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Abstract. We consider perturbations of certain transitive maps of an interval into
itself and estimate how far from the transitivity the perturbed maps are. The distance
turns out not to be of greater order than the square of the size of the perturbation.

0. Introduction
Denote by €, the class of all maps g: [0, 1]- [0, 1]satisfying the following conditions:

g is of class C> 0.1)
g(0)=g(1)=0 0.2)
g(l-x)=g(x) foreveryxe[0,1] (0.3)
g"(x)<0 for every x €[0, 1] 0.4)
Sg(x)<0 for every x [0, 1\{3}, (0.5)

where
Sg _ gm/gi __g_(gn/gr)Z
is the Schwarzian derivative of g. In fact, we do not need to use the third derivative
of g, so we may replace (0.1) and (0.5) by
g is of class c? (0.19
lg'|"*’? is convex on [0, 3) and (3, 1] (0.5)
respectively (see [5], [2]). Notice that the condition (0.3) may be viewed as the
symmetry of g with respect to x = 3
Consider a map f € €, satisfying additionally
f@)=1. (0.6)
Such a map is topologically transitive (i.e. has a dense orbit) and has an invariant
probabilistic measure, absolutely continuous with respect to the Lebesgue measure
([3], [5], [2]). Now we perturb f slightly (but remain in %) and we get a map g € €..
It may happen that g has quite different properties from f.
Then we may apply to g a small random perturbation (of size § > 0). Instead of
moving from x to g(x), we move from x to g(x)+1¢, where ¢ is chosen randomly
from the interval [-6, §). Here ‘randomly’ means randomly with respect to the
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Lebesgue measure, restricted to [—§, 8] and normalized (this is the simplest kind
of a small random perturbation).

We want to answer the following question: how large should § be (in comparison
with the distance between f and g) in order to restore the lost properties of f?

We cannot hope to make g transitive on the whole [0, 1], unless

& =max (g°(), 1-g(2)-
This is due to the fact that the interval
T =[g"®), )]
is g-invariant. But it is natural to restrict our attention to J,.
Let us recall the notion of a pseudo-orbit. A g, §-pseudo-orbit from x toy is a

sequence of points (xq, X1, X2, . . . , Xm) such that
Xo=xX, Xm=y and |x1—g(x:)|<é
for i=0, 1,...,m—1. We shall say that the map g is §-transitive if for every x,

y €J, there exists a g, 5-pseudo-orbit from x to y. The §-transitivity may be
understood as the transitivity of a random perturbation of size §. It is known that
if g is §-transitive then there exists a probabilistic measure, absolutely continuous
with respect to the Lebesgue measure, invariant for the process induced by our
random perturbation, and with the support [g°3) -8, g(%) +4].

Hence, we can modify our question to: how large should § be (in comparison
with the distance between f and g) in order to make g §-transitive?

We shall assume that the distance between f and g is small in C>-topology, but
then we shall measure only the distance between f(%) (i.e. 1) and g(%). We obtain
the following result:

THEOREM A. For a given f € €, with f(%) =1, there exists a constant ¢ >0 such that
if g is sufficiently close to f in C*-topology, then g is ¢ (1 —g(3))*-transitive.

Since we also want to be able to obtain some numerical estimates for a given g,
we shall prove the following theorem:

THEOREM B. There exist positive constants cs and co, depending continuously on g
in C2-topology, such thatif 1—g()<cs then gisco - (1— g(%))z-transitive.

Since for the map f,
1-f3)=0<cs(f),
theorem A follows immediately from theorem B.

The constants ¢g and ce can be calculated for a given g. We shall do it for maps
of a form x—rx(1—x).

1. Constants
We have to define several constants. Perhaps it would be more convenient to the
reader to have them all defined in one section.

