(e(*™)) = (—e) = ®(e'?) and taking the dot product with (—siné, cosd), we
obtain —A(6+7) = A(0) so A € C°(T,C), that is, ® € T[C°(T,C)]. O

We now recall the decomposition of D® established in [DKMOO01] and reformulate it in
our setting of curl-free and C2-valued entropies. The resulting formula (3.1) will provide a
control of the entropy productions fig[v] in H~1() and in the space of Radon measures
at the limit as stated in Proposition 5.1 and in equation (5.5).
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D,
Lemma 3.3. Let ® € ENT, and for z € C let (D®), ;(2) := (gz (z)) € M52 (C)
J i\j

denote the matriz representation of the differential of ® at z € C ~ R2.
(i) There exist ¥ € C°(C,C?) and a € C2°(C,C) both supported in Bo\By s such that

D®(2) +2V(2) @z = afz)] for every z € C and with J:= < _01 é ) .

In particular, for u € Wh2(Q,C), we have (recall definition (1.2))
pau] = ¥ (u) - V(1 |u?) +a(u) curlu.
(ii) If moreover ® € ENTey, there exist U,a € C°(C,C2) such that
(a) supp V¥, suppa C Bﬂ\Bl/ﬁ,
(b) for every z € C, a(z) is collinear to o(z) ,
(c) for every ve WhH1(Q,C),
fig[v] = ¥(v)- V(1 - |v]) +a(v) - curlw. (3.1)

Proof. The first point is just a transposition of [DKMOO01, Lemmas 1 and 2] with the
changes u <> u™ =: m and curlu <+ V-m. The statement about the supports of o and
¥ is obvious from the explicit definitions of ¥ and then « given there. We now assume
that ® is even, that is, ® € ENT., and establish (ii).

Step 1. Symmetrization. Differentiating the identity ®(—z) = ®(z) and using the first part
of the lemma, we obtain

—DP(—2)= -2V (—2)®z—a(—2)] =-2V(2)®@z+a(z)J.

In view of these identities, we can substitute the mean value (¥(z)+¥(—z2)) for
U(z) and the quantity % (c(z) —a(—=2)) for a(z). The new functions still comply to the
conclusions of point (i), and we now have

U(-z) = ¥(2),
{ al=2) = —a(2), for z € C. (3.2)
From now on, we assume that ¥ and « satisfy equation (3.2) and the properties stated
in (i).

Step 2. Smoothing. Let v € WH1(Q,C). Let (vg) C C(Q,C) be a sequence of approxi-
mations of v such that, as k 1 oo, (Vug,vx) — (Vo,v) in L1(Q) and pointwise at every
Lebesgue point of the mapping

r € Qs (Vo(z),v(z)) € C.

By definitions (1.7) & (1.12) of curlv and Jig, the assumptions on the sequence (vg) yield

curlvy, — curl
{cur Uk T U, at every Lebesgue point of (Vu,v). (3.3)

Ha[vk] — He[v],
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Let us fix z, Lebesgue point of (Vu,v) with v(z) # 0, let us fix k large enough so that
vi(z) # 0 and let € := vp(x)/|vg(x)|. By continuity, there exists 0 < r < dist(z,R?\Q)
(depending on k) such that vy -& >0 in B,(x). The function vy /€ is smooth and takes
values in {z € C: Rz > 0} in B,.(z) so uy, := o (£)o (v /€) is smooth in B,.(x) and (ug)? = vg.
Using Step 1 and recalling that & is even, we write in B,.(z)

o [vr] = palur] = ¥ (ur) - V(1 — Jug|?) + aug) curlug,.
Using Lemma 2.1 (i) and the identities, ui = v, |vg| = |ug|?, we get

a(ug)
|vg|

Now, taking into account the symmetries (3.2), we define for z € C,

\T/(z) =V(0(2)) = ¥(—0(2)), a(z) = Oé(TZ(Z))

Tio[ve] = U (ug) - V(1= |vg]) + uy, - curluy,. (3.4)

These mappings are smooth, supported in B z\B; I3 and by construction, a(z) is
collinear to o(z). Moreover, by equation (3.4), the identity (3.1) holds true in B,(z)
with vy in place of v.

Step 8. Sending k to 400 and concluding.
Writing equation (3.1) with v = v, at point z, sending k to +oco and recalling

(Vor(@),on(2)) 25 (Vo(),0()),

and equation (3.3), we obtain equation (3.1) at point z. This holds at every Lebesgue
point z of (Vu,v) such that v(z) # 0. At Lebesgue points with v(z) = 0, both sides of the
identity vanish (because yo,¥,a =0 in the neighborhood of 0) so equation (3.1) holds
almost everywhere in 2. Eventually, since both sides define locally integrable functions,
the identity holds in L{ (9). O

We conclude this section by proving that if v € W1 (Q,S') and if fig[v] =0 for at least
one even entropy ¢ which satisfies a mild nondegeneracy condition, then curlv = 0. For
instance, this holds for ® = T[A] with A : T — C analytic, nonconstant and w-antiperiodic,
in particular for the trigonometric entropies ®" with n odd, n 7 £1. The converse property
is also true, if curlv =0 and v € VVli’Cl(Q,Sl), then v € Ag(Q).

Lemma 3.4. Let v € Wﬁ)’cl(Q,Sl) and Ao € CX°(T,C) be such that the set of zeros of
Ao+ Ay s at most countable.

Then the three following properties are equivalent:
(i) Arpag[v] =0 in Lj,.(Q),
(i) curlv =0 in L (),
(iii) v e Ag(Q).
Proof. Let v € W,2!(Q,S!) and A\ € C2°(T,C) as in the statement of the lemma. The

loc
implication (iii) = (i) is obvious; we prove below the implications (i) = (ii) and then (ii)

= (iii). In both cases, we use a BVj, lifting of wv.
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Step 1. Choose a good lifting of v and expressions of [ie[v] and curlv.

