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In this paper, we study the existence of solutions for a critical time—harmonic
Maxwell equation in nonlocal media

{V X (VX u)+du= (Ia * |u\2;) |ul26—2y in Q,

vxu=20 on 012,

where Q C R3 is a bounded domain, either convex or with C!*!1 boundary, v is the
exterior normal, A < 0 is a real parameter, 2} = 3 + o with 0 < o < 3 is the upper
critical exponent due to the Hardy-Littlewood—Sobolev inequality. By introducing
some suitable Coulomb spaces involving curl operator W(?’% (curl; Q2), we are able to
obtain the ground state solutions of the curl-curl equation via the method of
constraining Nehari—Pankov manifold. Correspondingly, some sharp constants of the
Sobolev-like inequalities with curl operator are obtained by a nonlocal version of the
concentration—compactness principle.
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2 M. Yang, W. Ye, and S. Zhang
1. Introduction and main results
1.1. Introduction
Let  C R? be a bounded domain, we are concerned with the curl-curl equation

(1.1)

Vx (Vxu)+ = f(z,u) inQ,
vxu=0 on 012,

where A < 0 is a real parameter, v : 9Q — R3 is the exterior normal. Equation
(1.1) can be derived from the first order Maxwell equation [35]

VxH=JT+ D, (Ampere's circuital law)

div(D) = o, (Gauss's law) (12)
B+ V xE=0, (Faraday's law of induction)

div(B) =0, (Gauss’s law for magnetism)

where £, H, D, B are corresponded to the electric field, magnetic induction, electric
displacement and magnetic filed, respectively. J is the electric current intensity,
and p is the electric charge density. Generally, these physical quantities satisfy the
following constitutive equations (see [14, § 1.1.3]):

1
T =o€, D=cE+ Py H = B M, (1.3)

where Py, M denote the polarization field and magnetization filed respectively,
€, 1,0 are the electric permittivity, magnetic permeability and the electric con-
ductivity . Taking the special case with the absence of charges, currents and
magnetization, namely, J =M =0, p =0, equation (1.2) becomes the second
curl-curl equation

1
V x (;Vxé’)—i—e@fé’z—@fPNL (14)

As the electric field and polarization field are time harmonic with the ansatz
E(z,t) = E(z) e, Pyr(z,t) = P(z)e™!, equation (1.4) turns into the time-
harmonic Maxwell equation

V x (EV x E) — ew?E = W?P.
u

In some Kerr-like medias, the polarization field function Py is usually chosen to
be Pnr = a(z)|E[P72E with 2 < p < 6 for the purpose of simplifying the model.
Then by setting

f(a,E) = 0pF (z, B) = pw’a(x)| B[P E,
one can deduce the main equation (1.1)
VX (VX E)+\E = f(z,E),

where A = —pw?e. The boundary condition holds when € is surrounded by a perfect
conductor, see [14].
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Apparently, equation (1.1) has a variational structure and the solutions are the
critical points of the functional

Ia(u) = / |V x u|?dz + é/ lu|? do — / F(z,u)dz, (1.5)
Q 2 Jo Q
which is well defined on the natural space
X = Wh(eurl; @) = G ()7,
where
WP(curl; Q) = {u € LP(Q,R?) : V x u € L*(,R?)}
is a Banach space, see [5]. By introducing the Helmholtz decomposition

Wl (curl; Q) = X & X§,

where
a:={veW(curl;Q): /Q<v, ) dx = 0 for every ¢
€ C5°(Q,R?) with V x ¢ = 0}
= {v e W{(curl; Q) : div(v) = 0 in the sense of distributions},
and

X§ = {w e Wl (curl; Q) : /(w,V x @) dx = 0 forall p € C°(Q,R?)},
)

functional (1.5) can be rewritten as

Ia(u) = (v +w) /|va|2dx+ /|v—|—w|2dx—/va+w

1 A
:7/|Vv|2dx+f/ \v+w|2dz7/F(x,v+w)dx,
2 Ja 2 Ja Q

where V x (V xv) =V (V- v) = V- (Vv) = —Av for div(v) = 0. Since the opera-
tor V x (V x -) has an infinite dimension kernel, i.e. V x (V) = 0 for ¢ € C§°(Q2),
one can easily check that Jy has the strongly indefinite nature. Particularly, set

A= M(Q)_p%p_% inf / |V x v[*dz > 0,
’UEXQZI’UV’ZI o)

then J, has a linking geometry as A < A, see [31].

To overcome the difficulty of the strong indefiniteness, by assuming that the addi-
tional condition V - u = 0, then the curl-curl operator become the classical Laplace
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operator. Moreover, if consider the Dirichlet boundary condition, it becomes the
classical elliptic equation
—Au+ A u= f(z,u) in Q, (1.6)
u =0 on Jf.