The quantity that appears in both theorems is

n=1-g@. (1.1)

https://doi.org/10.1017/50143385700001541 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700001541

Perturbations and transitivity for certain maps 231

As we shall see later, our assumptions will imply that g has two fixed points,
both of them repelling (lemma 1). One of them is 0; call the other one a’. Thus,

ga)=a', a'#0. (1.2)

Now we can define
a=1-a’ (1.3)
c1=g'(a)g'(a)-D)[g'(0)g'©0) -], (1.4)

Since both fixed points are repelling, we have
g'0)-1>0 and g'(a)—-1=|g'(a")|-1>0,

and consequently, ¢; >0.
Since g" is strictly negative and bounded, there exist positive constants ¢, and
¢3 such that

2eat=<|g'G+1)|=2cst forall te[—3, 3] (1.5)

(to be sure that ¢, and c; depend continuously on g, we can take

1. " 1 "
62—2[1()1}1f]|g l, C3 2?38]8 .

We define further:
ca=2acic, (1.6)
¢s=(g'(0)—1)c3’ (1.7
c6=(csm)* (1.8)
c7=6¢c3'n 1.9)
cs=min (j6c3°cics’ In® (cacs+1),3q¢3 ¢, a - (g'(0)71, 3 (1.10)
co=36cscs. (1.11)

In the following, when we say ‘if n <cg---’, we mean: ‘if n<%’ (then a

exists) ‘and n <a - (g'(0)™"

1 <min (fsc3°c2c5" In? (cacs+ 1), catcd). ..

One can see that although formally there are no constants depending continuously
on g for all g € €, this is enough to deduce theorem A from theorem B. However,
we can make a minor change and define instead of ¢ the constant cg:

If

(then the constants c;,... are positive) ‘and

n=3,
or
a-(g0) ' '=n<3
or
min (f6¢3°c4es " In® (cacs+1), 34c3'cd)=m <min G, a - (g'(0) ),
then cs =n;
if

n<3 and n<a-(g'(0)"
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and
.1 22 —14.2 1 -12
7 <min (36¢3°cacs” In” (cacs+1),34¢3 ¢3),

then cg =cs.
Then c will be defined and continuous for all g € €., and n <cg if and only if n <c3.
Notice, that if n <3 and n <a - (g'(0))"’, then

sic3’ - ci<min G, a - (g'(0)) 7).
We obtain this because
c1<1, a <3 g'(0)=cs, ca2<c; and cy=4.

(This holds since
b oal+x
121—1]2J‘ J 202dtdx=2c2-,1§.)
(U
We have:
sics'ci=%a’cicies’
<%-3-1-4-1
=5H<3
and

1 ~-1.2_2 2272 -1

54C3 C4=274 C1C2C3
<%-a-3-1-16-(g'(0)"
=35a-(g'(0) '<a-(g'0) "

2. Proof of theorem B
We have to analyse the structure of the map g. We shall proceed through a sequence
of lemmas. '

We start with the proof of the fact already used in the previous section:

LEMMA 1. If n <3 then g has exactly 2 fixed points. If additionally n <a - (g'(0))™"

then they are both repelling and the topological entropy of g is at least 3 log 2.
Proof. If n <3 then g(3)—5>0, and consequently there is exactly one fixed point,
a’, on [3, 1]. Since g" <0, for any x € (0, 3) we have

gx)>2x - g(@)+(1-2x) - g(0)>x,

and consequently, O is the only fixed point of g on [0, 3].
If additionally n <a - (g'(0))"!, we have:

g @) =gm)=g'(0) n<a
and
g’ <gla)=a’,
and therefore:
g(a', g3))>[g*@),31u 3 a’],
g(g’@), 3D >[a’, g@)],
g, a')>[a', g®]
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Hence,
h(g)=3log2
(ct. [1D).
We have
g0)>g@ @ '>1
Since Sg >0, if |g’'(@’)|=<1 then h(g)=0 (see e.g. [2]) which is a contradiction.
Hence also |g'(a”)|>1. O

It is known ([4], [2]) that a map g € €, is semi-conjugate to a piecewise linear map
£:[0, 1]1»[0, 1] with constant slope and the same entropy. We shall denote this
semi-conjugacy by p. For x €[0, 1], we set

P(x)=p (P}
The map p is non-decreasing, and hence P(x) is either a proper interval or consists
of one point. Set K = PQ).

