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Complex Uniform Convexity
and Riesz Measures

Gordon Blower and Thomas Ransford

Abstract. The norm on a Banach space gives rise to a subharmonic function on the complex plane for
which the distributional Laplacian gives a Riesz measure. This measure is calculated explicitly here for
Lebesgue LP spaces and the von Neumann-Schatten trace ideals. Banach spaces that are g-uniformly
PL-convex in the sense of Davis, Garling and Tomczak-Jaegermann are characterized in terms of the
mass distribution of this measure. This gives a new proof that the trace ideals c¢? are 2-uniformly
PL-convex for 1 < p < 2.

1 Riesz Measures for Banach Spaces

Let X be a complex Banach space. A function ¢: X — [—00,00) is said to be
plurisubharmonic if it is upper semicontinuous and if

2m
(L.1) o) < %/O o+ e’y)dd (x,y € X).
When log ¢ is also plurisubharmonic, one says that ¢ is log-plurisubharmonic. If o is
plurisubharmonic, and F: D — X is holomorphic where D = {( : || < 1}, then
@(F(C )) is subharmonic.

For example, the norm itself is log-plurisubharmonic. Equivalently, u(¢) =
log ||x + Cy|| defines a subharmonic function on € for each x and y in X. (To see
this, one uses the Hahn-Banach theorem to show that

(1.2) u(¢) = sup{log‘ (x+Cy | x*)| : x* € Ball(X™)},

where log| (x + (y | x*)|, is a subharmonic function on the complex plane [20].) It
follows from Jensen’s inequality applied to e’ that, for 0 < p < oo,

1 2T .
(1.3) E/ x+ely|Pdo > |x||P  (x,y € X).
0

The extent to which this inequality is strict was used by Davis, Garling, and Tomczak-
Jaegermann [12] as a measure of the convexity of the norm. They introduced the
modulus of complex convexity:
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X . L/zw i0 |1p l/p_ . _ _
(1.4) Hp(t)fmf{<27r [y d@) Hx||.||x||f||ny1}.

Such an X is g-uniformly PL-convex if the modulus of uniform PL-convexity is of
power type g; that is, if there exists §(p, X) > 0 such that H;f(t) > 6(p, X)t1 for all
0 <t < 1 where g < oo. It turns out that the smallest such g is independent of the
choice of p, and that necessarily g > 2 (see [12], Theorem 2.4 and Proposition 3.1).
One can characterize this condition in terms of analytic martingales, possibly after
introducing an equivalent norm on such an X; see [12, 13, 25]. We shall estimate
Hif (t) for various X using Riesz measures, which we shall calculate explicitly.

Let 2 be a plane domain and let u be a subharmonic function on €2 with u #
—00. Then the distributional Laplacian Au of u is a positive Radon measure. When
multiplied by 1/27 it is also called the Riesz measure of u. In complex notation, which
will be more useful for us, Au = 409u. The Laplacian measures the strictness of the
sub-mean inequality for u. This is made precise by the Poisson-Jensen formula (see
e.g. [20], Theorem 4.5.1), of which the following is the special case that we shall need.
Let u be a subharmonic function defined on an open neighbourhood of the closed
disc D(w, r). Then

m €= wl

Proposition 1.1 Let X be a complex Banach space and let x, y € X. Then

2T
(1.5) . / u(w + re?) do — u(w) = 2 / log ;aau(do.
2m 0 D(w,r)

1 [ , 2 t .
(1.6) —/ x+tefy||P do — ||x||P = —/ log —89)||x + Cy||P(dC).
2 ), | [ |« 7 oo 810 | |

This follows when one applies the Poisson-Jensen formula to u(¢) = ||x + {y||?.
This formula allows us to estimate the modulus of uniform PL-convexity directly
from a knowledge of the Riesz measure 90||x + (y||?. Indeed, writing V, (¢; x, y) for
the right-hand side of (1.6), we have for ||x|| = ||y|| = 1,ast — 0,

1 [7 " 1/p 1/p
(17) (g/ e+ teyl7de) T~ sl = (1+Vytsx ) =1
0

(1.8) = %Vp(t;x, y)+O(Vy(t;x, y)?).

We have thereby proved the following result.
Corollary 1.2 For any complex Banach space X, the following holds:

HX(t) 1 1
1 P = — 1 —1 : . = =
(1L9)  lim — = ptlgl(;+(tqlnf{Vp(t,x,y)-||x|\ Iyl =1}).

In particular, X is g-uniformly PL-convex if and only if the right-hand side of (1.9) is
strictly positive.
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The importance of this result is that, for certain interesting cases, the Laplacian
00)||x + Cy||? can be calculated, or at least estimated, quite explicitly. In section two
we shall do this for the Lebesgue spaces L?, and in section three we shall do the same
for matrices in the von Neumann-Schatten ideals c?.

In section four we shall use the basic estimates on the Riesz measures associated
with the von Neumann-Schatten norms to provide a new proof that ¢ has analytic
Lusin cotype 2 for 1 < p < 2. In [7] the authors also consider the Riesz measures
associated with the norms of certain Banach spaces in the context of analytic Lusin
cotype. In Section 5 we present further applications of our estimates on Laplacians
of matrix functions.