Looking at the proof of Proposition 2.2 (or directly using [DI03, Mer06]), we see that
there exists 6 € BVj,.(§2) such that v = €2 By the chain rule for BV -functions, we have
with obvious notation

Dv = 2ivD,0+ 2ivD.0 + [e2¢ — 2 |y L J,.
Identifying, we have D.0 =0, 6t — 0~ € 7Z H'-almost everywhere on Jy and, denoting
(619,829) = VGQ,
0;v = 2(—sin(20) + i cos(26))0;0, for j =1,2. (3.5)
Let ® € ENT,y, and A € C°(T,C) be such that ® = T[)\]. Using the chain rule and
denoting R[] := cos(0)016 + sin(0)0=0, we compute
i [v] = V- [T ()] = = [(X"+X)(0)] RI6]. (3.6)
Similarly, using again the notation (p1,p2) := curlv and (3.5), there holds
2p1 = (cos(26) + 1) (cos(20)01 6 +sin(20)020)
—sin(20) (—sin(20)0160 4 cos(26)020)
= [(cos(260) + 1) cos(26) + sin(20) sin(26)] 0,0
+ [(cos(20) + 1) sin(20) — sin(26) cos(26)] D=6
= (cos(20) + 1) 010 +sin(20) 020
= 2cos(0)R[f),
and
2po = sin(20) cos(26)0 6 + sin(20)9,0
+ (cos(26) — 1) (—sin(260) 16 + cos(260)020)
= [sin(26) cos(26) — (cos(260) — 1) sin(26)] 016
+ [sin2(29) + (cos(26) — 1) cos(26)] 820
=sin(260)010 + (1 — cos(20)) 0.0
= 2sin(0)R[0].

Hence, we have the identity

curly = R[f] (Zi’;g) (3.7)

Step 2. (i)=-(ii). Let us assume that pypy,)[v] = 0. Let
Zy :={p € (—m,m|: (A +Xo)(¢) =0}.

Using equation (3.6) with ® = Y[)\g], we obtain that R[] = 0 almost everywhere in
O\0~1(Zy) and by equation (3.7), curlv = 0 almost everywhere in Q\0~* (Zp).
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The complement of 6~ (Zj) is the union of the sets v~ (%) for ¢ € Zy. By assumption,
this family of sets is at most countable and on each one Vv vanishes almost everywhere by
a standard property of Sobolev functions (see the justification of equation (2.3) where the
case of SBV functions is treated). We conclude that Vo =0 in =1 (Z), hence curlv =0
almost everywhere in © which is (ii).

Step 3. (ii)=(iii). We assume that curly = 0 so that equation (3.7) implies R[0] = 0.
From equation (3.6), we deduce that fig[v] =0 for every ® € ENT,,, as required. We have
established (ii¢) = (¢) = (44) = (¢4i), hence the lemma. O

Remark 3.5. Notice that combining equations (3.6) and (3.7) we see that, as opposed
to the oriented setting where the curl is the entropy production associated to the identity
(see Properties 4.3), there is no ® = T[\] € ENT,, such that curlv = (R(fis[v]),S(Ha[v])).
Indeed, A should solve —(\” 4+ \) = €% which does not have a periodic solution.

4. The trigonometric entropies

In this section, we collect the main properties of the trigonometric entropies from
Definition 1.7. We recall that, with T defined in equation (1.13), for every n € Z, we
have set ®" = Y[2ie,] € ENT, where e, is the trigonometric monomial § € R + ¢ € C.
We start with some immediate consequences of the definition and of Lemma 3.2.

Properties 4.1.

(i) For n € Z, we have ®~" = —®". Indeed, from equation (1.13), the mapping \
Y[\ is C-linear and Y[\] is real valued whenever \ is, consequently, Y[\ = Y[A].
Hence,

O =T [2e_,| = Y[-2ie,]| = —Y[2ie,] = —P.

(ii) By point (i) of Lemma 5.2 and density of the trigonometric polynomials in
C>=(T,C), span{®"},cz is dense in ENT.

(iii) We have e, € C°(T,C) if and only if n is odd. In fact, span{esm, 11 }mez is dense in
C2°(T,C). From Lemma 3.2 (ii), we see that span{®>™T1}, 7 is dense in ENT,,.

We derive an expression for the ®™’s that first easily leads to the Properties 4.3 below
and then is used to establish the ‘wedge products’ formulas of Lemma 4.4.

Lemma 4.2.

(i) Forn€Z and z €S, we have

O™ () = (n—1)2"+! (_1) 4 (n41)2n ! <1) (4.1)

(ii) For m € Z and w € S*, we have

P (g(w)) =2 {mwmﬂ (_1) + (m+1)w™ <1>] . (4.2)
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Proof. Let us establish the first point. We write z = €. Using %eme =ine™’ and then
the formulas 2isinf = e* —e=9 2cosf = e + e, we get

; —sind cos® ) —eif o0 it 4 ¢—i0
o _ ,ind % 2 _ ,ind : ‘ ‘ ‘
o { Z< cosf ) ! n(Sineﬂ ‘ Kiele +i€_’0) +n<—iele —H’e‘leﬂ

= ¢in® (g’(ln_1i)ez€++(?(:i)le;9i9) =em? [(n —1)e (12) +(n+1)e " Cﬂ .

Substituting back z = €, 2" = ™Y we obtain equation (4.1).
Identity (4.2) is obtained by substituting n =2m+1 and z = o(w) in the first one and
then using 2% = w. O

Let us stress some immediate consequences of formulas (4.1) and (4.2).

Properties 4.3.
(i) For n =0, we have ®°(z) = 2iz*, so pugo[u] = 2icurlu for u e WH(Q,S1).
(ii) Forn = =£1, we have

1
dEL(2) = j:2( >
+1
and the pair @1, ®' spans the space of constant vector fields C — C2.

(iii) Forn=2 and z € S', we have ®F%(2) = +65(2) +i6 31 (2) where for z € S,

Di(2) = (22(1-(2/3)23). 21 (1= (2/3)21)),  Ba(2) = (2/3)(21, — 23)
define the Jin—-Kohn entropies.
(iv) Forn€Z and 6 € R,

n/ i _ 2 d ne i _ 2
127 ()] ooy =2VM2+1  and Hd@ (@7 (e')] sy~ 2(n® -1 (4.3)
Lemma 4.4. Let n € Z and z,w €S'. There holds
() AD " (w) = 2 ((n+ 12 (z@)" " — (n—1)2 (zw)”“) 7 (4.4)
() AN "(2) =2i ((n+1)* — (n—1)?) = 8in, (4.5)
and
(@"(2) =™ (w)) A (27" (2) — D" (w)) (4.6)
=21 [(nJr 1)? |w"71 — 1 | 2 _(n—-1)2 |w"+1 — 2t | 2] .

