ON A HOPF HOMOTOPY CLASSIFICATION THEOREM

HIROSHI UEHARA

There are various generalizations of Hopf’s brilliant theorem, which may be
stated, as newly formulated by Alexandroff; all the homotopy classes of the
mappings of a compact Hausdorff space X with dim X< » into an #z-sphere S”
are in a (1-1)-correspondence with the elements of the #z-dimensional Cech
cohomology group H"(X) with integer coefficients.

The object of the present work is to build up a generalization of Hopf's
theorem. Let X be a compact Hausdorff space with dim X=#» and let Y be a
connected absolute neighbourhood.retract satisfying =,(Y)=0 for each r<n.
Making use of Hu’s bridge operation introduced recently, addition can be defined
in the homotopy classes of mappings of X into Y, so that the set of all the
homotopy classes forms a group 5,,(}(). It is also shown that this group
is isomorphic to the #-th Cech cohomology group H”(X, ra(Y)) of X with
coefficient group 7,(Y).

1. Let A be an n-dimensional finite geometric complex, whose 7-skelton,
for r<mn, is usually designated by A7, and let Y be an arcwise connected
topological space with #n,(Y) =0 for each r<n. The set £ of all the mapgings
of X into Y are seperated by the homotopy concept into the mutually disjoint
homotopy classes, each of which contains at least one normal mapping f such
that /(X" ')=y,, a fixed point of Y. Throughout the present paper mappings
are assumed to be normal.

2. The simplest case where the z-th homotopy group 7,(Y) (#>1) of Y
has a finite base, each element of which is free.

Let us denote a base of 7,(Y) by {a,, . . ., «,} and denote a normal maphing
by f:(A, A"~ (Y, »). Then we have a characteristic cocycle c*(f)
=g](f, o?)o? such that (f, ¢7) =gn,~a,‘, where 7;; is an integer. Considering a
complex P*=S?VS#V ... VS? constructed by joining n-dimensional spheres
S? (i=1...2) at a point %, we define a mapping %: (P", %)= (Y, ) such
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that | S? (for each i=1, ..., 2) represents a;Ex,(Y, y;). A mapping ¢r: (4,

An=3)— (P", *) can be also defined in such a way that ¢y maps an zn-simplex
A

o onto S;‘ (7=1, ..., A) with degree 7;; (in notation: g’:f(o;”):Zf,-,-S;’). It
i=1

is easily seen that h+¢s: (4, A*"') > (7Y, »,) is homotopic to f.

LeMMA 1. Let us consider two normal mappings f, g: (A, A* ") > (Y, »).
Then f is homotopic to g if and only if ¢r is homotopic to Pg.

Proof. 1t is evident that f~g if ¢s~¢e. Thus it is sufficient to prove that
when f~g, we have ¢s~¢g. It is well known that if f~g, c»(f) is cohomologous

to c¢*(g), where c¢"(f)=3>1(f, a,’-’)a;'=§(ﬁ“l,ff;«j)a;‘, and c*(g) =>)(g o7)a?
[ 7= €

=z‘,(§,“r;jw,-)a;’, so that there exists an (#-—1)-cochain d”"=$(j§3s,’ja,~)a§'",
whose coboundary is equal to ¢”(f) —c"(g). From the definition of the mappings ¢y,
¢g we have, cn(¢f)=$(¢,, %) a}‘=‘2(:§7ij5}’)a;‘, and cn(¢g).—.“<3(§f§js;)a;*.
Putting d”-'=§;,(125,-js;!)a;'~', we have 6d7 '=c"(¢5) —c"(¢g), SO that ¢r~dg.
Thus the proof of Lemma has been established.

"

3. The case where 7,(Y) is a cyclic group {a} of order m. Again, let f be
a normal mapping, then we have a characteristic cocycle c*(f) =3 (ria)a},
where 7; (m>7;=0) is an integer. Defining a2 mapping % : (S, *)—»(Y: ¥0) such
that & represents the generator.a, and constructing a mapping ¢r: (A, A7)
-(S” ) in such a way that ¢ maps o7, onto S” with degree 7; (in notation:
¢r(a?)=2:5"), we have f~he¢s. Let us denote by Q*'=E"1\JS”, where E""!
is attached to S” by a mapping : 9E"*'>S" of degree m. Then a mapping &
can be extended to a mapping % : (Q"*, *)— (Y, ).

LemMA 2. For two mappings f, g: (A, A" )> (Y, ), f is homotopic to g
i and only if ¢r is homotopic to ¢g in Q"+,

Proof. In virtue of an extended mapping %, it is clear that if ¢y~¢, in Q7+,
f is homotopic to g. Next, we shall prove the converse statement. Since f is-
homotopic to g, we have 6d” ' =c"(f) —c*(g), where d"~* =§}(s,-a)a:' -tand m>si=0

is an integer. Putting (7"":2(5,-5")0’:", we have _6d""(a,")=c”(¢f) (a7)
[}
—c™(¢g) (67) +HpmS”, where p is an integer. As pmS” represents zero element

of 7,(Q"*1), we have 55”-’=c”(gbf) —c"(¢g). Therefore Lemma 2 has been proved.