Note that in general it suffices to obtain lower bounds for 9d||x + (y||? for x
and y in a dense subset of the unit sphere, since if x, — x and y, — y then
00||x, + Cyul|? — 00||x + Cy||? as measures. Certain other aspects of the theory
of complex convexity become more transparent when one considers Riesz measures.
For instance, the equivalence of the moduli of convexity Hff for0 < p < oo'is
now seen to be an immediate consequence of the fact that the complex Laplacians
99||x + Cy||P (0 < p < o) are bounded by constant multiples of each other (since
they are just 99e?"©), where v(¢) = log ||x + y||).

Not only do we always have ¢ > 2 in the condition defining g-uniform PL-
convexity, we also have the following stronger result.

Proposition 1.3 Let x and y be vectors in a complex Banach space. Then there exists
x’ € span {x, y} such that

2w
(1.10) L/ |x" +tey| dd = ||x'|| + O(?) ast — 0.
27 Jo
Proof Define u(¢) = ||x + {y||, and set
1 2w )
(1.11) A= —/ u(e”) do — u(0).
2T 0

Let B > A and set v(¢) = u(¢) — B|¢|>. Then v does not satisfy the sub-mean
inequality (1.1) on the unit circle, so it is not a subharmonic function. By Blaschke’s
theorem [20, Theorem 3.7], there exists w in the unit disc such that

L[ y(w + re?) df — v(w)) o

(1.12) lim sup( "

r—0+

This means that, for all sufficiently small r > 0,
Lo i0 2
— u(w +re'’) dd — u(w) < Br-.
27 Jo

The result follows upon taking x’ = x + wy.

Remark 1.4 Tt can happen that 09||x + (y||? contains a singular part. For example,
if X = £5° with x = (1,0) and y = (0, 1), then u(¢) = ||x + |3, = max{1, |¢|*},
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and a calculation then shows that 90u = p + 2v, where 1 is Lebesgue area measure
on {( : [¢] > 1} and v is Lebesgue linear measure on {¢ : || = 1}.

Proposition 1.5 Suppose that for some x and y in a complex Banach space X, the Riesz
measure 00||x + Cy|| contains a non-zero singular part v with respect to Lebesgue area
measure m. Then for v-almost all (, the following holds:

L [ x+ (¢ + ey do — ||x+<y||) B
B =

(1.13) lim (

r—0+ T

Proof For v-almost all ¢, it holds that

v(D(C, 7))

(1.14) — 2 o0 asr—0+.

m(D(¢,))

We select such a ¢ and use simple estimates on (1.6) to obtain the lower bound

2log2
™

1 2 )
(1.15) E/ o+ (¢ +re®)y||db — ||x+ Cy|| > v(D((,1/2)).
0

On combining (1.14) and (1.15), we obtain the required result (1.13).

However, from the point of view of complex convexity, the singular part is unim-
portant, since in Corollary 1.2 we take the infimum over x, y. So it is the absolutely
continuous part that matters. This explains the pertinence of Blaschke’s Theorem
which essentially says that, when u(¢) = ||x + (y||,

27

(1.16) lim sup

r—0+

12 i0
+ do —
( o 4w r: ) u(w)) >A forallw
,

if and only if
00u > Am  as measures on D.

We remark that the same theorem of Blaschke was used by Haagerup to prove that
if X is 2-uniformly PL-convex, then for all x, y € X,

1 2 .
(1.17) or | kel = [l + sl P,
2 Jo '
where I, , = 21lim, ¢ H%(t)/t%; (see [12], Proposition 2.5).

2 Riesz Measures for Lebesgue Spaces

Let dx be a positive Radon measure on a metric space S, and let L? be the usual scale
of Lebesgue spaces for 1 < p < co. A classical result of Mazur [18] asserts that the
norm on Lf for 1 < p < oo is Fréchet differentiable at all points other than the
origin. Here we shall compute the Laplacian of the norms.
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Theorem 2.1

(i) Let f and g belong to L? where 1 < p < 2. Then the density of the Riesz measure
with respect to Lebesgue area measure satisfies

(2.1) If +Cellz " D01 f +Cellfs = (07 /4)Igli-

(ii) The Lebesgue space L is 2-uniformly PL-convex for 1 < p < 2, and p-uniformly
PL-convex for2 < p < oo.

Proof First suppose that f and g are step functions. Then the Riesz measure of
| f + Cgl|?, has density

5. 2
(.2) 2001 + calf, = £ [ 1769+ ot lgco as

with respect to area measure on D. This follows by direct calculation of partial deriva-
tives.

Now take 1 < p < 2, and let f,g € L? have ||f|.» = ||gllr = 1. One can
check that 1(¢) = [ |f(x) + (g(x)[P~*|g(x)|* dx is finite for almost all ¢ and defines
a locally integrable function. Indeed, for ¢ a smooth function which is supported
inside D(0, R), we have

//D(OR POUOmA0) = [ It Ip/ORw(C)ﬁ

where we have a uniform bound on the inner integral, since

oL

Let (f,) and (g,) be sequences of step functions such that f,(x) — f(x) and
gn(x) — g(x) almost everywhere and in L? as n — oo. Then by Fatou’s lemma
we have the inequality

2-p
m(d() dx

2—p

$) m(d¢) < C(p, R) < oo,

fx) +Cglx)

lim inf / | () + Cgu() [P |gu(x)|* dx > / |f(x) + Cg(x)|P?|g(x) | dx
o Js S

on the set {¢ : ¥(¢) < oo}. Now by Holder’s inequality we have
(2.4)

(/\f(x)+<g PP d) " /\f )+ Ce(]? dx) /|g )P d.

and likewise for the f, and g,. Now by the triangle inequality, for f and g on the unit
sphere of L?(S) and ¢ € D, we have