This elliptic equation has been widely studied in different dimensional spaces and
topology regions, see the pioneering work of Brezis and Nirenberg [10] and the more
references [11, 12, 19]. Essentially, the non-divergence condition is a Coulomb
gauge condition, which holds in the gauge invariant field. This requires that the
polarization field Py does not happen or linearly depends on &, otherwise, it
destroys the gauge invariance of the curl-curl equation. If the polarization field
Pnr =0, then the curl—curl equation becomes a linear time harmonic Maxwell
equation, which has been extensively considered in [14, 35, 39]. Physically there
indeed exist some special cylindrically symmetric transverse electric and transverse
magnetic which satisfy the non-divergence condition, and they have been studied
by Stuart and Zhou in [43, 44].

For the general case with V - u # 0, the study of the curl-curl equation becomes
much more challenging. The first attempt goes back to the pioneering work of
Benci [7]. Under some nonlinear assumptions on W (¢), the authors investigated the
Born-Infeld static magnetic model

V x(VxA)=W(A*»A, inR? (1.7)

where A =V X B is a magnetic potential. In a suitable subspace, Azzollini et al.
[2] obtained the cylindrically symmetric solutions of (1.7) by the Palais principle
of symmetric criticality. By using the Hodge decomposition, the cylindrically sym-
metric solutions with a second form have also been constructed by D’Aprile and
Siciliano in [13]. In fact, in some bounded domains with cylindrically symmetric,
the similar solutions were obtained in [5, 6, 30]. Bartsch, Dohnal and et al. [4]
also analysed the spectrum of the curl-curl operator with cylindrically symmet-
ric periodic potential V(x) = V(r,x3), and considered the following time-harmonic
Maxwell equation

Vx(VxE)+V(z)E=T(2)|EP*E, inR? (1.8)

where I'(x) is a period function with respect z3. By the method of constraining
symmetric sub-manifold, the cylindrically symmetric ground state solutions of (1.8)
were obtained, one may see [46] for other extended results.

If the problem was set in some non-symmetric bounded domains or some cases
with non-symmetric potential, the methods mentioned above do not work well.
Moreover, due to the lack of weak—weak® continuity of J;\ (u) , the abstract linking
theorems established in [8, 20, 29] do not work any longer, and so we fail to look for
the suitable (PS) sequences. Even if we can obtain the bounded (PS) sequence, we
still do not know whether the weak limit is a critical point of the functional. Inspired
by the work of Szulkin and Weth in [45], Bartsch and Mederski[5] constructed a
Nehari—Pankov manifold, which is homeomorphism with the upper unit ball of
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the subspace Xg, and in where, the (PS) sequence is obtained by the Ekeland
variational principle. On the other hand, by the compact embedding

X — LP(Q,R?), 2<p<6, (1.9)

they succeeded in verifying the (PS)7 condition, see definition 2.20, which implies
the weak-weak™ continuity of J//\ (u). We would also like to mention that the convex-
ity assumption of the nonlinearity f(z,u) plays a key role in finding the bounded
(PS) sequence, see also [6] for the weakened version. For other related results,
we may turn to [40] for the asymptotically linear case and [32] for the case with
supercritical growth at 0 and subcritical growth at infinity.

For the critical case p = 6, the embedding (1.9) above is not compact any more,
then it is rather difficult to verify the (PS)7 condition. Mederski [30] proposed a
compactly perturbed method and proved that the (PS) sequence contains a weakly
convergent subsequence with a nontrivial limit point. Later, Mederski and Szulkin
[33] established a general concentration-compactness lemma in RY and obtained
the sharp constant in the curl inequality. As an application, the authors dealt with
the Brezis-Nirenberg type problem by an extend skill. In the entire space R3, the
embedding above is also not compact, then a new critical point theory related to a
new topological manifold has been established by Mederski et al. in [32], there the
compactness was recovered and the existence of multiply solutions was obtained. In
a direct way, Mederski [29] established a global compactness lemma that accounts
for the lack of weak-weak™ continuity. Moreover, a Pohozaev identity has been
established, which gives a criterion for the nonexistence of classical solution. In an
earlier work, Bartsch [4] showed that no interesting solution can be leaded under
the fully radial symmetry assumption on the potential V' (z).

However, for some Kerr-type nonlinear mediums, the material law (1.3) between
the electric field £ and the displacement field D becomes more delicate, see
4, (18],

D= eo(n(x)25 + Pni(z,€)) with Pyp(z,E) = X(S) (€-8&)¢E,

where n?(z) = 1 + x(V(z) is the square of the refractive index and x"), x® denote
the linear and cubic susceptibilities of the medium respectively. Particularly, in
some nonlocal optic materials, the refractive index n(x) is quite dependent on the
electric field £ in a small neighbourhood, and the refractive index change An can
be represented in general form as