4. The most general case where 7,(Y) has a countable infinite base. As
the consequence of the direct combination of two lemmas referred to above,
we have the foilowing Theorem.
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TueoreM 1. For two mappings f, g: (A, A" V)~ (Y, »), f is homotopic to g
if and only if Pp~¢pe in R™, where R 1'=(STVSIV ... VSl.. . )v(@'
V'V L. veity L L)

5. Definition of Addition

LemMma 3. Let us consider two cell complexes Q' =ETH\JSY, and @7
= E?*'\US?, where E? (i=1, 2) is attached to S} by a mapping 2E' - S}
of degree m;. Then the product complex Q'*'x @' can be deformed into
SPV S%, removing from Q7' x Qi four points contained in cells of dimensions
not less than 2n.

Also we can prove a more general case

LemMma 4. Let R*' be a complex referred to in 4. The product complex
R+ 1 R™ 1 can be deformed into A"\ &" by removing discrete points involved in
cells of dimensions not less than 2n, where $*=STVSiV .. ..

Proof. The proof of Lemmas 3, 4 can be easily verified and so is ommited.

Now, for two mappings a, $8: (A4, AN~ (R*, p), axB: (4, A -
(R*"1x R**1, pxp) is defined such that a x 3(x) = (a(x), B(x)). Then we have

LemMA 5. (Existence of normalizing homotopy.) There exists a normalization
(4, A1) (8" A", pxD) of axp, such that axf is homotopic to f rel.
(@ x8)" (" 8", where n>1 is assumed.

Proof. Let us denote by ¢; one of the simplexes of dimensions not less than
2n, which contains one of the removed points mentioned in Lemma 4 as its
inner point and does not intersect with $”\V$”. Then it is easily verified that
there exists a mapping 2 : (4, A" 1) (R"* 1 x R"*1, pxp) such that r(A) CR"*!
XR"1-3¢; and axg~hrel. (axB) (R xR —=3\0)). As "VE" is a
deformatiz)n retract of R”+} XR"H—‘XO'{, we have a x 3~b,h rel. (a X B)-1(A"V $"),
where D; (1=¢=0) is a retracting deformation. Thus we have a desired
normalization f=Dk : (A, A" )= (5"V 5", pxp).

Let us define a mapping 2: (5"V 48", pxp)— (3", p) in such a way that
2(x, p)=x for (x, PYES"xp and 2(p, ') =" for (p, ¥)Epx $". Then we have
the following Lemma.

LEmMA 6. If a, B, a’, § : (A, A" ) > (R", p) with a~a’ and with ~73,
and if { and ' are normalization of a X and a'x 3 respectively, then 2f~2f,
where n>2 is assumed.

Proof. From the assumptions it is evident that f~ax 3~a’x ' ~f. Thus
there exists a mapping F : (Ax 1, A" 1x I)-> (R"1 X R"*, pXxp) such that F(x.0)
=f(x) for x=A and F(x, 1)=f(x) for x&A. Moreover we have F-!(£"v $")
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DIAXOUAXT\ Itfollows from Lemma 5 that if #>2, there exists a normalization
G:(AxL, A™'xD)> (8" 8" pxp) of F such that F~G rel. F-(5"V 5.
Thus we have G(x, 0)=f(x) and G(x) =f"(x). That 2Gis a homotopy between
9f and 9f’, gives the complete proof of Lemma.

THEOREM 2. Let A be a finite geometric complex with dim A=n. For two
normal mappings f, g: (A, A% ") (Y, ) we have, as was referred to in 2,3,4,
mappings ¢s, ¢g: (A, A" ')~ (R", p). Then the homotopy classes {f} of f
Jorm an abelian group H"(A) with the law of composition {f}+{g)={hLla},
where a is an arbitrary normalization of ¢rx¢g and h: (R, p)->(Y, y,) is a
mapping as used in 2, 3, 4.

Proof. From Lemma 5 there exists a normalization a of PFX g, if B>1.
If f~f and g~g’, we have ¢r~¢s and g~y from Theorem 1. Thus, if « and
a’ are normalizations of ¢rx ¢, and ¢r X g, respectively, we have hl2a~hQa’
from Lemma 6 in case #>2. This proves the uniqueness of the law of composition.
It is easily verified that with respect to this composition the homotopy classes
form an abelian group.