Proof. The first equality is a direct application of equation (4.1), ®~" = —®" and of the
identities

O I O R G B G Y B 6 I G B
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We get the second identity by taking w = z in equation (4.4). For the last one, we use
the bilinearity of the wedge product and the two firsts to obtain that the left-hand side
of equation (4.6) is equal to:

2i(n+1)* [2 — (Zw)" — (z@)”fl] —2i(n—1)* [2 — (zw)"T — (ZE)”H]

= 2i(n 4 1)% 2" — w2 = 2i(n— 1)% [ 2,
We used z,w € S* for the last equality. This proves equation (4.6) and the lemma. O

The next result is the key for passing from weak convergence to strong convergence at
the end of the proof of the compactness result.

Lemma 4.5. Let v be a Borel probability measure on S'. If one of the following
assumptions holds true, then v is a Dirac mass.

(i) For every trigonometric entropy ®™ with n =2m even

/51 [@" A D] dv = /S @"du] A [/Slq)nd”]'

(ii) For every trigonometric entropy ®" with n =2m-+1 odd

/ [P" 0o AP "oo|dy = / @"oady}/\{/ @"oady]. (4.8)
St L/ St st

Proof. Case of assumption (ii). Let m be a positive integer and set n := 2m + 1.
Integrating identity (4.5) of Lemma 4.4 with respect to v we obtain for the left-hand
side of equation (4.8),

1

% [@"oa/\q)_"oa]du:
Sl

[(n+1)*—(n—1)%] = (m+1)* —m>. (4.9)

NG

Next, using equation (4.2) and integrating with respect to v, we get

] rtn] [ it (e[ ] ()

Denoting by

27
ek = cx (V) :/ e duy(e?) = /1 w™F dv(w),
0 S

the k' Fourier coefficient of the probability measure v, the last identity writes as

1 1 1
f/ @"oaduzmc(mﬂ)( )—l—(m—i—l)c_m(,).
2 Js1 —1 )

Using ®~" = —®", the identities (4.7) and the relations c¢_;, = ¢, for k € Z (because v is
real valued), we get, for the right-hand side of equation (4.8),
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L farsni| [ farreon] = 2 [} farcon] oL fareral]
) (Y () s

= (m+ 1)2‘Cm‘2 - mz‘cm—&-l‘Z-
By assumption this quantity is equal to equation (4.9). We deduce the relations
m?(1 = lems1)?) = (m+1)2(1 —|cm|?)  for m>1.

This leads by induction to 1— |¢,,|? =m?2(1—|e1|?) for m > 1. Since v is a (finite) measure,
the sequence (cg) is bounded and we must have |c1] = |c1(v)| = 1. We conclude that

the probability measure v is a Dirac mass (we can for instance compute the variance
Var(v) = [ [w[2dv(w) | [ wdv(w)|? = 1~ |ex (v) 2 = 0).

Case of assumption (i). Performing the same computations with n = 2m in place of
n=2m+1 and ®>™ in place of P21 o leads to the identities

1—|cam_1(V)]? = 2m—1)2(1—|e;(v)]?)  for m > 1.

We conclude again that |¢1(v)| =1 and then that v is a Dirac mass. O

5. Compactness

In this section, we prove Theorem 1.1. As explained in the introduction, we first use
Lemma 3.3 to prove that the energy controls the entropy production (see equation (1.14)).
We will actually prove a slightly stronger statement which gives a more explicit control
in terms of 1 —|v|, Vv and curlwv of the entropy production.

Fix xy € C2((0, +00),[0,1]) with x(1) =1 and x > 1/2 on [1/v/2,+/2]. For Ao, \; > 0 with
max(Ag,A\1) > 1, we define

— 1/2 —
Qo) = Ix(lo)) (1= [o]) Vo]l + Aoll eurlols + A x([o]) Voo [|eurlo] 4o,
1/2)) 7=
R(v) := [x(jv]) (1 = o) [l2+ A/ [ curl v - (o). (5.1)
Proposition 5.1. Let Q C R? be an open set. Then, for every ® € ENT,, there exists
C = C(®,x) >0 such that for every v € WH1(Q,C) and every ¢ € C}(Q,C),

/ ﬁ@[v]c‘ < C(QW)|¢lloo + R [VC]|2). (5.2)

Proof. It is enough to prove the claim for either (Ao,A1) = (1,0) or (Ao,A1) = (0,1).
Let ¥, a denote the functions given by Lemma 3.3 (ii) with the entropy ®. Applying
equation (3.1) to v € Wh1(Q,C), we write

V- [0(0(v)] = V- [®(0(v) — (1= [o)¥(v)| + V- (1= [o) ¥(v)]
= —(1—|o|)D¥(v)Dv+a(v)-curlv+ V- [(1 - |v|)\/I\l(v)}
=: it fat fs.
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Let ¢ € CL(Q,C). We estimate successively the terms |ffjg“| for j =1,2,3. For fs, we
consider two different bounds.

(1) Since DV is bounded and supported in B 5\By, 5

‘/Qfl(

(2) Next, since @ is bounded, we have on the one hand the bound

[

On the other hand, by definition of the || - | -1 norm, we also have

'/szC < H(;-I?I/UHH—l(Q) </QV[@(1J)C]2)1/2

< Clix(H = Vol [[¢]loo-

< O curlvlly[[¢][oo-

. 1/2
< eurlvflz-1(o) [(/QIDa(v)D“) 1€Moo + [[2(0) |0 [[ V<]l

As for \/I\l, the function @ is bounded and supported in B 5\B; /3 and thus

e

(3) In the last term, we integrate by parts and use the Cauchy—Schwarz inequality

to get
’/Qf“?'g = ‘/Q(l—vb\fl(v).vg

Summing the estimates for j = 1,2,3, we conclude the proof of equation (5.2). U

< Clleurloll oy [ (1) Tolly IClloo + 2]

< Clix(h = oDl [VE]le-

We may now prove the main compactness result.

Proposition 5.2. Let Q C R? be an open set of finite area and (vi) C L*(,C). Assume
that:

(i) (lvk|) converges to 1 in L*(£2),

(i) for every ® € ENTy, and every k > 1, there exists C >0 and ng | 0 such that we
can write

\ /Q fup[vk]c] < ClCloe+ el VClla, for every ¢ € CHOLC).