+oo
An(E)=s K(x —y)E(x) dx,

— 00

see [22, (1)]. This phenomenological model is of great significance in the research
of laser beams and solitary waves in nonlocal nematic liquid crystals, see
[22, 41] and the reference therein. However, these articles are based on the non-
linear Schrodinger equation, which is an asymptotic approximation of Maxwell’s
equations. To investigate more information about the electromagnetic waves in the
nonlocal optic mediums, one need to deal with the full three-dimensional Maxwell
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problem. Recently, Mandel [27] investigated the curl-curl equation with nonlocal
nonlinearity

V x (VxE)+E=(K(x)* |E|P)|EIP2E in R3,

and the author proved that nonlocal media may admit ground states even
though the corresponding local models do not admit. In there, the parameter
A = —pw?e = 1 with e < 0 is corresponded to the new artificially produced metama-
terials with negative reflexive, see [38], and the kernel K (x) = e~ is a exponent
type responding function which expresses the nonlocal polarization of the nonlocal
optical media, see [22, 37] for more cases with oscillatory kernel functions. What’s
more, nonlocality appears naturally in optical systems with a thermal [26] and it is
known to influence the propagation of electromagnetic waves in plasmas [9]. Non-
locality also has attracted considerable interest as a means of eliminating collapse
and stabilizing multidimensional solitary waves [3] and it plays an important role in
the theory of Bose-Einstein condensation [15] where it accounts for the finite-range
many-body interactions.

1.2. Main results

In the present paper, we are interested in the curl-curl equation with critical
convolution part, namely, we consider the curl-curl equation with Riesz potential
interaction part

V x (Vx E)+AE = (I,(x) * |E|P)|E[P"2E  in R?,

where I, : R — R is the Riesz potential of order a € (0,3) defined for x € R3\
{0} as

A
IO( ({L‘) = 7(1 @ =
3— )
e r(s
The choice of normalization constant A% ensures that the kernel I, enjoys the
semigroup property

r(%3%)

)’N%TD‘.

Ioyp =1, % Ig for each o, 5 € (0,3) such that o + 5 < 3,

see for example [16, pp. 73-74]. Indeed, the classical elliptic equation with Riesz
potential has been widely studied, and it also has a rich physical background and
mathematical research value, see [17-19, 34, 36] and the reference therein.

We are going to consider the following Brezis—Nirenberg type problem for the
curl—curl equation

1.10
vxu=0 on 092, ( )

{V X (V xu) + Au= (In = |[u?) [u[?"2u in Q,
where  C R? is a bounded domain, either convex or with C!*! boundary, v is the
exterior normal, A < 0 is a real parameter, 2}, = 3 + o with 0 < a < 3 is the upper
critical exponent in the sense of the following Hardy-Littlewood—Sobolev (HLS for
short) inequality, see [24)].
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PROPOSITION 1.1. Let t,7 € (1,00), a € (0,N) with + + Y22+ L =2 For he
L"(RN,RN) g € LY(RN ,RYN), there evists a sharp constant C(r,t, N,a) indepen-
dent g and h such that

/N(Ia # |h)lglde < C(ryt, N, a)|[h]| L@~ mv)llgl e @y mv)- (1.11)

R

Ift=r= A?—i\'a, then there is a equality in (1.11) if and only if h(x) = Cg(x) and
h(z) = AV + o —af?) 2" (1.12)

for some A€ C,0#~v€R and a € RV,

In view of the HLS inequality, the functional corresponds to the nonlocal curl-curl
equation

1 A 1 .
J,\(u):5/9|V><u|2dx+§/ﬂ|u|2dx— 5 o /Q\Ia/g*|u|2a|2dx (1.13)

is well defined on the natural space W§ (curl; Q). However, due to the appearance
of the convolution part, this space is not good enough for us to prove the coercive
property of the functional. Therefore, it is necessary to introduce the Coulomb
space

Q2% (R = {u: Q — R3 ‘ / |Toy2 * |uf?|? dz < oo},
Q

see definition 2.1 below. Then, we may define the Coulomb space involve curl
operator as

W 2a (curl; Q) = {u € Q¥ (Q,R%) : V x u € L*(Q,R?)},
which is a Banach space (see lemma 2.5) if provided with the norm
ullyg ezt eursry 1= (lallBzg, + [V x ul3) /2.
We also need the following space
W% (curl; ) = Coo (0, RF) w2 curtn)
In this way, we can easily check that the functional (1.13) is well defined on
W' 2a (curl; ), see lemma 2.7. In order to obtain the Brezis-Lieb lemma in the dual

space, we extend the linear functionals of the Coulomb space to a mix-norm space,
see proposition 2.2. Correspondingly, to establish the Helmholtz decomposition on

the work space Woa"Q‘*’ (curl; Q) and Wg"z‘*’ (curl; R3), see (2.34) and lemma 2.15, we

https://doi.org/10.1017/prm.2024.11 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.11