(2.5) (/|f(x) + (g(x)|? dx) P <y
N
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and similarly for the f, and g,. Hence we have the distributional inequality of mea-
sures

2
(2.6) %56Hf¥+CgHZ(dC)Z f;zP*ZHKdCL

since a similar inequality holds for f, + (g,, and consequently

2 t -
(2.7) V(t) = —/ log — 00| f + ngf,,(dw)
™ JD(o,t) |w]|

t 2m
t
> C—‘D/ / rlog - drdf = 2,
2 0 0 r 4

Thus the criterion of Corollary 1.2 is satisfied.
For 2 < p < oo we argue differently, observing that

2T
Wl—>/ lw + reg(x)|P~2 d6/ (2)
0

is subharmonic and hence satisfies

d _
27

27 2T
(2.8) / |f(x)+ re’lb)g(x)|p*2 / |f(x)ei9 + rg(x)\”*zg > rP=2|g(x)|P 2
0 0

Hence we can satisfy the condition of Corollary 1.2 by using (2.8) and Fubini’s The-
orem:

2 t -
(2.9) Wﬂ:—/ log 80| f + wg]| £, (dw)
™ JD(0,t)

|w
2 2 ! t m i0 p—2 d9
>p” | [g)| log - |[f(x) +reg(x)|P~*—rdrdx
S 0 r Jo 2
t
> pZ/Ig(x)IP/ "~ !og 4 drdx
S 0 r

> tp/\g(x)\pdx.
s

Remark 2.2 When 0 < p < 1, the Lebesgue space L? is a quasi-Banach space for the
quasi-norm ||f]|z» = ([ | f(x)|? dx)'/P. Theorem 2.1 extends without change to this
context.

The following result illustrates the possible properties that the density of a Riesz
measure can have.

Theorem 2.3

(i)  For2 < p < o0, the function LP x LP — [0, 00) defined by
(f,g) — 00| f + Cgl|fs is continuous.
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(ii) For2 < p < o0, the function L? x LP — [0, 00) defined by
(f,g) — 00| f + Cg||f, is plurisubharmonic.

(iii) For 1 < p < 2, the function LP — [0, 00) defined by f +— 90| f + (g||}, is not
necessarily subharmonic.

Proof (i) This follows from (2.2) when one applies Hélder’s inequality in the obvi-
ous way.
(i) Let f, f1, g and g; belong to L?. We need to show that

(2.10) / |f(x) + nfi(x) + Cg(x) + (ngi ()] 2|g(x) + ngi (x)]* dx
S

is subharmonic in 7. The product of subharmonic functions need not be subhar-
monic, but the product of log-subharmonic functions is verily subharmonic; so let us
consider this stronger condition. First, g(x)+ng; (x) and f(x)+n fi (x)+{g(x)+{ng: (x)
are holomorphicin 7, and, as p — 2 > 0, we deduce that

(2.11) (p —2)log | f(x) +nfi(x) + (g(x) + (ngi(x)| + 2log |g(x) + ngi (x)]

is subharmonic. It follows by Jensen’s inequality that the integrand of (2.10) is sub-
harmonic; hence the whole integral is subharmonic, moreover log-subharmonic by
Rad@’s criterion [21, Theorem 2.6.5; 15, Corollary 2.6.9].

(iii) When p — 2 < 0 and g is a continuous function of compact support, the
function

(2.12) ¥la) = / la+ CgP g P dx (ae )
S

is positive and decays to zero as |a| — co. By the maximum principle, 1 cannot be
subharmonic on C; see [21].

Hilbert Space For f,g € L?, the norm satisfies 99||f + (g||%. = ||g||%. One can
even calculate the Laplacian of log || f + (gl|12, and this has been extensively stud-
ied in the theory of several complex variables [16]. The following result shows that

the Riesz measure can distinguish between one- and two-dimensional subspaces of
Hilbert space.

Proposition 2.4 Let x and y belong to the unit sphere of Hilbert space. Then
o o 49 22 3
(2.13) / log ||x + te"z’y||2— =2"'*sin* O(x, y) + O(t*) (t — 0)
0 ™
where ©(x, y) is the angle between x and y.

Proof One expands 2~ ! log ||x + te'’ y||> using Maclaurin’s theorem.
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3 Riesz Measures for Trace Ideals

For 1 < p < o0, let ¢? denote the von Neumann-Schatten ideal of compact oper-
ators A on separable complex Hilbert space for which the singular numbers, listed
according to multiplicity, form a sequence in £7; or equivalently, the (quasi)-norm
|All» = (trace{(A*A)P/2})V/? is finite.

Dixmier showed that for 1 < p < oo the space ¢? is uniformly convex. Carlen
and Lieb [9] used an optimal uniform convexity inequality to show that the norm on
c? (1 < p < o0) is continuously differentiable in Fréchet’s sense at all points other
than the origin. While ¢! is not uniformly convex, it is 2-uniformly PL-convex, as was
shown by Haagerup [12]. We present below a new proof of this result which places it
within the general framework of the theory of operator convexity. We shall use with-
out further comment the non-commutative Holder inequality [22, Theorem 2.8] to
show that various expressions involving the trace are well defined.

3a p Even

It is much simpler to compute the Riesz measure when p is an even integer, and we
begin with this case.

Proposition 3.1 For p = 2,4 and 6, the operator ideal c? is p-uniformly PL-convex.
Moreover

(3.1)
t? tP
V,(t;A,B) > 7 trace{(A*A)(p_z)/zB*B} + F trace{(B*B)P/z} 0<t<1).