Then, up to extraction vy — v in L*(Q), for some v € L*(,Sh).

Proof. Step 1. Convergence of (vg) as a sequence of Young measures.
Up to extraction, there exists a positive Radon measure v over €2 x C such that, for
every ¢ € C.(2 x C,R),

/go(xmk(m))d:t iy / pdry. (5.3)
Q QxC
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Moreover, v disintegrates as v = v, ® L2 where, for almost every z € €2, v, is a positive
Radon measure on C. By assumption (i) and the fundamental theorem on Young measures
(see, e.g., [Miil99, Theorem 3.1, (iii)&(iv)]), v, is a probability measure supported in S'.
Moreover, in order to prove the strong L' convergence of (vy), it is enough to establish

v, is a Dirac mass for almost every x € Q. (5.4)

This follows from assumption (i) again, [Miil99, Corollary 3.2] and Vitali convergence
theorem. Let us now establish equation (5.4).

Step 2. ngi compactness of the sequences of entropy productions. We observe that from
assumption (ii) of the proposition and a simple variant of a lemma by Murat [Mur81] (see
also [Tar79, Lemma 28] and [DKMOO01, Lemma 6]) applied to the (uniformly bounded)
sequence of mappings ®(o(vg)), for any ® € ENT,,, the sequence (fig[vg]) is relatively
compact in H!(Q).

Step 3. End of the proof.

Let n=2m+1 and ®" be the corresponding trigonometric entropy. By Step 2, the
sequences with terms fign [vx] = V- [®%" (o (vg))] are relatively compact in H; . () and
we can apply the div-curl lemma of Murat and Tartar [Mur78, Tar79] to the pair of
sequences

(@ @), (12" ew]).

to get
lim &0 (00)) A2 (o (00)) = | i @) A Jim 0”00,

where the above limits are weak limits in L2 (£2). Rewriting this identity with the limit

Young measure, we obtain, for almost every = € €,

/ [@”oo/\@"oa]dl/x—{/ @nOO'dI/x:|/\|:/ @"oodux].
St St St

This identity holds true almost everywhere for any fixed n. Since we consider a countable
number of entropies, it holds true for any odd n on a set of full measure. For every z in
this set, we can apply Lemma 4.8 (ii) to the probability v, and deduce that it is a Dirac
mass, that is equation (5.4). This concludes the proof. O

As a direct consequence of Proposition 5.1 and Proposition 5.2, we have the following
compactness result.

Corollary 5.3. Let Q C R? be an open set of finite area, and let (v;) C WHH(Q,C).
Assume that:

(a) (Jvk|) converges to 1 in L*(£2),
(b) (R(vk)) converges to 0 and (Q(vy)) is bounded.
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Then, up to extraction,
(i) vk — v in LY(Q), for some v € L}(Q,S!).
(ii) The distributions lip|v] are Radon measure and there exists C = C(®) >0 such that

Lalt](9) < C limin Q(ue). (5.5)
Recalling the definition (1.11) of E., we finally obtain the anticipated generalization of
Theorem 1.1.

Theorem 5.4. Assume that hypothesis (1.10) holds. Let then Q be an open set of finite
measure and ey, | 0. If (vy) satisfies supy, Egk (vg) < +00, then there exists v € L*(Q,S1)N
.Z(Q) such that up to extraction, vy, — v in L'. Moreover, for every ® € ENT.,, there
exists C = C(®,k) > 0 such that

s [0]|(Q) < C liir%infﬁgk(vk).
Proof. We first notice that by definition of Ee, and
/ W (v) —|—)\;||curlv||?q,1(9) <eE.(v). (5.6)
Using equation (1.10) for W, this yields in particular

/mm (1= o)1 = |v]]) < B (v) /5.

Since € is assumed to have finite area, we get first that if E., (vz) is bounded, then (Jvg|)
converges to 1 in L!(£2). Moreover, recalling the definition (5.1) of R(v), equation (5.6)
also gives

R(w) < (eB-(v)/r) v (5.7)

Next, using Young’s inequality we find

_ _ 1/2
/gl/z(v)W1/2(v)\Vv|+)\g/ \curlvH()\;chrlvH%_l(Q)) </ g(v)|V1}|2>
Q Q Q
< CE.(v).

1/2

Using again equation (1.10) and recalling the definition (5.1) of @, we get
Q(v) < CE.(v). (5:8)

From equations (5.7) and (5.8), we conclude that if E. . (V) is bounded, then Q(vy) is also
bounded and R(vg) goes to zero. We may therefore apply Corollary 5.3 to conclude. [

Remark 5.5. Let us point out that inserting equations(5.7)&(5.8) in equation (5.2) from
Proposition 5.1 we obtain (1.14), that is,

Qﬁ@[v]C‘ < C(@,) (B- () [Clloo +2EL2@)]|VC]l2 )
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6. Structure of zero-states

In this section, we prove Theorem 1.2. We first establish a regularity result for zero-states.
We recall the notation

Dnf(x) = f(z+h) = f(x).
Proposition 6.1. Let Q be an open set and v € ,Zl\o(ﬂ) (see Definition 3.1). Then
(i) ve W23%(Q).

loc
(ii) curlv =0 in Q.
(iii) For every open set w CC S, there exists C = C(w,Q) >0 such that for every h € R?
with [h| < min (1/2, dist(w,R*\Q)/2),

/ IDp|? < C|R|2In(1/|h]). (6.1)

Remark 6.2.

(1) Let us stress once more that, with point (ii), we recover a property which is not
true for general configurations of A(f).

(2) Substituting 22=P)k to 2k/2 in the proof of Step 3 below, we can establish that
vE Wli’cp (Q) for 1 < p < 2. However, the constant degenerates as p 1 2 leading to a
weaker version of equation (6.1) with |h|?[In(1/|h|)]? in place of |h|?In(1/|h|) (see
Remark 1.11).

Proof of Proposition 6.1. Since the result is local, it is enough to prove it for w a ball
(we will only use the fact that w is simply connected). Set r := min (1/2, dist(w,R?\(2)/2)
and w’':=w+ B, CC Q (which is also simply connected). We fix in the proof a cutoff
function ¢ € CL(Q,Ry) supported in w’ and such that ¢ > 1 in w.