8 M. Yang, W. Ye, and S. Zhang

introduce the following subspace
Vo:={ve Wéx’z‘** (curl; Q) : /Q<v,cp> dz
= 0 for every ¢ € C5°(Q,R?) with V x ¢ = 0},
Wa:={we Wg’% (curl; Q) : /Q<w,V x @)dx = 0 for all p € C§°(Q,R?)}

={we WO‘X’Q:‘ (curl; ) : V x w = 0 in the sense of distributions}.
(1.14)
Here and below (-, -) denote the inner product. Without misunderstanding, we shall
write Vgs, Wgs if Q = R3. Basing on this new decomposition, we can adapt the
classical concentration-compactness lemma to suit the new situation. Owing to the
concentration-compactness lemma, we obtain the weak-weak™ continuity of J} (u)
on the Nehari-Pankov manifold [see (4.3)]

N = {u € W52 (ewrl; ) \ (Vo © Wa) 4 (W) zugpneme, = 0

where ]79 is a subspace of Vg on which the quadratic part of Jy (see 4.1) is neg-
ative semi-definite. Meanwhile, the concentrated compactness lemma implies the
L?(9Q,R3) convergence for the bounded sequence. This allows us to choose the com-
pactly perturbed functional J., = Jy = Ja=¢ that satisfies the condition (C1) in
lemma 2.21. By setting another Nehari—Pankov manifold [see (4.4)]

Nep ={E € Vo @ Wa) \ Wa : Ji, () [rugwy = 0},

and controlling the ground state energy of J lower than the ground state energy
of the perturbed functional J,, i.e.

cy =infJy, < inf J., =c¢
A N A Noy cp 05

we can obtain the ground state solutions of the curl-curl equation (1.10).

It remains to prove the achievement of ¢y. Actually, for the classical elliptic
equation (1.6), the sharp constants corresponded to the infimums of the energy
level are only attained provided 2 = R?, and they are independent on the shape of
domain. Moreover, one can use the extremal functions to prove that the Mountain-
Pass level is below the level where the compactness holds. Inspired by the local
case in [33], we are motivated to investigate the sharp constant of the Sobolev
type inequality involving the curl operator on the entire space R?. Let Seupr, =
Seur 1L (R?) be the largest constant such that the inequality

1

. 23

/ |V X u|2 dx > Scurl,HL inf </ |Ia/2 * |U +w|2a|2 d217> . (115)
R3 wEWy3 R3

holds for any u € W2 (curl; R?) \ Wgs. Then the achievement of the sharp
constant Seurl, mrr, is related to a certain least energy solution of the limiting problem

V x (V % u) = (Ia « |u|2?3) lu|?5~2u, in R?, (1.16)
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where u € W(?’% (curl; R?). By setting the functional
1

1
J(u) = = 2de —
(u) 3 | |V X ul*dz 3.2n

/]RS [Ta /2 * lu|?|? du, (1.17)
and introducing the following Nehari-Pankov manifold [see (3.1)]

N = {u € WS’Q; (cur; R*) \ Wes : J'(u)u = 0 and J'(u) |y, = 0} ,
then we have

THEOREM 1.2. We have the following two conclusions:
25
(a). ijI\l/fJ = %Sﬁii}ﬂ and is attained. Moreover, if u € N and J(u) = i/r\l/f J,
then u is a ground state solution to equation (1.16) and equality holds in
(1.15) for this w. If u satisfies equality (1.15), then there are unique t > 0 and
w € Whs such that t(u+w) € N and J(t(u+w)) = i/r\l[fJ.

(b). Seur,zrr > Sur, where
f]R3 [Vul? dz

2, 2dm)i'

Spy = (1.18)

11
weDi2 (25, B\ (0} (

f]R3 |Ia/2 * |U

Note that S is the best constant of the combination of the HLS inequality
and the Sobolev inequality, see [17, lemma 1.2] for example. It is not clear that
whether the sharp constant S, 1 is independent on shape of the domain €2 or
not. Therefore, we may define another two constants Scur, 1, (€2) and Seun g1 ().
Secur, iz (€2) is the largest possible constant such that the inequality

1

. 2

/ IV x ul?dz > Seanzrr(Q) inf (/ Ty * Ju+ w2a2dx) (1.19)
R3 wEWys R3

holds for any u € WOQ’Q:‘ (curl; ) \ Wrs with a zero extending; Scui mr(2) is
another constant such that the inequality

1
_ . 2
/Q IV x ul dz > Seun,mL(Q) b (/Q oy |u+ w|2“2d$) - (1.20)

holds for any u e Woa’zz (curl; Q) \ Wa, and Scun gr(Q) is largest with this
property. We compare the four constants as follow.