We shall analyse closer the case when K is a proper interval. It is known ([3],
[2]) that 3 is then periodic for g. We shall denote by n its prime period. It can be
easily seen that K is symmetric with respect to 3. Hence, we have the following
situation:

K =[G-b,3+b], 2.1)

g"(K)=K. (2.2)
Since we have to be able to ‘jump out’ from the orbit of K by a g, §- pseudo-orbit,
our main goal will be to estimate b.
We begin by taking a point
x.=3+ee(a) (2.3)
and looking at its trajectory and the derivatives along it. We have g(x.) >a’. Then

the trajectory stays for some time (this time may be 0) at (0, a] and then for some
j>1 we have g'(x.) > a. We take the smallest j with this property.

LEMMA 2. We have
(g™ (g x| >acs(1—g(x.) ™
Proof. Instead of looking at g(x.), we look at
yo=1-g(x.).
Set yi =g“(yo), k=1,2,...,j~1. Clearly,
Yk =gk+1(xe),

and hence yo, y1, ..., yj—2 =a, whereas y;_, >a. The derivative of g is decreasing
on [0, 3], and therefore

Yici—Yi—2=<(y1—yo) - (&Y (yo).
But

g'@)<22<g0) and §‘<g'(0),

i~2 0
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and hence

2y o Yict—Yic2_(8@)-Dy, o (g@)-1y,» _a g'a)-1
€ ) o= > O =Dy~ &) =Dyo-g0) yo @ 0)-Dg0)

Since
g'(yi-2) = g'(a),
we get

. a
& Nyo)>—"c1 a
Yo
LEMMA 3. We have
c2e251—g(xe)—n <c3e’

Proof. From (1.5) we get
Cr el= J. 2c,tdt SJ‘ lg'G+1)| dt
0 0

S,[ 2cstdt =c3e’,
[¢]
but

L lg'G+0)] dr = |g(x.)—g ) =1-n —g(x.). O

LEMMA 4. We have
l(87Y'(x.)| > cae (n +c3e?) .
Proof. Since
l(g"y (o)l = lg"Cxo)l - 18" ") (g (xe)),

we get from lemma 2 and (1.5),

l(g"Y (xo)|>2¢2e - aci(1—g(x.)) ™"
By lemma 3 we have
1-gx)=(1-n—-gx))+n=<cse’+n,
and hence

I(8")'(x.)| > cae(n +cae) 7. O

Take a point x €[0, 1]. If the orbit of x comes closer to 5 then x itself (or if x is
periodic), we may denote

k(x)=min{i =1: |g'(x)—3|=<|x =3[} (2.4)
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Analysing carefully the proof from [3], we get the following lemma:

LEMMA 5. If x£ K then
lg“®y ()| >1. O

By using lemma 4 once and then perhaps lemma 5 several times, we obtain

LEMMA 6. For all € €[0, b],

g™ (xe)|>cae(m +cae®) ™" O
Define a function F by:
F(t)=2t—3c3"caln (n 'cat? +1). (2.5)
LEMMA 7. We have F(b)>0.
Proof. Since g” maps (3, 5] homeomorphically onto some sub-interval of K, we have

b b
2h = J- |(g™)(x.)| de >j cse(m+cse’) ' de
0 0

b
=c4c3’ j € - (17c§l +e) M de
0

=c5'caldIn (ne3' +e2)]1528
=4c3'caln[(nest +6%) - (c3'm) 7]
=3c3'caln (n eab®+1). a

We are going to obtain an estimation of b from lemma 6. However, we shall first
need a coarser estimate, derived in a different way.

LEMMA 8. We have b <ce.
Proof. Set d =1—g(x;). Then, by lemma 3,
d—mn=cb>

Suppose that g'(0) - n =d. Then g(n) <d, and an interval symmetric to g(K') with
respect to 1, contains a fundamental domain of g near 0. Therefore, the union of
its images contains whole J,. This is impossible under our assumptions. Hence,
g'(0)n >d, and consequently

(g'(0)—1)n>d —m =cb>.