When proving such lower bounds, our calculations will often exploit the following
simple lemma, the proof of which is left to the reader.

Lemma 3.2 Suppose that X, Y and C are matrices with X, Y > 0.
Then trace(CXC*Y) > 0.

Proof of Proposition 3.1 Let p = 2k, and let A and B belong to ¢?. We proceed to
differentiate ||A + ¢B||%,, using Leibniz’ rule to obtain

Dtrace{[(A + (B)*(A + (B)]*}

-1
=) trace{[(A+(B)*(A +(B)/B"(A+(B)[(A+(B)*(A+(B)“ 1},

]

bl

Il
S

which simplifies by the cyclical property of the trace to

(3.2) ktrace {B*(A + (B)[(A + (B)*(A + ¢(B)]*"'}.
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We differentiate once more to obtain

(3.3)  ddtrace{[(A + (B)*(A +(B)]*} =

k—2

k" trace { B*(A + (B)[(A + (B)* (A +(B))/

=0
x (A+(B)*B[(A+(B)*(A+(B)) 777}
+ ktrace{B*B[(A + (B)*(A + (B)]*"!}.
Each summand here is non-negative, as one can see by introducing
Cj=[(A+(B)*(A+(B)I*(A+ (B)*Bl(A + (B)*(A + (B) T~

and observing, after re-arranging terms, that the j-th summand is simply
trace{C;‘fC i}. The final summand is likewise positive, and we shall bound it below

using the observation that for k = 1, 2, 3, the operator function X — X515 convex
on {X € B(H) : X > 0}. On account of this, we can set { = re'? in the final term of
(3.3) and integrate to get

(3.4)

2T
/ trace{(B*B)l/Z[(A + reiHB)*(A—F reiQB)]k—l(B*B)l/Z};i_e
0 e

> trace{ (B*B)'/? [ /O ZW(A*A +re’B*A+re "A*B + rzB*B)g} H(B*B)l/z}
= trace{(B*B)"/*[A*A + »B*B]*"1(B*B)'/?}.

Lemma 3.3 Fork =1,2,3, (and 4, 5), the polynomial in r

(3.5) trace {(A*A + r*B*B)*"'B*B}

has non-negative coefficients and hence is

(3.6) > trace{(A*A)k_lB*B} + 2k=2 trace{(B*B)k}.

The proof of the lemma consists of multiplying out the expression and inspecting
the terms, which one shows to be non-negative by using the cyclical property of the
trace.

Resuming the proof of the Proposition, we deduce from the lemma and (3.4) that

t
(3.7)  V,(t;A,B) > / log ; (trace{(A*A)kilB*B} + 12k2 trace{(B*B)k}) rdr
0

2 2%
(3.8) = tz trace{(A*A)kilB*B} + (ZtT)Z trace{(B*B)k}.

By Corollary 1.2, this inequality implies that ¢ is p-uniformly PL-convex.

https://doi.org/10.4153/CJM-2004-011-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2004-011-3

234 G. Blower and T. Ransford

3b The Riesz Measure for ¢? with p Not an Even Integer, p > 2

We do not know if there is an exact analogue of the formula (2.2) for the spaces c?,
but in this section we obtain some closely related inequalities which imply complex
uniform convexity for certain values of p.

It is convenient to assume that A and B are finite invertible matrices and set X({) =
(A+(B)"(A+(B).

Theorem 3.4

(i) Let p > 2. Then the density of the Riesz measure satisfies

(3.9)  09||A+¢B||f, > (p/2)trace {BB*[(A + (B)(A + (B)*]#?/?7'}.
(ii) For4 < p <6, the space c is p-uniformly PL-convex.

Let us write p/2 = n+ (3, where n > 1is an integer and 0 < § < 1. By a formula
familiar from the theory of the Gamma function [14, 6.6.57, p. 553] and the spectral
theorem, we have a Bochner-Lebesgue integral

. [e%e] ) Xn+1
(3.10) xP/?2 — M/ S du,
U 0 u+X

for which the integrand is a rational function of X. We shall calculate its partial
derivatives using the following lemma.

Lemma 3.5 Let F: D — M, be holomorphic and let X({) = F({)*F((). Then the
following identity holds wherever X is invertible:

(3.11) 99X = (0X)(u+X)""(0X) + u(@X)X '(u+X)"'(0X) (u>0).
Proof of Theorem 3.4(i) The cyclical property of the trace gives
(3.12) Otrace { X" (u+X)"'} = (n+1) trace { (OX)X" (u + X) '}

— trace {(OX)X"" (u+ X) 2},
which reduces to
(3.13) trace {n(0X)X"(u+ X) ™'} + trace { (OX) X" u(u + X) "2 }.
We differentiate again to get

(3.14)
00 trace { X" (u+ X)" '} :trace{ (OOX)nX"(u+ X))~ + (OX)uX"(u + X) 2

+(0X)(OX™") (n(u+X) +u) (u+X)~*
—n(0X)X"(u+X)"HOX)(u+ X) !
— (OX)X"u(u+X) " (OX)(u+ X) 2
— (OX)X " u(u+X) 2 (0X)(u+X)""'}.
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We number the signed terms on the right-hand side by (1)—(6) in order of appear-
ance, and combine them to show that the sum is positive. We substitute the identity
of the lemma in terms (1) and (2), and use the terms arising from the middle term in
(3.11) to cancel (4) and (6) by the cyclical property of the trace, and we thereby show
that

(3.15)
(1) +(2) + (4) + (5) + (6) = trace {u(éX)X_l(u +X)"HOX)mX (u+X)"!