THEOREM 1.3. Let Q be a bounded domain, either convex or with CY' boundary.
Then

Scurl,HL == Scurl,HL(Q) 2 Scurl,HL(Q)-

Unfortunately, we don’t have any information about the shape of the solutions
of (1.16). Hence, the method of taking cut-off functions and comparing the energy
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levels does not work well any longer. Inspired by the idea in [30], we are going
to investigate the energy levels of the ground states. From [5] we know that the
spectrum of the curl-curl operator in W (curl; Q) consists of the eigenvalue \g = 0
with infinite multiplicity and of a sequence of eigenvalues

O<AM <M< A< <A — @

with finite multiplicity m(\) € N.
The main results for the existence are as follow:

THEOREM 1.4. Suppose € is a bounded domain, either convex or with CHt
boundary. Let X\ € (—=\,, —Ay—1] for some v = 1. Then ¢y >0 and the following
statements hold:

(a) If cx < co, then there is ground state solution to (1.10) , i.e. ¢y is attained by
a critical point of Jy. A sufficient condition for this inequality to hold is A €

3.2% —a—3

(=Avs = Ay + Scur, 1 (92)|diamQ| ™ ST ), where |diam©Q)| = mag |z — yl.
"E’y

_ 327 -—a-3
(b) There exists €, = Scurl, ()| diam Q| 25 such that cy is not attained
for A€ (=X, +eu,—Au_1], and cx =co for N € (—=A, +&,,—A,—1]. We do
not exclude that € > X\, — A\,_1, so these intervals may be empty.

v

(¢) ex — 0 as A — =\, and the function

(=X, =M F+e ] N(=Ay,=Av_1] 2 A= ¢y € (0,00)

is continuous and strictly increasing.
15 _825—a-3
(d) There exist at least §{k : =\, <A< —)\k+%scurl,HL(Q)‘ diam Q| )
pairs of solutions +u to (1.10).

The paper is organized as follow. In §2 we introduce some work spaces on bounded
domains and entire space R?, and we adapt the concentration compactness lemma
for the curl—curl problem with nonlocal nonlinearities. And an abstract critical point
theorem is also recalled in this part for the readers’ convenience. In §3, we show
that the sharp constant Scy gz is attained provided Q = R3, and we compare the
four constants as we introduced. In the last Section, we are devoted to the proof of
theorem 1.4.

2. Preliminaries and variational setting

2.1. Preliminaries

Throughout this paper we assume that  C R? is a bounded domain, either
convex or with C1! boundary. In some cases ) is only required to be a Lipschitz
domain, see [33] for more details. We shall look for solutions to problem (1.10)
and (1.16) in Wé"’Z‘*" (curl; Q) and WS’QZ (curl; R3) respectively. Now we are ready
to introdcue the definitions of the working spaces.
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2.1.1. Coulomb space involving curl operator.

DEFINITION 2.1. [34, definition 1] Let N € N, a € (0,N) and p > 1. We define
the Coulomb space Q*P(RN RN) as the vector space of measurable functions u :
RY — RY such that

1
25
|[ul|gop (mN RN = (/N o2 * ulpzda:> < +00.
R

It is not difficult to see that || - ||ga.»@~ rv) defines a norm, see proposition 2.1
in [34], and the Coulomb space is complete with respect to this norm. By the same
way, we also define Q*P?(£2,R") as the Coulomb space on the bounded domain.
For the the dual space of Q*P(RY RY), it can be characterized by the following
proposition, and it is also adopted in Q%P (Q, RV).

PROPOSITION 2.2. [34, proposition 2.11] Let T be a distribution, then T €
2p p

QP (RN, RM)) if and only if there evists G(x,y) € Lz—1 (RN, Lv=1(RN)) such

that for every ¢ € C3°(RY,RY),

@ = [ ([, 6ttt -0 ay) pte) .

Proof. By the definition of the Coulomb space Q*P(RY R¥), one can observe that
the map
£:Q " (RY,RY) — L*[RY, LP(RY))
defined by
1
Lu(z,y) = (TLay2(z —y)) 7 uly)

is a linear isometry from Q®?(RY RY) into L?’(RY,LP(RY)). Then any linear
functional on QP (R™Y) can be extended to a linear functional on L?P(RY, LP(RY)).
Namely, there exists G(x,y) € Lt (RN, L%(RN)> such that

(T, p) = (G(x,9), Lp). O

For the Coulomb space involving curl operator, we have the following definition.

DEFINITION 2.3. Let N =3, a € (0,3) and p > 1. We define the Coulomb space
involving curl operator WP (curl; R3) as the wvector space of functions u €
QP (R? R3) such that u is weakly differentiable in R®, V x u € L*(R3,R3) and

N
P
[ I— (/ |V><u|2dx+(/ |Ia/2*u|p2dx) ) < +oo.
R3 R3

The function || - [|ywe.»(curi;rs) defines a norm in view of the proposition 2.1 in
[34]. By the same way, we also define WP (curl; Q) as the Coulomb space involve
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curl operator on the bounded spaces, namely,
WeP(curl; Q) == {u € Q*P(Q,R3) : V x u € L*(Q,R?)}. (2.1)

We are going to prove that WP (curl; R3) and WP (curl;§)) are Banach spaces.
The proof of completeness follows by the same arguments as in the proof of theorem
4.3 in [21] and proposition 2.2 in [34]. The first ingredient is the following Fatou
property for locally converging sequences.

