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NORM OF COMPOSITION OPERATORS ON THE BLOCH SPACE

CHENGJI XIONG

The author estimates the semi-norm and norm of composition operators on the Block
space; and obtains several necessary conditions for a composition operator to be
isometric.

1. INTRODUCTION

Let D be the unit disk in the complex plane C and H (D) be the set of all analytic
functions on D. A function f € H(D) is said to be a Bloch function if it satisfies

1 flls = sup(1 — |2I*)| f'(2)] < oo.
z€D

The set of all Bloch functions is called the Bloch space, which becomes a Banach space
[1] under the norm

171 = |£O)] + 1715 = 1) +sup (2 = |=) | (2)].

Let ¢ be a holomorphic mapping of D into itself. It is known that ¢ induces a
bounded composition operator C,(f) = f o ¢ on the Bloch space ([4]). The semi-norm
and norm of C, are defined as

ICells = sup [Ifoplls and |[[Colls = sup ||foells
lIflls=1 flis=1
respectively.
If [|Co()|| 5 = I flls for every f € B, then C, is called an isometric operator on the
Bloch space.
On the Hardy space H?, Littlewood [2] showed that

1+ |p(0)

C 2 £ .
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If ¢ is an inner function, Nordgren [3] showed that

1+ [p(0)]

I~ [o(0) |

Moreover, C, is isometric if and only if ¢ is an inner function with ¢(0) = 0. If ¢(0) # 0,
Shapiro [5) showed that

ICellaz =

_ [1+1e(0)]
Gl = 7500
if and only if ¢ is an inner function.

In this paper, we consider similar problems on the Bloch space. In Section 2, we
estimate the semi-norm and norm of composition operators. In Section 3, we obtain
several necessary conditions for a composition operator to be isometric. Finally, we

propose a question.

2. SEMI-NORM AND NORM OF COMPOSITION OPERATORS
Denote

1— z
To(2) = 21 |¢'(2)], 7 = supTy(z).

= lo(2) 2€D
By Schwarz-Pick Lemma, 7:,,(2) Sland7° <1

THEOREM 1. Let ¢ be a holomorphic mapping of D into itself, then the semi-
norm

IColls = sup (1-12*)
Mflla=1

@) (a)| =7

PROOF: By the definition,

ICulls = sup (1= [21%)| £ (¢(2) ' (2)
fils=1
lll
= sup {1-|p(z f'(p(z < 7.
Ilflla=1( | )| (w(2) l |21 Al <
On the other hand, let
F(z)=%logi+z F(0)=0, z€D,
then F € B, ||Flls =1 and (1 — |2|?)|F'(z)| = 1 for z > 0. For any & > 0, there exists a
29 € D such that 7,(20) > 7° — €. Let 9(z) = €|¢(20)|, 9(2) = F(e7*z), then
_ / —if 1- |Z|
ICells > Colall, > sup(1 = lo(a)[*) |F'(e(2)) | ———1 ol )l
1, —i0 . IZOI
> (1= lotan)l)| P/ (e %(e0)| - Tl ol

= To(20) > 7° ~ €.
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For the arbitrariness of €, we have ||C,||s > 75°. The proof is completed. 0
COROLLARY 1. Let ¢ be a holomorphic mapping of D into itself, then

1+ |o(0)]
ETToOl)

PROOF: As in the proof of theorem 1, let ©(0) = €¥|©(0)],

1+z2
=—1
F(2) = 5log T—

1
IClls > max{1,5 1o

F(0) =0,

and g(z) = F(e™*z). We have

1, 1+ |p(0)]
1Colla > llsto)l5 > [o((#()| > 5108 7=yt

Taking f(z) =1, then ||C,(f)|lz =1 and ||C,||s > 1. The proof is completed. 1]
LEMMA 1. If f € B, then

£ < 7o) + Ls O 1+ H

PROOF: By the definition,
I17lls = | £0)] + sup(1 = |=P*)|(2)]

Hence
, —|f(0
l2|
7@ = 1) / £ del <110+ [l
flls — lf(0)l 1+
<|f(0)|+ 5 10g1—|z|' 0

THEOREM 2. Let ¢ be a holomorphic mapping of D into itself, then

1, 1+p(0)

In particular, if p(0) = 0, then ||Cy||lz = 1.
Proor: Taking f € B with ||f||g = 1, we have

ICo(lls = |£(#(0)

N

+sup (1~ |2P) | (6(2)) || '(2)

= |rto)] + sup(1 - o) (62 |- T

< 1)+ (1fls - [7O)]) e
= |7 (e)|+ (1 - l5@]) 7

|2| |
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Using lemma 1,

1—|£(0)], 1+ ]p(0)
o] < 1) + =5 o 77

Notice that 0 < |f(0)| < 1, then

ICo(H)lls < 1£@)] + (1 - |£(0)]) (%bg% o)