+u(0X)X u+ X)X )uX"(u+X)"?
— (OX) (1 + X)"2(OX) X" u(u + X) ™! }
= trace { w(@X)X ™+ nX — w)(u+X) 2
X (OX)X"(u+X)!

+12(OX)X " (1 + X)~ (OX) X" (u + X)—2} ,

a term which is positive for n > 1.
This leaves us with (3), which by Leibniz’ rule contributes

(3.16) trace { (0X)(0X)X" " (n(u+X) +u) (u+X)~*
+(0X)XOX" ) (n(u+X) +u) (u+X)*}.

By Lemma 3.2 and an induction argument, we see that both of these terms have
positive traces, so

(3.17) (3) > trace { (9X)(OX)X" " (n(u+X) +u) (u+X)*}.
It follows from the spectral theorem that

(3.18) /OO W (n(u+ X) + u) (u+X) " du = (n+ B)7 cosec(Bm) X",
0

and hence from (3.17) we have

: o0 n+1
(3.19) 5‘8M/ w1 trace{ X+X} du> (n+p3) trace{(@X)(S‘X)X”*ﬁfz}.
0

T u
In the original notation, 00 trace { X?/?} equals

(3.20) DO trace{[(A + (B)*(A + CB)]?/2}

> (p/2) trace{(A + CB)*BB*(A + CB)[(A + CB)*(A + (B)|?/2 72},
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We recall that for polynomials P and Q with Q(x) = xP(x) and C any matrix, it holds
that CP(C*C)C* = Q(CC™). The stated result (3.9) follows from the spectral the-
orem, as we can approximate x'*/2~2 on compact subsets of (0, c0) by polynomials
and thereby re-arrange terms.

Proof of Theorem 3.4(ii) Let 5 = (p —4)/2,so that 0 < 3 < 1. Having established
(3.9), our proof depends upon the observation that the operator function Y + Y/*1
is convex on the cone B(H), = {Y € B(H) : Y > 0}. This follows from the criterion
of [14, Theorem 6.652(4)] since the operator function

Y/3+1 _ t/3+1

_ sin 3w Ooﬁ—l _”72
(3.21) Yo ———=— /0 ! (1 (u+Y)(u+t))du

is monotone increasing on B(H) . fpr each t > 0.
Consequently, with Y = (A + re"” B)(A + re’” B)* we have

/0 - trace{ BB*[(A + re' B)(A + reieB)*]H‘H}g

(3.22) > trace{ BB*(AA* + r’BB*)'*7}
> r? trace{ (BB*)"/>(AA* + r*BB*)*/>BB*(AA* + r*BB*)"/*(BB*)'/?}
(3.23) = r*||(BB*)"/2(AA* + r*BB*)"/*(BB*)'/?| 4.
Now the operator function Y +— Y5/2 is monotone increasing on B(H), so
(3.24) (BB*)'/2(AA* + *BB*)?/*(BB*)'/? > +%(BB*)'*(?/2) > .
Moreover, for operators with W > V' > 0 the trace duality gives
(3.25) W]l = sup{ trace{WS} :$ > 0,[|S]o <1}
> sup{ trace{VS}:$>0,||S[|e < 1} =V

since SY/2WSY/2 > S1/2y81/2 Hence
(3.26) (right-hand side of (3.23)) > r***" trace {(BB*)**"} = r#=2||B||f,.

Arguing as in (2.8) of Theorem 2.1, we obtain the stated result from (3.26) and

Corollary 1.2.

3c The Riesz Measure for ¢ With 1 < p <2

It is known that for 1 < p < 2 the space ¢? is 2-uniformly PL-convex. The existing
proofs involve factorization of the operator-valued Hardy spaces H”c?, or interpola-
tion through the scale of such spaces [4, 25, 26]. Here we obtain a more elementary
proof using the Riesz measure criterion of Corollary 1.2 and a non-commutative ana-
logue of the inequality (2.1).
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Theorem 3.6

(i) Forl < p < 2 the density of the Riesz measure satisfies

2
(327) A+ CBIZ " dala +cBIL > 2Bl

(ii) The von Neumann-Schatten operator ideal c? is 2-uniformly PL-convex for 1 <
p<2

It is convenient to assume that A and B are both finite and invertible n X n matrices.
Let Q be the set {¢ € D : det(A + ¢(B) # 0} on which A + (B is invertible. The Riesz
measure of ||A + (B||%, could conceivably have positive atoms on the singular set
{¢ : det(A+ (B) = 0}, but the lower bound that we shall use to verify the hypotheses
of Corollary 1.2 will require only the absolutely continuous part of the Riesz measure
with respect to area measure. This we obtain by differentiation.