By (1.7) and (1.8), we get b <ce. O
LEMMA 9. Assume that F(ce)<0. Then there exists exactly one to€ (0, ce) such that
F(to) =0.

Proof. We have
F'(t)=2—cat(n +c5t>) .
Since F(0)=0, F'(0)=2>0 and F(cs) <0, such a t, exists. Suppose that it is not

unique. Then the equation F'(0) = 0 has at least 3 roots on (0, c¢). But this equation
is equivalent to a quadratic equation - a contradiction. O
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LEMMA 10. Assume that
cscim =4
Then F(c,)=<0.
Proof. We have
In(¢+1)=¢—3 forallt>-1,
and hence
Flc7)=2c7—3c3 caln "escT—3(n " "c3¢7)’]
=2¢7—%c3 caln escT —m T lesc7 - 3)
1 -1 2 -1 2
=2c7—132C3 C43M C€3C3
=C7(2—%C47I_1C7)=0- O
LEMMA 11. Assume that:
(i) F(ce)<O,
(ii) csc 31; <2
Then b <c7.

Proof. Suppose that b =c;. By lemma 8, we then have ¢;<b <ce. But then:
(a) by (ii) and lemma 10, F(c7)=<0;

(b) by lemma 7, F(b)>0;

(©) by (), F(ce)<0;
and consequently the equation F (t) = 0 has at least two roots on the interval [c, ¢6).
But, in view of (i), this contradicts lemma 9. d

We can find on the trajectory of K an interval shorter than K itself.

LEMMA 12. If  <cs then the length of g(K) is smaller than cs - n°.
Proof. Assume that n <cg. Since

1 -2 2 -1 2
cgs=7gc3 cacs In“(cscs+1)
we have

16csm <cics’ In® (cacs+1).
. 2
Since cs =cs7m, we get

4ce<cacs' In(cscin +1),

and hence
1 -1 -1
2ce<2¢3 caln (1'] C3C6+1),
i.e. F(ce)<0.
Since
1 -1 2
C8=1354C3 Ca,
we have

-2 2
36ncacs” =<3,
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i.e.
C3C 31, -t = %
Thus, the assumptions of lemma 11 are satisfied. Therefore, b <c,;. By lemma
3 we obtain that the length of g(K) is not larger than
c3b><caci=36¢csci°n’ =con’. O

Denote

L= g “K), M=I\L
k=0

LEMMA 13. If xg¢ L then P(x) ={x}.

Proof. Suppose that P(x) is a proper interval. Then either §“(p(x)) =3 for some k,
and then x e L, or gk(P(x)) is disjoint from K for all k =0. But in the second case
(remember that we still assume that K is a proper interval) it follows from [5] that
the length of g'(P(x)) grows exponentially with i~ a contradiction. In the only
exception, when the periodic point of period n in K is semi-attracting and g (P(x))
comes arbitrarily close to K, we can use lemma 5 to get a contradiction. O

LEMMA 14. Lety e L nJ, and £ >0. Then there exists z € J, such that g*(z) =y for
some k =0 and the length of P(z) is smaller than €.

Proof. We consider three possible cases:
Case 1.p(y)€{3,£®), ..., "'} Then the set

O g Qoo n7s
k=0

is dense in J; (and therefore infinite), and if §*(¢) = p(y) then g*|,-1(y is a homeo-
morphism onto P(y). Hence, the conclusion of the lemma follows.

Case 2. p(y)e{g’@),...,§"'(3), " @)} Then g™ *|p1—g24) is a homeomorphism
onto P(g'"(%)) (m=3,4,...,n). Since

1 —gz(%) eJ,
and
pA-g’@el £G), ..., 8" '

we can then use case 1 for 1 — gz(%).