L+ 10O |, o
R

< max{l, -;— log p
The proof is completed. 0

To deal with 72°, we need several concepts which can be found in [6]. Let w € T
= 9D and 0 < @ < w/2. The Stolz angle at w, denote by S(w, c), is the region between
two straight lines in D that meet at w with angle 2a and are symmetric about the radius
to w. For f € H(D), w € T and a constant L € C, then

Zlim =1L

2w

means that f(z) = L as z = w through any Stolz angle at w. In this case, we say L is
the angular limit of f at w. Suppose ¢ is a holomorphic mapping of D into itself and
w € T. If there exists a constant n € T such that

Z lim _‘ﬂ(z)_—?l
z=w 2 — W
exists finitely, then we say this limit is the angle derivative of ¢ at"w and denote it by
¢'(w).
We need the following.
THE JULIA-CARATHEODORY THEOREM. ([6].) Suppose ¢ is a holomorphic
self-map of D, and w € T. Then the following three statements are equivalent:

(1) liminf —1 — le(2)]

m i =6 < oo

(2) <£lim n-(z) exists for some (n € T);

z-Hw W -—Zz
(3) Zlim ¢'(2) exists, and lim Zyp(2) = 1.
z—ow -
Moreover, if one of the above conditions holds, then 6 > 0, the n in (1) and (2) are the
same, and the limit in (2) coincides with that of the derivative in (3), with both equal
wnd.

LEMMA 2. Suppose p is a holomorphic self-map of D and has an angle derivative
at some point of T = 0D. Then
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PROOF: By Theorems 1, 2 and the Schwarz-Pick lemma, we need only prove
7o 2 1. Assume that ¢ has an angle derivative p at the point w € T. Using
the Julia-Carathéodory theorem for ¢, then there exist 6 > 0 and n € T such that

p= £ lim ¢'(z) = wnd and

lim inf ‘l;lcp_(z_)l =4.
z—w 1 — 'Zl
Hence -
Lzlmfw—ézlxm T ( |2|¢()|—1
and ||7,)lc = 1. The proof is completed. 0

By Theorem 1, 2, Corollary of the Theorem 1 and the Lemma 2, we have following.

CoROLLARY 2. Suppose that ¢ is 2 holomorphic self-map of D and has an angle
derivative at some point of T = dD. Then

IICwHa =1,

1+|¢( )l 1, 1+]p(0)]
ma.x1-1 —=2 < ||IC <14 =zlog ——=.
{ “lo) < 1ols < L+ 3 los TGy
Moveover, for any a € (0,1), the left equality of the above ineqality can hols for p(z) =
and the right for ¢(2) = (a — 2)/(1 — az).

3. IsoMETRIC COMPOSITION QOPERATORS

LEmMMA 3. If the composition operator C, is isometric on the Bloch space then
©(0) = 0 and |j¢|ls = 1.

PROOF: Let ¢(0) = e and
a—z
1/)(2) = 1 - >

az

By the Schwarz-Pick lemma, we have

1¥lls = lal + lI¥lls = la] + 1

and
ICow)la = [¥(e(0)] +sp(1 - lota)) ¥ (ote) |2 0] < 1

If C,, is isometric, then ¢ = 0 and ||¢||s = 1. The lemma is proved. 1]

THEOREM 3. Suppose that the composition operator C, is isometric on the Bloch
space. Then
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(1) ¢ is bounded on D =5 ¢(z) = e¥z.
(2)  is univalent on D = (z2) = e'z.

(3) Ify(z) # €z, then for every a € D there exists a sequence {z,} such that
|za| = 1 and ¢(z,) — a. ~

PROOF: (1) For the isometry of C,, we know |[|¢||s = 1 and ¢(0) = 0 by Lemma

3. hence
1-|2f?
sup(1 - —_ =1.
2up(1 = o) Tl )
If p(2) # €z, by the Schwarz-pick lemma, we have 7,(2) < 1 for z € D. Then there

exists a sequence {2,} such that |z,| — 1, |<p(z,,)| — 0 and 7,(2,) — 1. Hence

1 |o(zn) 2
21 - |z?)

for the sufficient large n. This contradicts the fact that that ¢’ is bounded on D.

(2) Assuming that ¢ is univalent, we know ¢(0) = 0 by lemma 3. Then there exists
a € > 0 such that |p(z,)| > € for any sequence |2,| — 1 with the sufficient large n. If
p(z) # €z, by the proof of (1), we have a contradiction.

(3) For any a € D, we take ¥(z) = (a — 2)/(1 — @z). By the Schwarz-Pick lemma
and the lemma 3, we have

| (2)] > - 00

lal +§gg(1 - |¢(Z)|2)|¢'(<P(Z))‘ 1—|5‘j5|¢ 2)| = lal +1,
328(1 - |w(<p(2))|2) 1 l__wlz' |2| 2)| =1.

Then there exists a sequence {z,} such that |z,| = 1 and |z/)(go(z,,))

— 0, 50 p(z;) = a.
The proof is completed.
This theorem suggests the following question.

QUESTION. Does there exist a function ¢ other than ez such that C,, is isometric on
the Bloch space? :
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