Lemma 3.7 With X = (A + (B)*(A + (B), the density with respect to area measure of
the Riesz measure for ||A + (B||%, is given by

20||A + ¢B|%
(3.28)  psin(pr/2)

o /OO ub/? trace{ (u + X) "' (0X)X ' (u+ X) "' (8X)} du.
0

Proof A calculation similar to the above gives
. 2 [
dtrace{XP/?} = sin(pr/2) / uP/? trace { (0X)(u + X) 2} du
™ 0
_ psmipm/2) sm;pW/Z) / up/A-1 trace {(90X)(u +X)_1} du,
™ 0

by integration by parts, and hence

DO trace {XP/?} = M/ ulP/2 = trace
(3.29) T 0

{(u+ X)7100X — (u+X)"HOX)(u + X)71(8X)} du
where in this case, as in Lemma 3.5,

(3.30) 00X — (0X)(u+ X)~H0X) = u(dX)X (u + X)~1(9X)

and so we have the positive expression
(3.31)

D trace {XP/?} = %‘DW/Z)/ uP2||(u+ X)V2OX)X V2 (u+ X) V2|2 du.
m 0

One can easily check that (3.31) converges on 2. This concludes the proof of the
lemma.
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We pause to remark that integrals of this form have been considered in [4, 14,
17]. However, Ando [1] records that the function (Y, L) — Y ~'/2[2Y ~1/2 peed not
be convex on the positive definite matrices, a fact which makes this integral tricky to
deal with. In the proof below, we overcome these difficulties by passing to a suitably
chosen orthonormal basis; a device related to arguments from [4, 9].

Proof of Theorem 3.6 Let us write K = X~'/29X and observe that this operator

function satisfies K*K = B*B wherever it is defined. The density of the Riesz measure
with respect to area measure is, by the lemma,

(3.32) 00||A+(B|f, = w/ uP/? trace { (u+X) "'K* (u+ X) 'K} du.
™ 0

Welet (e;)7_, be an orthonormal basis consisting of eigenvectors of the positive oper-
ator X, let (x;)’_; be the corresponding eigenvalues and set Kjx = (Kex, ¢;); all these
quantities depend implicitly upon ¢, but this does not have significant consequence
in what follows. In terms of these quantities the integral becomes

psin(pm/2) oo ub/?
(3.33) " > \Kjk\z/o

—du,
= (u+x;)(u + xx)

where for j = k and other instances with x; = x; we have

oo p/2 oo (p/2)—1
(3.34) / (1472 du = P / ui du = P cosec(pw/Z)x;P/z)fl;
o (u+x;) 2 /o utx; 2

and for all cases wherein x; # x,

o p/2 o ,p/2 1 1
(3.35) / v du = / “ ( — ) d
o (u+x;)(u+xi) 0 Xj—xp\utxp u+tx;

has a left-hand-side which defines a holomorphic function of p for —2 < £p < 2,
so by analytic continuation is equal to

p/2 _ Xf/z
3.36 )L ——.
(3.36) 7 cosec(pm/2) p—

For 1 < p < 2 we can use the mean value theorem to obtain xj; between x; and x;
such that

Xj — X 2 - 2 - -
(3.37) 0< ] k _xl (p/2) < _(x; (P/2)+x11( (p/Z)).

xf/z—xf/z_ij TP

We introduce E € ¢?where 1/p+1/q = 1, with ||E||« = 1, such that trace {KE} =
K| in the standard duality of von Neumann-Schatten ideals [22, p. 45]. Writing
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Ejx = (Ee, ej), we obtain from the Cauchy-Schwarz inequality a decoupling expres-

sion
n 2
|trace{KE}\2 = ‘ Z KjkEkj‘
jik=1
3.38
( ) p/2 xp/2
2% T 2
(Z [Kix ) (Z [Eji p/2 p/Z)
j.k=1 j.k=1 Xk

in which we interpret the difference quotient as the corresponding derivative for j =
k and x; = x;. By (3.37), the latest sum is

n

2 —(p/2 1—(p/2
S E Z |E]k|2(x; (p/2) +xk (p/ ))

jk=1
(3.39)
2 ¢ ), 2% 2 1-(p/2)
=z Z ||E*ej||§zxj PIY gy Z Z |Eex||fx, /7.
p = n p — n

To these sums we apply Holder’s inequality, thus obtaining
(3.40)

2 (= 24 1 I o\ 0P 2 29 1 IS 0\ @D/
< (X Eel) (o) e () () T
j=1 j=1 k=1 k=1

Now we can recognise from the latest sum and the identity

. 1/p
(3.41) (fo/Z) = (trace {XP/?})/P = ||A + (B||ws,

k=1

the first factor from (3.27). Moreover, the map ¢ — (%(¢2): E (Eex)p_, is
bounded with norm at most one for v = 2 and ¥ = oo, hence also for all v = ¢
with 2 < g < oo by the Riesz-Thorin interpolation theorem extended to the scale
of trace ideals [22, Theorem 2.10(b)]. The other terms in (3.40) may be estimated
similarly. Since ||K]|c» = ||B||cr» it follows from the preceding estimates that

4 P
(3.42) ;M+@MP%M+@M,PWM

On integrating this inequality we obtain the lower bound

1 1. _ _ P
(3.43) ;tlin()qu(t—zlnf{Vp(t,A,B) HAHCpf||B||CPf1}) >

as in Theorem 2.1. By Corollary 1.2, it follows from (3.43) that the space ¢” is 2-
uniformly PL-convex.
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4 Analytic Lusin Cotype for Trace Ideals

Uniform PL-convexity is an isometric property of quasi-Banach spaces, and in the
development of the theory it has been helpful to introduce related properties which
are invariant under linear homeomorphism. In this section we give a new proof that
c? (1 < p < 2) has the analytic Lusin cotype 2 property introduced by Xu [25, 26].
Previously known proofs have used factorization of ¢! -valued holomorphic functions
as products of holomorphic c?-valued functions, in the style of Helson-Lowdenslager
and Sarason; see [6].

Proposition 4.1 Let F: D — c? be a holomorphic function and 1 < p < 2. Then
there exists C, < 00 such that

2 1 1 ) /2 d@ o ' d@
an ([ eggtreeiiean) <o, e [ reenn .