LEMMA 2.4. Let N =3, a € (0,3) and p > 1. If (un)nen is a bounded sequence
in WP (curl; R?) that converges to a function u: R3 — R3 in L] (R3 R3), then
u € WP (curl; R?),

/ [1o/2 * |u|P|? dz < lim inf/ /2 * |un |P? da, (2.2)
R3 n——0o0 Jgs
and
/ |V x u|? dz < lim inf/ |V X uy,|? dz. (2.3)
R3 n—=aoo Jp3

Proof. Since (uy,)neny — u is bounded in WP (curl; R3), we have

[ Moz s P do < o, (2.4)
RB

then by the Fatou lemma, we have

/ lim inf |1, /o * [u, [P?dz < lim inf/ [ /2 * [un [P|? da. (2.5)
R3 N——00 n—oo Jp3
By the Fatou lemma again, we have

I, # (lim inf |u, |P) < lim inf I, * (Ju,|?). (2.6)

1
loc

Lo+ (minf fun ) (2) — Lo * (|ul?)(2). (2.7)

Since (up)nen — uw in Li,(R3,R3), for almost every z € R3, we have

Then (2.2) follows (2.5), (2.6) and (2.7).
We are going to prove (2.3). Define f on D(R?,R3) by

<f,v>:/R3u~(V><v)dx, (2.8)

since u, — u in L} (R3 R?), we have

loc

[{(f,v)| = u-(V xv)de| = lim |/ Up - (V x v)dz|
R3

R3 n—so00

2

= lim | [ (VXxu,) vde| <liminf ||V X uy|e </ |v|2dx> , (2.9
n—-> 00 R3

n—oo  Jp3

where we use the Cauchy-Schwarz inequality. Since D(R?/R3) is dense in
L?(R3,R3), by the the Hahn-Banach theorem, the distribution f can be con-
tinuously extend to a linear functional on L?(R3 R3). Therefore, by the Riesz
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representation theorem, there exists F € L?(R?,R3) such that for every v €
D(R3,R3)

/R3F'”d33=<f’U>=/Rgu~(V><v)da:. (2.10)

Setting V x u as the curl of u in the following distribute sense

/]RBu.(V><11)dar;:/R3(V><u).vda37 (2.11)

we can see F' = V x u € L?(R3,R?) in the weak sense. Choosing v = V x u we find
that

IV x w2 de < Tim inf ||V x ]2 (/ |112dx)
]R3 n——=o0 ]RS

3
< lim inf ||V X uy||2 (/ |V x u|2dx> . (2.12)
n—-o00 R3
Therefore we have
|V x u*dz < lim inf/ |V x u,|?da. (2.13)
R3 n—o0 Jp3
]

LEMMA 2.5. Let N=38, a € (0,3) and p > 1. The normed spaces WP (curl; R?) and
WP (curl; Q) are complete.

Proof. Let (u,)nen be a Cauchy sequence in WP (curl; R?). By the local estimate
of the Coulomb energy, (u,)nen is also a Cauchy sequence in L (R3 R?). Hence
there exists u € LT (R3 R3) such that (u,)neny — v in LY (R3 R3). In light of
lemma 2.4, we conclude that u € WP (curl; R?). Moreover, for every n € N the
sequence (U, — U, )men converges to (u, —u) in L7 (R3 R?). Hence, by lemma
2.4 again, we have

limsup(/ \quanxu\zder/ |Ia/2*unu|p|2d:c>
R3 R3

n——o0

< lim sup lim sup </ |V x u, —V x um|2dm—|—/ [To /2 * [tn — um|p|2da:>
RS RS

n——oo Mm—00

< lim sup ( IV Xty — V X Uy |? der/ a2 * |ty — um|p2dx)
R3 R3

m,n—->00

< 0.

This implies WP (curl; R?) is complete. The completeness of WP (curl; ) can be
proved in the same way. O
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We also define

WP (curl; Q) = closure of C5°(;R?) in WP (curl; Q).

If p lies in some suitable range, then the two Coulomb spaces are the same for the
case (2 = R3.