We first introduce some notation.

(a) For every : € w, we denote by dp, () the unique element of (—1,1] such that v(z+h) =
imop () ( )
e v(z).

(b) For k > 0, we define
Lok
BIRES me:§<2|§h(x)|§1 .

(¢) For positive odd integers n and z € w, we define (recall Definition 1.7 of the
trigonometric entropies ®™)

00) = 3 e (P49 @D @A (D [0 (0 0)] @)

(d) For k>0 and = € w, we set

ok+l_q

Qr(z) = Z G2m+1(2).

m=2k
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(e) Eventually, for k£ > 0, we define the quantities

Q) = /Q Quc?.

(In this formula, the quantity Qg (z) is arbitrary for z € Q\w (say Qi (x) = 0). This
makes no difference since supp(¢ C w.)

(f) In this proof, we use the notation A < B to indicate that there is a universal constant
C >0 such that A < CB.

We split the proof into four steps. In the first two steps, we obtain bounds on the quantities
Qy, from below and then from above. In Step 3, we multiply these bounds by 2%/2 and sum
over k > 0. Using Holder and sending |h| to 0 leads to v € W3/2(w). This establishes point
(i) of the lemma. By Lemma 3.4, we then get curlv =0, which is equation (ii). In the last
step, we sum the bounds of Steps 1 and 2 over k € {0,...,ko} where ko := [logy(1/|h])].
Using v € Wli’cl (€2), we obtain equation (6.1).

Step 1. Lower bound. We notice that since ®*(2m+1) ¢ ENT,,, we have
PECMHD (5 (£e279)) = TV (5(€)e™?)  for any € € ST, p € R.
In particular, for x € w and m >1
QD (v + ) = @FED (/D00 g (0(z)) ).
With this in mind, we apply equation (4.6) of Lemma 4.4 with n =2m+1, m > 1 and
z=0c(v(x)), w=c(v(x+h))=e(T/2n@) 5 (y(z)). We get in w

|ei7rm5h _ 1| 2 |eiﬂ'(m+1)5h, _ 1’ 2

P2m+1 =

4m? 4(m+1)?
_ sin? (m(m/2)dn) B sin? ((m+1)(7/2)d5)
m? (m+1)2

Summing these identities for m ranging over {2%,... 281 — 1}, we get for k>0

sin® ((r/2)286,)  sin® ((w/2)2"16,) 1 (. o, 1 .,
k= 22k — 22(k+1) 222k<sm Q—Zsm (20)),

with 6 := (7/2)2%5). Using sin(26) = 2sinfcosf and 1 — cos?§ = sin” @, we obtain

sin'@  sin® ((7/2)2%6;,)
22k = 22k ’

1
Qr = 2W(sinZQ—sinQH cos? ) =
For z € wy, we have 1 > 2¥|6;,(z)| > 1/2; hence, since |sin| > (2/7)|0| for || < /2,
1
Qk > 22k ‘Qk(sh‘4 = 22k|5h|4 2 |6h|2-
Multiplying by ¢? and integrating over €2, we obtain

Q2 | loul*¢*. (6.2)

Wk
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Step 2. Upper bound. Let m > 1, since by assumption V- [®~™+1(5(v))] = 0 in the
simply connected domain w’ CC €, there exists F™ € Lip(w’,C) such that V+F™ =
®~(2m+1)(5(v)). Using an integration by parts and V- [®>™+1(0(v))] = 0, we compute
form>1

/9(12m+1C m/ [DhViFm} A [Dh(I)Qm-l-l(U(v))} C2
1 m 2m+1 2
:—m/ [VDRE™] - [Dy @2 (o (v))] ¢
W/th«“m [Dn@*"+ (o (v))] - ¢ V¢ (6.3)

(To make the argument rigorous, we first regularize ®~2m~1(o(v)), perform the integra-
tion by parts and pass to the limit.)
Let us recall the identities (4.3). We have, for 6 € R,

=2y/(2m+1)2+1<4(m+1),

H (I):t(2m+1) (eiG)
£2(C2)

=8m(m+1).

|3
£2(C2)

= [‘I):t(2m+1)( ie)}

In particular, for x € W/,
IVE™ (@)l g2 (c2y = ||‘I>2m“(ff(v($)))H¢2(c2) <Sm.
We use these bounds in the form

IDAF™ (@) 2y Smlbl || Da®?™ (0(w)) mmin (1,m|dy)

lez ey =

Using these inequalities to estimate the right-hand side of equation (6.3), we get
2 < M in(lmls v
Pm+16” S 2 min (1,m|d,[) (|V .
Q m=Ja

Summing over m € {2F ... 2F*1 — 1} we obtain

2kF1 g
S ¢ S by [ min (12400, 9] (6.4

m=2Fk

Step 3. Proof of equations (i) and (ii).
Multiplying equations (6.2) and (6.4) by 2¥/2 and summing over k > 0, we obtain

Z/ 2k/2|5,2¢2 < Y 220 < \h|/ Y =73 m min (1,2%(6,]) | ¢|V¢].

k>0 k>0 k>0
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We use again 1/(2[04]) < 2¥ in wy to estimate the left-hand side from below. We get

12 5 bl [ |3 ez min (12516 | 9. (6.5)

k>0
We now estimate the right-hand side. For K > 0, we have in wg
Z Qk/2 min (1 2k‘5h| < szk/2|5h|+ Z 2= k/2 < |5 |2K/2 92— K/2 < ‘5 |1/2
k>0 k=0 E>K

where in the last inequality we used that 2~ (K+1) < |6n] <27 in wg.
Plugging this estimate in (6.5) and dividing by |h|*/2, we obtain

|6h|>3/2 ) 0n ) "/?

T ¢ < AR ¢Ivel.

[ o)

Applying Holder inequality with parameters p = 3, ¢ = 3/2 to the functions f =
(|5h|/|h\)1/2c2/3 and g = ¢/3|V(¢| and simplifying, we get

f 2/3 23
|5h>3/2 2 ( 1/2 3/2)
(/ﬂ(m ¢) s (ferwer)

Using that | Dpv| < 7|dy|, and a standard characterization of Sobolev spaces, we deduce
that v € W/2(Q,S!) with the estimate

loc
2/3 2/3
(/ |Vv|3/2<2) < (/ 41/2|V<|3/2) .
Q Q

Point (i) of the Lemma is established. As already explained at the beginning of this proof,
since v is a zero-state point (ii) then follows from Lemma 3.4.