0<r<1

Proof For1 < p < 2 the Schatten trace ideal c? is a separable dual space, and hence
has the Radon-Nikodym property. It follows that if the right-hand side of (4.1) is
finite, then F(re'’) has limits as r — 1— for almost all §, and F(¢) may be inter-
preted for ¢ € D as the Poisson integral of the function in the Bochner-Lebesgue
space LP ([0, 27]; ¢?) that is defined by the resulting boundary values. Trigonomet-
ric polynomials with coefficients in ¢? are dense in L?([0, 27]; ¢?). Consequently, we
can assume without loss that F(¢) is a polynomial with coefficients from c?. A fur-
ther approximation allows us to take these coefficients to be finite matrices so that
F(¢) is an invertible matrix on D, except on the finite set {a; : j = 1,...,m} =
{¢ : det F({) = 0}. Let ay = 0 and introduce 2, = D — UT:O D(aj,n), wheren >0
is chosen so small that the discs D(a;, 277) do not overlap and are all contained in D.
One can show as in Theorem 3.6 that ||F(¢)||, is twice continuously differentiable
on {2, with

(4.2) |F(C)

o " OIIFQ)IIL

cP > (p /S)HF (C)HCP’

indeed, (3.11) holds with X = F({)*F({). Moreover, we have the differential in-
equality [V[|FO|%] < plFO5IF'(Ole for ¢ € ©,. Consequently we can
apply Green’s theorem on €2, and then let ) — 0+ to deduce

/ 5 57 ~ IFOIE =2 [ [ 10g T00lFwe) [ dr o,
0

since {a;j : j > 0} has zero area measure.
As (4.2) holds for all but finitely many radial rays, it follows that

2w 1
l / i() 2 p/2d_@
(4.3) /0 (/0 log r”F (re ||Cprdr) o

8r/2
pP

R ; p/2 do
( / 10g;33||F(re’9)||fprdr) sup [[F(re)||;s~ """ -
0

0<r<1 2
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which by Hélder’s inequality is

p/2 Zn
(4.4) < / /log ~00||F(re”)|" rdr—)
doN 1-(r/2)
X (/ sup HF(relH)pr )
0 0<r«1

We have already calculated the first of these integrals. By the Hardy-Littlewood max-
imal theorem in the cases 1 < p < 2, or by the maximal inequality of Bourgain[8] in
the case p = 1, we have a bound on the second integral

Zm do do
(4.5) / sup [[FGe) | 20 <, / IFEN]E 5
0

0<r<1

The required result follows from these bounds.
The following result was mentioned in [26]; a different proof was published in [2].

Proposition 4.2 Let 2 < q < oco. Then there exists Cq < 0o such that
2w 1 2m
(4.6) / / — )T Y|F (re) |4 r drdf < C, sup / | F(re? H
o Jo 0<r<1Jo

for all holomorphic functions F: D — 1.

Proof Let F: D — B(H) be a bounded holomorphic function. Then by the Cauchy
integral formula, one has the inequality

(4.7) (1 = )|[F"(ré)||sary < sup |[F(Q)lpary (re” € D),
¢eD

which one interprets as the limiting case g = oo of (4.6). Moreover, (4.6) holds for
the Hilbert-Schmidt ideal ¢ with C, = 2 by Proposition 4.1. Pisier [19] has shown
that one can interpolate by the real method in the family of c?-valued Hardy spaces
and identify, up to equivalent norms,

1.1 —
(4.8) (H'c', H*B(H)) , = Hc

where v satisfies 1/g = (1 — 1)/1 + /oo and 0 < ¢ < 1. By the re-iteration the-
orem (5, Theorem 3.5.3], we deduce that ( H*c?, H*B(H)) by = Hic? when 1/q =

(1 —¢)/2+ ¢/oo. The inequality (4.6) thus holds for all g € [2, cc] by interpolation
between the endpoint cases.
For a holomorphic function F: D — ¢ with 2 < g < oo the inequality

(4.9) O|IF(Q)[14 > (a/2) trace {F'(OF ()" [F(QF(()*1 71}

may be established as in Theorem 3.6 since (3.11) holds with X = F({)*F({). It
would of interest to deduce (4.6) from this fact.
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5 Subharmonicity for Matrix Functions

Let F: D — M, be a holomorphic matrix function, and set X(¢) = F({)*F(¢). We
let A1 (¢) > A(Q) > -+ > Au(€) be the eigenvalues of X(¢), listed according to
multiplicity, and let 5;(¢) = A;(¢ )1/2 pe the singular values of F(¢). It is well known
that A\ (¢) = ||F(OH12\4,, is a subharmonic function, whereas \,(¢) need not be sub-
harmonic, as examples of Aupetit [3] show. In his thesis [23], White proved that,
for any convex and increasing function h: [—o0,00) — [0, 00) with h(—oc0) = 0,
the sums Z];:l h(log sj(C)) are subharmonic for k = 1,2,...,n. For instance,

trace h(logX(C )) is subharmonic. In this section, we shall obtain lower bounds
on the Laplacians of such expressions for a special class of h. Our main result is a
generalization of Theorem 3.4.

Theorem 5.1 Let F: D — M, be a holomorphic and invertible matrix function with
IF({)||m, < 1 forall{ € D, and set X(¢) = F({)*F((). Suppose that g is continuous
on (—o0, 0] and has derivatives of all orders on (—o0, 0) which satisfy

(5.1) ¢Px) >0 (k=0,1,2,...;x<0).
Then ®(X) = Xg(log X) has p(¢) = trace{®(X)} subharmonic on D with
(5.2) 00¢(¢) > trace{(X'0X)*®(X) (X '9X)}.