LEMMA 2.6. Let o € (0,3), 233 < p < 3+ «, then WP (curl; R?) = WP (curl; R3).
Proof. Let ng € C3°(R*) be such that [Vng| < % for R < |z < 2R, ng = 1 for |2| <
R and nr =0 for |z| = 2R. Then for u = (uy,ua,uz) € WP(curl, R?), we have
nru — u in Q*P(R3 R?) as R — oo. Note that

V x (nrui) = (Oinr)u; — (Oimr)u; +nr(Ouj — dju;), i # j. (2.14)
If p = 2, we have (9;nr)u; — 0 in L*(R3,R3) as a € (0,3). Indeed, we have

2

2
/ (Onp)*u; dz = / (Onr)*u; dz < <R> / u? dz
R3 R<|z|<2R R<|7|<2R

2
2 / 9

< | = us dx
(R) lo|<2R

<CRPERF ([ (P
[z|<2R

If p # 2, let ¢ be such that % + % = %, then applying the Holder inequality we have

2

/(877R)2u?dx< / |0ing|? dz / |u;|?P dz
R3 R<|x|<2R R<|z|<2R

1

P

z|<2R

<qm3%@ﬁfﬁ</ |@ﬂva>
|

—(3ta) i
<R / a2+ [uf?]? da | .
|z|<2R

Then, for p <3+, we have (9;ng)u; — 0 in L*(R3 R3) as R — oo. As
Oyu; — Oju; € L*(R3), it follows that the left-hand side in (2.14) tends to d;u; — dju;
in L?(R3) as R — oo. Hence npu — u in WP (curl; R3) and functions of com-
pact support are dense in WP (curl;R?). The rest of the proof is similar to the
[33, lemma 2.1]. O

LEMMA 2.7.

1) Ja(u) an u) are we efined on 2o curl; an 2a curl;
D) J dJ I defined on Wg% (curl; Q) and Wy (curl; R3
respectively.
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(ii) Let
1 27 271
G(u)(z,y) = oy e | @) u@)m
o —yl N

Then, G(u)(z,y) € LT%1 (R% LT (RY)).
(iii) Jx(u) and J(u) are of class C*.

Proof.

(i) From the definition of W(?’Z‘*’“ (curl; Q) and WéX’QZ (curl; R3) | we know that the
functionals Jy(u) and J(u) are well defined.

(i) Set
Iw) = /II * [ul**]* dz
2.2 Jpo ! O? '

We claim that I'(u) € (Q*%«(R3 R3)). Indeed, for any ¢ € Q%2 (R3 R3),

we have

*
2% -1
=

* * * * 2@
R T T A § R ey

1
- - 2%
: ( / (L + |u|2a>so|2adx)
RS

2% —1

1
2o -1 « * 2%
=l ey ([ oo ) o)
21 o \ T
< ol oy - ([ Voo # 2 )

By
([ o<t ac)
R3

.
2% +1
)
a,2%

= [0ll g 2t s sy 191123 5 50 (2.15)

Then, by the definition of the functional space on Coulomb space, we have
I'(u) € (Q% (R, R?))".
On the other hand, G(u)(z,y) obviously satisfies that

©
Q¥

o = [ ([ 6@t - 0)% a) e@ e o)

*
2.2%

2r
Therefore, by proposition 2.2, we have G(u)(x,y) € L??&- 7 (R?; L% (R3)).
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(iii) We are going to show that I’(u) is continuous. For any sequences u,, u and
© € Q% (R3,R?), we have

((I'(un) = I'(w)), @)
22y . pde /R (Fa * 0l ) Juf - p da

:/ (Ia * |un|2(§) [,
R3
o

— [ (Lo Gl = P)) (T (a5 = ) a0, o
R3

5

1 Za -
+/ (Ia * |u|2:> s (Ia * |u\2;) S (un |2 20, — |uf? %) - pda
R3
7
< ([ (o thuals = o)) o)
R3
2f -1
. o\
([ (1o Qa2 = ) ) a2 a0
R3
1

* " 25
+ (/ (Ia * \u|20> || dx)
R?’
25 -1
. " * 2¢ 2%
() (1o 2 a2t = i) 75
R?)

:Al-A2+A3-A4.

(2.17)

By the semi-group property and Holder inequality, we have

1
* . « 25
A= ([ (tog e G = ) (1 1o )
R
_1 _1
R - R
g * (a2 = )2 da ) ([ (e v ol 2
R3 R3

1
*
225

1 llellgazn vs rays (2.18)

VAN
o

where By =[5 |1o/2 * (Jun|?> — [u|?)[?dz. Recalling the mean value
theorem, and noting that |£| = |u| + 0]u,, — u| for some 6 € (0, 1), we have

[ | — Juf*

= C(25)(Jul + Olup — u])*>up, — ul
= 1€)%  uy —u| for0<O <1 (2.19)
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Therefore, by linearity of the convolution and by positivity of the
Riesz—kernel, we deduce that

Bi= [ o= (67 = u) o

= [ T (P = ul) - (€ ey = ul) da

< ([ (1 06— ) 6% ) N
. </JR’3 (Ia # (€% fup — uD) |ty — ul? d:v) N
B (/R (Farz (€%t =) - (Taja * lg%) dx)
(L Ctage 25 = ) - (T = P2 ) %

1251

- 2723
< ( / Lo % (€% — u|>|2dx)
RS

1251

" 2 2%
([ Mol ac)
R3
1.1
. 223
(] oy (65 = P o)