Step 4. Proof of equation (iii).
Let ko := [logy(1/|h|)], that is ko is the integer defined by 1/2 < 2ko|h| < 1. Since
|h| < 1/2, we have kg > 1. Summing equations (6.2) and (6.4) over k € {0,...,ko — 1},

we get
ko—1 ko—1 ko—1
Z/ 164 1%¢ S zgk<|h| [ fmm(l 2164 [CIVC. (6.6)
k=0 v @k

We proceed as in Step 3 to estimate the right-hand side. Let us fix K > 0, we estimate
the sum in brackets in wg as follows

k() 1 1 . min(ko,K)—l k() 1
Z z—kmln (1,2%16,]) < Z |0n] + Z o8
k=0 k=0 k=min(ko, K)

< kolon] +275 < (ko +1)|0n] < |0n]In(1/|R]).
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In the last two inequalities, we used 275 < 2|;| in wx and 1 < ko <logy(1/|h|). Putting
this inequality in (6.6), we obtain

ko—1

S [ 1uP¢ < hlm(1/|) /Q 1621 CIVC].

k=0 Yk

Using |0 | < 2|Dpv| and recalling that by Step 3, v € W11,3/2 Q) c I/Vlicl(Q), we deduce

ocC
ko—1

> [ 10 < i, ©.7)
k=0 Y “k

where C' > 0 only depends on (.
Eventually, for k > ko and z € wy, we have |5, (z)| < 2750 < 2|h| so that

S [ 1P S InP / ¢,
kaO Wk Q

Together with equation (6.7) (and |h| < 1/2) this leads to

/Q 1642C% < CIHPIn(1/]1]).

Since |Dpv| < m|dp|, we conclude the proof of equation (6.1). O

Before going further into the proof, let us state the analogue of Proposition 6.1 for
classical zero-states.

1
loc

is, pon|u] =0 forn € Z. Then u € le’f/z (), and for every open set w CC §Q, there exists
C = C(w,Q) >0 such that for every h € R?* with |h| < min (1/2, dist(w,R*\Q)/2),

Proposition 6.3. Let Q be an open set and u € L}, (Q,SY) be a classical zero-state, that

[ 1Dwal? < ClbPnan). (6.5)

Proof. Let us first notice that v :=u? € .ZO(Q) so that Proposition 6.1 provides v €

I/Vlicg/Q(Q) and a control on |Dyv| of the form (6.1). In order to conclude, we only have

to establish that for any simply connected open set w CC €2 and any h € R? such that
|h| < min (1/2, dist(w,R?\Q)/2) there holds

L2(AnNw) < C(w)h]?  where Ay := {:r €Q: |Dpu(z)| > fz} (6.9)

Indeed, assuming equation (6.9), we have for every p >0 ¢ € C}(Q,R,) and h € R? with
|h| < min (1/2, dist(supp ¢, R*\Q)/2),

/ DpulPc? = / DyulPC? + / DhulP¢? < Q)R +277/2 / DyolPC?.
Q Ap, Q\ Ay, Q
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Here, we used equation (6.9) and v/2|Dpu| < |Dpv| in Q\Ay,. Choosing p = 3/2 and using
ve W32 (Q), we deduce

loc

/ |Drul?2¢2 < C(O)|h*/? for h € R? with || small enough,
Q

and we conclude that u € T/Vﬁ)c3 /2
equation (6.8).
Let w CC € be an open ball, let ¢ € C}(w,R;) and let h € R? with

|h| < dist(w,R*\Q)/2.

(©). Similarly, choosing p = 2, equation (6.1) yields

To establish equation (6.9), we proceed as in the proof of Proposition 6.1 but using the
pair of Jin-Kohn entropies ®*2 (the first computations below correspond to the beginning
of the proof of [LLP20, Lemma 7] rewritten with our notation). Let us set

= % [Dy [@2(u)] ()] A [Dy [272(w)] ()] -

On the one hand, from equation (4.6) and elementary calculus,' we have

D 31| 2
/qug@:/ﬂ <|Dhu|2’h[;”> & 2§/§2|Dhu|4§2 z%/A ¢z, (6.10)

On the other hand, using ug=2[u] =0 we get, as in the proofs of Proposition 6.1 or of
equation (1.18),

1/2
/ < i / Dyl = C|i| / |Dhu|<gc/<|h(/ <2) +|h2>,
Q Q ApU[Q\Ap) Ap

with C,C’" > 0 depending on (. In the last estimate, we used the Cauchy—Schwarz
inequality and v/2|Dpu| < |Dpv| in Q\A;, with v € WI})(}(Q) With equation (6.10), we
obtain fAh (%2 < C(¢)|h|? and then equation (6.9) thanks to a covering argument. O

go(x) :

We now return to the proof of Theorem 1.2 and show that equation (6.1) translates
into a local control of the Ginzburg-Landau energy of any mollification of v. To this
aim, we fix p € C2°(R%4,R,) with [p=1 and for n € (0,1/2], we set p, :=n"2p(n~'-) and
Uy 1= Uk .

Lemma 6.4. Let Q be an open set, and let v € L}, (0, S') such that the conclusion (iii) of
Proposition 6.1 holds true. Then, for every open set w CC Q, there exists C = C(w,Q2) >0
such that for n € (0,1/2] with n < dist(w,R?\Q)/4
1 1
L, (vy5) = 5/ Vol gz [ A=l < Cn(1/). (6.11)

Proof. For the reader’s convenience, we recall some classical computations (see for
instance [DLI15, LP18]). We first compute for z € w

We use sin?(0) — sin(36) /9 = (8/9)(2 + cos(26)) sin* (8) > (8/9)sin*(6).
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Vo () = / o(z—4)Vpn(y) dy = / [0z — ) — 0 ()] V () dy

By By

[ lele—u) == 2)Vo0) o) dyd,
By xBy
where we used [Vp, =0. We deduce the estimate

C
Vo (2)] < n/B /B oz — ) — vz — ) oy (2) dz dy.