Proof By Bernstein’s Theorem [24], this g is the Laplace transform of some bounded
and positive Radon measure on [0, c0), so that

(5.3) o) = / SU(dt)  (u< 0).
0

We transform this by setting x = e so that

(5.4) xg(logx) = /00 fMud) (0<x<1).
0

Since 0 < X < I, we obtain thereby a formula which expresses g(log X) as a multiple
of a convex combination of X for t > 0.

To verify that () is subharmonic, it suffices to show that trace {X(¢)™*!} is sub-
harmonic for each + > 0. This we do by differentiating various integral formulae
such as

: 00 +1
(5.5) Xt = Lnﬁ”/ N RS
0 u+X

wherem =max{n € Z:n<t+1} >1land S =t+1—mhas0 < [ < 1; the case
in which ¢ is itself an integer is simpler.
The calculations of Theorem 3.4 lead to the bound

(5.6) 00 trace{X"™'} > (t + 1) trace { (9X)(OX)X"'}.
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On integrating this against p(dt), we deduce from the identity ®(X) = fooo X u(dr)
that

57) 00 trace{®(X)} > /Oo(t + 1)trace{Xﬁl(aX)(aX)XﬂX‘“}u(dt)
5.7 0

> trace {X ' (0X)(0X)X'@(X)},

as required.

We conclude this paper by considering another family of plurisubharmonic func-
tions on Hilbert space which arises in interpolation theory. A family of norms ||. || ()
on C", parametrized by ¢ € D, is said to be subharmonicif { — || f({)||(¢) is a subhar-
monic function for each holomorphic function f: D — C". The norms are Hilber-
tian when there exists a positive definite matrix Q(¢) such that (Q(¢)¢, ) = [[€]I7
for each £ € C" and ¢ € D. Coifman and Semmes [10] show that, when €2 is twice
continuously differentiable, then (Q({)¢, ¢ ><1(/2 is a subharmonic family of norms if
and only if

(5.8) 009 — (0)Q1(02) >0 (¢ € D)

holds as an operator inequality. The curvature of the family is

(€2, 6)

where () and its partial derivatives are evaluated at w € D. One can check that the
curvature is characterized by the variational formula

(5.10) K(w, &) = sup{—00log Hf(()||%o|czw : f holomorphic, f(w) = £}.

Hence a subharmonic norm family has K(w,£) < 0 and 09 log I FONE le=w >
—K(w, 9)||&||#+ for any holomorphic function f: D — C" with f(w) = £. Kobayashi
has extended these ideas to the context of norm families on Banach spaces. The fol-
lowing result gives a new method for constructing subharmonic Hilbertian families
of norms.

Let us recall that a Borel real function g is strictly operator monotone on (a, b) if

(5.9) K(w,§) =

(9092 — (0D (0D)) &, €)

(5.11) X <Y =g(X)<gy)

for all self-adjoint and bounded linear operators X and Y with spectra contained in
(a,b). Such a g is a function of positive type; see [14, 6.6.40]. In particular, g has
derivatives of all orders on (a, b) which satisfy g(k) (x) > 0 forall x € (a,b), as in
Theorem 5.1.

Theorem 5.2 Let g be strictly operator monotone on (—oo, 1), and suppose that
F: D — M, is a bounded holomorphic function with sup cp, [|F(C)||m, < 1 such that
F(¢) ™! exists for each ¢ € D. Then

(5.12) Q0) = g(F*(QF()) —g0) (¢ €D)

gives a subharmonic family of Hilbertian norms (Q(C)€, €)'/2.
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Proof By Loewner’s Theorem [11, p. 86], such a g may be represented as

(5.13) g(x):ax+ﬁ+/loo( b« )u(du),

u—x ur+1

where a > 0 and 3 € R are constants, and y is a positive Radon measure on [1, 0o0)
for which f 1°O(1+uz)_1 (du) < oo. Consequently we have an integral representation

(5.14) Q=aFF+ /Oo((u —F*F)~' —u ") p(du).
1

The limit of an increasing sequence of subharmonic functions is again subhar-
monic; so it is easy to approximate this integral by finite Riemann sums, and hence it
suffices to check the subharmonicity conditions for such finite sums.

The function Soc = F*F satisfies (5.8) with equality, while one can check that
S, = (u— F*F)~! — y~ ! satisfies
(5.15)

008, — (0S,)S;1(0S,) = (u — F*F)'F*0F(u — F*F)"'(OF)*F(u — F*F)"' > 0

since u — F*F > 0 for u > 1. Hence the norms associated with the positive definite
matrix functions S, and S, (¢ > 1) form subharmonic families, and we shall check
that the norm family associated with €2 is likewise subharmonic.

Radé [21] showed that a function w: D — (0, 00) has log w(¢) subharmonic, if
and only if | f(¢)|w(¢) is subharmonic for all scalar-valued holomorphic functions f.
Using this characterization, one checks that [|¢]|(¢) = (/[€][3 ) + [[£]13,))"/? is a sub-
harmonic family of Hilbertian norms whenever [|£||; ) (¢ € D) are subharmonic
families of Hilbertian norms for j = 1, 2.

We deduce that Q = oS + f IOO S.p(du) gives a subharmonic family of Hilbertian
norms.
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