Case 3. p(y)e{g(3), £°3)}. Then g maps P(3) onto P(g(3))~J, and g” maps P(z)
onto P(g2(%)) ~J,. Since

p@)=§"G),

we can then use case 2. O
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Now we go back to the general case and finish the proof of theorem B.
The first possibility is that K consists of only one point, 3. But since (by
lemma 1)

h(g)z%log 2,

this implies that p is a conjugacy and §|;, is transitive. Consequently, g|;_ is also
transitive, and hence §-transitive for all § >0.

Thus, we remain again wih the case of 3 periodic of period n for g. We shall
consider several possibilities for x and y.

(@) x, y e M. Since g| s, is transitive, there are g-orbits from an arbitrarily small
neighbourhood of p(x) to an arbitrarily small neighbourhood of p(y). But, by
lemma 13,

P(x)={x} and P(y)={y}
Hence, if p(z) tends to p(x) (or p(y)) then z has to tend to x (or y). Therefore,
there are g-orbits from an arbitrarily small neighbourhood of x to an arbitrarily
small neighbourhood of y.

(b) xeL. Then there is k such that gk(x)eK. By lemma 12, there is a
g 09n2-pseudo-orbit (x, g(x), ..., g"(x), x) from x to some ¥ e M.

(c) yeLnJ, Bylemma 14, for any £ >0 we can find y € M and a g, e-pseudo-
orbit (¥, z, g(2), ..., 8"(z)) from ¥y to y.

By combining (a), (b) and (c), we can get a g, con>-pseudo-orbit from x to y for
any x, y €J,. This ends the proof of theorem B. O

Remark. Since we need to use each of the operations described in (a), (b) and (c)
at most once, we see that the sum of ‘jumps’ (i.e. distances between g(x;) and x;.,)
along our pseudo-orbit can be made smaller than con’.

3. Example
Letgx)=rx(1—x), 0<r=4,.
Then we can easily compute:

n=1-%, (3.1

a'=1-r7", (3.2)

a=r"", 3.3)
c1=r=2)(r=-3)r"'r-17", (3.4)
Cr=C3=T, 3.5)
ca=20r=2)r=3)»"'¢-1)7", (3.6)
cs=r=1)r"", (3.7)
ce=[r—Dr 'n7, (3.8)
c7=3rr=1)(r-2)"'¢r=3)""n, (3.9)
16¢3cacs In® (cscs+1) =3(r—2)°(r =3)r 2(r— 1) In’r, (3.10)
Fc3lei=2r—22r -3 -1)72 (3.11)
a(g'O)y '=r7?, (3.12)
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cs=min Gr—2%¢ -3¢ -1 1n’r,

Hr=2(r=3%r(r~1)%r72,2),

co=9r0r - 1)2(r—-2)%(r-3)"2

239

(3.13)

(3.14)

Since n <3, we have 1 —3r <% and hence r >2. Then, since n < a(g’(O))_l, we have

1-L <2< %, and hence
r>3.

From (3.13) and (3.15) it follows easily that

cs=5(r—2%r-3)r3(r-1)"2

Now we have:

a=0.002>489a <1>486a <1-3a
a _1-3a+2a®> 2-4-(1-a) (1-2a)

P4 42718° 2442729
26—4a)1-2a) 22-a)(1-a)
= 3 2 < 3 2.
27-4%.3 27(4—a)’3-a)

Hence, if 4 —r < 0.002, then

r 20r=2%(r-3)*
n =1‘z<(—z7rs—2r(_17=68-
Setting « = 4n again, we get
_ 9% -1 94-a)’B-a)’
S (r=2%(r-3° (2-ao)(-a)
-9 4.3
4—-4a)(1-2a)
__ 81-16 <81 - 16
(1-a)1-2a) 1-3a’
We have a =47, and hence

Co

,_81-16a> 8la®
1-3a 16 1-3a’

CoT]

If & =0.002 then

81
1-3a

<82.

Hence, we get the following result:

(3.15)

(3.16)

THEOREM C. If 0=<a =0.002 then the map x —(4—a)x(1-x) is 82a’-transitive.
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