Squaring, integrating on w, using Jensen inequality and Fubini, we obtain

C
/|w2s—4/ / lo(y) — vy — )| dydh.
w n BT, erBn

Using equation (6.1) from Proposition 6.1 (iii), we get

/ |V, |? < Cln(1/n). (6.12)

Next, since v takes values in S', we have for = € w,

0< 1oy ()] = /B (= v(a =yl —2) pafu)en () dyd

- ;/BB [o(z —y) v =2)"py(y)pa(2) dy dz.

where we used the trigonometric formulas 1 — cosf = 2sin*(6/2) = (1/2)|1 — e%|2.
Integrating over w, using Jensen inequality, Fubini and equation (6.1) as above, we get

[Py < copmaym).
Together withequation (6.12) this leads to equation (6.11). O

We may now prove Theorem 1.2, which we restate in terms of v. We set u*(x) :=
(x1 +ix2)/|x|.

Theorem 6.5. For eachv € ﬁo(Q), there holds curlv =0 and there exists a locally finite
set S C Q such that:
(i) v is locally Lipschitz continuous in Q\S,

(ii) For xz € Q\S, v=v(x) on the connected component of [x+Ro (v(x))]N[Q\S] which
contains .
(iii) For every B = B,(z°) such that 2B := Ba,(2°) C Q and 2BN S = {2°}
(a) either v(z) = (u*)?(x —2) in B\{2°},
(b) or there exists € € S! such that
o v(z) = (u*)}(z—2°) in {zx € B\{2"}: (x—2")-£ >0},
o v is Lipschitz continuous in {x € B\{z"}: (x —2°)-£ <0}.
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Remark 6.6. We can deduce the structure of zero-states in the classical setting by
proceeding as in the proof below using Proposition 6.3, Lemma 6.4 and (more) simple
geometric arguments. This provides an alternative proof of the main results of [JOP02].

Proof of Theorem 6.5 (Theorem 1.2). The fact that curlv = 0 is established in
equation (ii) of Proposition 6.1 so we only need to prove (i)—(iii).

Step 1. Identification of the singular set. By equation (6.11) of Lemma 6.4 and [AP14,
Theorem 4.1], the Jacobians curl(v, A Vu,) locally weakly converge as 7] 0 (for the flat
norm) to a measure j = 2w . z;0,, with z; € Z. Moreover, for every w CC (2, there exists
C,C’" > 0 depending on w and Q such that

GL, (v,;w) (6:11)
() < Climsup SErlvni) €2
nio In(1/n)
Therefore, the sum is locally finite. From equation (i) of Proposition 6.1, v € VV&)S / 2(Q);
hence, Vv, converges strongly in Lfo/f (©2) to Vv and v, converges strongly in L{ () to
v so that v, A Vv, converges to v A Vv in L (). Hence, pu = curl(v A Vv). We set

S :=suppp\{x € Q: v is continuous in some neighborhood of x}.

Step 2. Local Lipschitz reqularity of v in Q\S.

Let B = B,(z) be an open ball such that 2B CC Q and vy € C(2B,S') or 2B CC
Q\suppp. Let us show that v =€ in 2B for some ¢ € W1(2B). Indeed, on the one
hand if vop € C(2B,S'), there exists a lifting ¢ € C'(2B) such that v = e’ in 2B and
since v € WH3/2(2B) and |Vg| = |Vv|, we have ¢ € WH(2B). On the other hand, if
2B CC Q\suppy, since v € WH3/2(2B) and p = curl(v A Vo) =0 on 2B, we can apply
[Dem90, BMP05] to get ¢ € Wh1(2B) with v = €™ in 2B.

We now set 6 := /2 and u := €% so that u? = v with « € WH!(2B,S'). From point (ii)
of Proposition 6.1, we have curly =0 in 2B so that Lemma 2.1 (ii) implies curlu = 0. By
the chain rule, this translates into

u-V0=0 almost everywhere in 2B. (6.13)
For A € R we define the level sets
Ey ={z€2B:0(z) <A} and E)={ze2B:0(z)> A}

By equation (6.13) and since § € W11(2B), for almost every X these sets have finite
perimeter in 2B and the tangent on (’9E/\i is collinear to e’*. Therefore, E/\jE is the
intersection with 2B of a locally finite number of stripes parallel to e**. Observing that
for A < Ay the sets £, and EL do not intersect in 2B and taking into account the
orientation of the stripes, we claim that for almost every A_ Ay with A_ < Ap <A_+7/2

A=A
dist(E5 N B,Ef NB)>2rsin (+2> : (6.14)

Indeed, let 2y € By NB and 2y, € EY N B, where A\_ <Ay <A +m/2. Since E; s
made of stripes parallel to e”*-, the line segment Ly_ = [z)_+Re™-]N2B is contained
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Figure 4. As in equation (6.15) d =dist(Lx_NB,Lx, NB).

in B (see Figure 3). Similarly, Ly, = [z), +Re"+]N2B C EL. Since Ay # A_(mod ),
the lines spanned by L) and L), intersect, and since Ly_ NLy, C E} ﬂEj\'+ = & they
do not intersect in 2B. Minimizing dist(Lx_ N B,Lx, N B) under these constraints, the
minimizer is given up to rotation by

L, = (:c+ [727'+R67%D N2B8,
Ly, = (x—i— [—2r+Re%D N2B,
with Ay = ig (see Figure 4). Is is then easy to see that

Ay —A_
|z —l‘)\+| > dist(Ly_ ﬁB,L,\+ ﬁB) > 2rsin <+2) , (6.15)

hence the claim (6.14) by the arbitrariness of zx_ € £y NB and ), € EL NB.
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Figure 5. Case (a).

From equation (6.14), we deduce that # admits a Lipschitz continuous representative in
B with ||V0|| = (p) < 1/r. Therefore, v = ¢* admits a Lipschitz continuous representative
in B with Lipschitz constant at most 2/r. Eventually, returning to equation (6.13), we
see that for every x € B there holds

v=uv(z) on [z+Re?@|NB.
Equivalently,
v=wv(z) on [z+Reo(v(z))]NB.
We have established points (i) and (ii) of the theorem.
Step 8. Structure of v near the singularities. Let ° € S and r > 0 such that 2B =
Ba,-(2°) cC Q with 2BNS = {2}. By translation and scaling, we assume that B = B;

and we set B’ := B\{0}, 2B’ := 2B\{0}. Notice that by Step 2 and definition of S, v is
continuous in 2B’ and discontinuous at 0.