6. Some preliminary remarks of Hu’s results. Hereafter we shall assume
that X is a compact Hausdroff space with dimX<# and Y is a connected A.N.R.
(and hence arcwise connected). Here we make some preliminary preparations
on Hu’s bridge operation, which will be used in the present work, Let f:X-Y
be a given mapping and « a covering of X. Let A, be a geometric nerve of a
covering a. A mapping ¢/: A,~»Y is called a bridge mapping for f, if £{¢. is
homotopic with f for each canonical mapping ¢s : X~ A, of the covering a.
If such a bridge mapping 2 exists, « is said to be a bridge for the mapping f.
Hu has proved the following theorems on bridge operation.

i) PBridge Refinement Theorem. For a given mapping f: X-Y, any
refinement 3 of a bridge « is also a bridge.

ii) Bridge Existence Theorem. Every mapping f: X-Y has a bridge a.

iii) Bridge Homotopy Theorem. If a, 8 be.two bridges for a given mapping
S X-Y, and if &f: A,~Y, ¢f: A7 be bridge mappings; then there exists
a common refinement ry of @ and § such that ;‘{pm and 5{ P+ are homotopic,
where prs i Av—>A,, Prs 1 Ar~>A; are arbitrary simplicial projections.

7. Main Results. Now we assume that Y is a connected AN.R. with 7;(¥) =0
for each i<n. We shall define a law of composition in the set of the homotopy
classes of the mapping f: X-Y. For two mappings f, g: X-Y there exists a
common bridge r for them in virtue of i), ii). Let 5{, £2 be bridge mappings
for f, g respectively such that 2f(A?')=:f(A? )=y, From Theorem 2
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we have a representative ££*2: A;—>Y of the class {&f}+{£%). Then we have

THEOREM 3. The homotopy classes {f} of f: X—Y form an abelian group
with the law of comosition {f}+{g})={¢.£{*8} where ¢, : XA+ is an arbitrary
canonical mapping.

~Proof. 1t can be shown that this definition of composition does not depend
on the choice of the bridge 7, bridge mappings ¢f, £¢, representative mappings
/» & and the canonical mapping ¢;. First, the independency of the choice of
the bridge 7 is shown as follows. Let 1’ be another common bridge for f and
g, and let &4, 28, be bridge mappings for f, g respectively. In virtue of bridge
homotopy theorem iii) there exists a common refinement & of 7 and 7 such
that &fpsc~e&l psr and &8Ps.~8&8,psr, where pPsr: As—> Ay, psv: As—>Ay are
arbitrary simplical projections. It has already been proved in Theorem 2 that
(&1psc)+{&50sch = &L Dov} +{88. Pov )

Moreover it is easily verified that {&fps}-+{%psr})={&{*&ps:} and {&f ps+}
+{&8psv}={&L*8psr}. Thus we have &[*&ps~2f *€psr.. This proves that
&l epsrs~8L,*8psr s where @5 1 X—>As is an arbitrary canonical mapping. As
Dsx¥s : X> A, and psrys 1 XA, are canonical mappings, the independency of
the choice of r has been established. As the bridges for homotopic mappings
may be the same from their definition, the rule of this composition does not
depend on the choice of representative mappings. Because all the canonical
mappings ¢, : X->A; are homotopic, the independency of the choice of ¢: is
also proved. Thus it is easily verified that this rule of composition may be
considered to define a group operation in the set of all the homotopy classes
{f} of f: X->Y.

As was referred in the introduction of this paper, we have the following
Main Theorem.

MAIN THEOREM 4. The group ésn(X ) is isomorphic to the n-th Cech cohomology
group H"(X, zo(Y)) of X with coefficient group rn(Y).

Proof. Let a be a bridge for /: X~Y and let ¢: A,»Y be a bridge
mapping for f such that &£(X”-!)=y,, then we have a characteristic cocycle
c"(&{)=$(3{, 7)o} of the z-th cohomology group H"(Aa, 7a(Y)) of a nerve
A, of a. Correspond to the homotopy class {f} of / the element {c”(¢/)} of
the n-th Cech cohomology group H™(X, 7s(Y)) which is represented by the
cocycle c”(;’{). This correspondence i does not depend on the choice of a
bridge « and of a representative f of {f}. Let us prove this. For another
bridge £ for another representative g of {/}, we have a common refinement r
of « and f§ such that &/p., is homotopic to £§p.s where poo i Ar=> Ay prpt A~ As
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be arbitrary simplicial projections, and §/: A,»Y and £§: A;—~Y be normal
bridge mappings for f and g respectively. Then it is easily seen that ¢”(¢£p+s)
=p¥,c"(¢]) and c"(£8D+5) = pi,c"(25), where p¥, and¥, denote the homomorphisms
of cocycles induced by simplicial projections pa.r and p:; and that ¢”(&£p.r)
is cohomologous to ¢”(§8py;) in virtue of the first homotopy theorem of Eilenberg.
It follows that c”(f{,’) and c”(¢]) represent the same element of H*(X, 74(Y)).
Moreover it can be shown that this correspondence 4 : én(X) -»H"(X, 7,(Y)) is
the desired isomorphism. This completes the proof.
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