Step 3.a. Preliminaries. For x € 2B’, we denote by L(x) the connected component of
[z +Ro (v())] in 2B’ which contains z. L(x) is an open segment in R? with L(z) C 2B’.
There are two cases:

(a) Either 2B’\L(zx) splits into two connected components. In this case, the two

endpoints of L(z) lie on 9(2B); see Figure 5,

(b) or L(x) is a radius of the form (0,2z/|x|); see Figure 6.
For shortness, we denote () := +o(v(z)) where the sign is not important in case (a) but
is chosen such that &(z) = z/|z| in case (b). With this notation, L(z) is the connected
component of [x 4+ RE&(z)] in 2B’ which contains z.

From Step 2, v is constant on L(z) with value (£)?(z). This has the following
consequences:

1. If 2,y € 2B’ are such that L(z) and L(y) intersect, then v(z) = v(y) and L(x) = L(y).

2. If L(z) is of type (b), then v = (u*)? on L(z).
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Figure 6. Case (b).

We use these properties repeatedly in the sequel with no further references.

Step 3.b. Construction of two radii of type (b). Let us establish the following.
There exist 2',2% € B’ with L(27) of type (b) for j = 1,2 and £(z?) # +£(2').  (6.16)

Since v is continuous in B’ and discontinuous at 0, there exist € > 0 and two sequences
(2},), (z7) converging to 0 such that v(z}) —v(z})| > e for every k > 1. Up to extraction,
there exist 2!, 2% € S' with [2! — 22| > & such that v(x},) — 27 for j € {1,2}. For the sequence
of sets (L(z7,)), we have

L(z]) — L7 in Hausdorff distance, for j € {1,2},

where L7 is one of the segments (0, £20(27)) or the union of these two segments. By
continuity of v in 2B’, we have obtained two radii L' = (0,2¢"), L? = (0,2¢?) with &1,
€2 € St such that v = (¢7)% = 27 on L7 and with moreover |(£2)% — (£1)2| > ¢. In particular,
L? # +L'. Choosing 2! € L' and 22 € L?, the sets L' = L(x'), L? = L(2?) are of type
(b) with 2!, 22 not collinear. This proves claim (6.16).

Step 3.c. Behavior of v in convex sectors.
Let L' = L(2'), L? = L(2?) be two radii with z!, 22 as in equation (6.16). Let us denote
by P the open convex sector in 2B’ delimited by L' and L?. We claim that

v=(u*)? in P. (6.17)

Let us notice that since L? # £L', the inner angle of P at 0 is strictly smaller than 7.
Let = € P, and let us consider the sequence (z) = (27%z) and the sequence of segments
(L(zk)). Since the inner angle of P is smaller than 7, for k large enough xj belongs to the
convex hull of L' UL?, but L(zy) cannot intersect L' nor L?; thus, it is necessarily of type
(b) (see Figure 7). Recalling that = € L(xy,), we deduce v(x) = (u*)?(z) on L(z) = L(xy).
This proves equation (6.17).
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Figure 7.

Figure 8.

We now assume that P is the open sector of 2B’ with mazimal inner angle such that
equation (6.17) holds true. We denote by a € (0,27] this angle and if a < 27 (so that
P#2B'), L' and L? still denote its delimiting radii.

Step 3.d. The case a > 7. If 7 < a < 2, then the complement of P in 2B’ is a convex
sector with inner angle strictly smaller than 7 and delimited by the two radii L*, L? (see
Figure 8). Since by continuity v = (u*)? on L' and L?, we deduce from Step 3.c that
v = (u*)? in 2B’\P. Hence, v = (u*)? in 2B’ which contradicts the maximality of P. In
conclusion, o = 27 and v = (u*)? in 2B’. This corresponds to the case (a) of the point
(iii) of the theorem.

Step 3.e. The case o <. Let us assume o <, and let us consider two sequences (mi)kzl -
2B'\P for j € {1,2} such that |z}| = |z3| =1 for every k and x], — 27 € L7 as k 1 cc.
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Figure 9. L(z}) (or L(22)) is of type (b). This contradicts the maximality of P.

Figure 10. Both radii L(z}) and L(z?) are of type (a). This contradicts L(z}) N L(z?) = @.

Let us assume by contradiction that L(xfﬂ) is of type (b) (see Figure 9) for j =1 or
j =2. In this case, at least for k large enough we can apply Step 3.c. to the convex sector
Q1 generated by xfc and L7, we have v = (u*)? in PUQ} and since P and @y have a
common side this contradicts the maximality of P. Therefore, for j =1 and j =2, L(a:{c)
is of type (a) for k large enough (see Figure 10).

Next, by continuity of v in 2B’, the segment L(z7}) tends to be parallel to L7 as k1 oo
and since a < 7 we see that L(x}) N L(z3) # & for k large enough and thus L(xz}) = L(z3).
Passing to the limit we get L' = £L? which gives a contradiction.

Step 3.f. The case a = 7. In this last case, there exists £ € S! such that P = {x € B’:
& x> 0}. Let us establish that this corresponds to the case (b) of the point (iii) of the
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theorem. By equation (6.17), we already know that v = (u*)? in P and we only have to
prove that v is Lipschitz continuous in {z € B’ : z:- € < 0}.

Let us set Q :={z € B:z-£ <0}. Let 2,22 € Q such that v(z') # v(2?) and |v(z!) —
v(x?)| < v/2. Then there exist 63,05 € R such that v(z!) = et v(2?) = €2 and |0; — 6| <
7/2. Since v(a!) #v(2?), necessarily L(z')NL(2?) = @, and since v(x!) # tv(z?) the lines
spanned by L(z!) and L(z?) intersect outside 2B. Hence, the constraints on L(z') and
L(x?) are the same as those on Ly_ and Ly, in Step 2, with 6y, 6> in place of A_, A.
Recalling that dist(L(x') N B, L(z?) N B) is minimized in the situation of Figure 4, we find

|zt — 22| > dist(L(z") N B, L(x*) N B) > 2sin(|6; — 6a]).

This implies that v is indeed Lipschitz continuous on @. Eventually, by continuity of v in
B’ we have that v is Lipschitz continuous in {x € B’ : - & < 0}. O
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