1 25 —1
< B12 (”un”Qa 2% (R3,R3) + ||u||Qa 24 (R3, Rs)) ’ ||Un u”QO‘ 24 (R3,R3) "

(2.20)

This implies

(2r -1 (2r—1)
By < (Ilunl 2557 0 oy + M2 0 ) < lltm = w1 g gy (221)

Thus,
2% —1 2% —1 1
27 5%
Al < <|un|an,‘2;; (R3,R3) + ||u||Qa 2% (R3 ]R3)> : ||Un - u| O:x (]R3 R3)
) ||<PHQ<¥'23 (R3,R3)" (2.22)
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Similarly, we have

(25 -1)? (2*—1>2
As < (HUTLHQa 2% (R3,R3) + ||uHQa 2% (R3, RS))

2% -1

27 -1

: ||u7l u||Qa ZQ(R:S R3) ||un||Qa 2Q(R$ R3)

(2.23)
As < HUHQav?E (R3, Rf’)H(pHQQ’QE (R3,R3)

Ay < (HuﬂHQa 2% (R3,R3) +||uHQa 2% (R3, R3)) ’ Hun UHQC¥ 25 (R3,R3)

-1
Q"‘ 28 (R3,R3)"

Therefore, for any wu, — u in Q%% (R% R?), we have ((I'(u,)—
I'(u)),p) — 0. This implies that I(u) is C1. Therefore, Jy(u) and J(u) are
of class C1. O

To apply the concentration compactness arguments, we need to introduce the
following Coulomb-Sobolev space.

DEFINITION 2.8. Let Q CRY, a € (0,N) and p > 1. We define WH*P(Q) as the
scalar space of measurable functions u: Q — R such that uw € Q*P(Q) and u is
weakly differentiable in 2, Du € Q*P(Q,RY) and

1
3 3\ 7
[|u|lwi.er) = <</ [ To /2 * |u|p|2 d:c> + (/ 1o /2 * |Dup|2dac> ) < +o00.
Q Q

We are going to prove that the Coulomb-Sobolev space W1*P(Q) is a Banach
space. Firstly, We have the following Fatou property for locally converging sequence.

LEMMA 2.9. Let NeN, a € (0,N) and p > 1. If (up)nen s a bounded sequence
in WhoP(Q) such that u, — u in L}, (Q) and Du, — g in L}, (Q,RYN), then
g = Du and u € WhH*P(Q),

/ |Ljz % |uf?? dz < lim inf/ Lz # [un]?|? da, (2.24)
Q n——oe Ja
and
/ |10 /2 * |DulP|? dz < lim inf/ [ 1o /2 * | Duy, |P|? de. (2.25)
Q n——-:o0 Q
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Proof. The proof of (2.24) follows the same argument in the proof of (2.2). We are
going to prove (2.25). For v € C§°(£2) we conclude that

/ uy, div(v)de = —/ Vu, - vde. (2.26)
Q o

Since u, — u in L}, (€2), we have
/ Uy, div(v) de — / u div(v) dz. (2.27)
Q Q

Since Du,, — g in Li, (Q,RY), we have

—/ Vuy, -vde — — | g-vdz. (2.28)
Q Q

Setting Du as the weak derivation of u in the following distribute sense
/ u div(v)de = —/ Du -vdz, (2.29)
Q Q
loc(Q7 RN)

Based on this fact, we can obtain (2.25) by the same analysis in the proof of
(2.2). O

we can see g = Du € LP(Q, RY) in the weak sense, and Du,, — Duin L]

LEMMA 2.10. Let N €N, a € (0, N) and p > 1. The normed space WH*P(Q) is
complete.

Proof. Let (u,)nen be a Cauchy sequence in WP (Q). By the local estimate
of the Coulomb energy, (u,)nen and (Duy,)nen are also the Cauchy sequences in
LY (Q). Hence there exists u € L} () such that (uy)peny — w in LY (Q) and

loc

g € LY (Q,RY) such that (Duy,)pneny — ¢ in LP. (2, RN). In light of lemma 2.9, we

loc loc
conclude that u € W1P(Q). Moreover, for every n € N the sequence (1, — U )men

converges to (u, — ) in L} (). Hence, by lemma 2.9 again, we have

lim sup (/ [To /2 * | Dy — DulP|? dz +/ L /2 * [tn, — ulP|? dx)
Q Q

n——-mo0

< lim sup lim sup (/ [1o/2 * | Dy — Dy, [P|? dz +/ a2 * |un — ump|2dx>
Q Q

n—oo  Mm—>00

< lim sup </ [1j2 * | Dy — Dy, [P|* dz —|—/ Lo j2 * [tn — tm |P[? d:c)
Q Q

<0.
This implies W1*P(Q) is complete. O

We show that the Coulomb-Sobolev space W1*P(Q) can be naturally identified
with the completion of the set of the test functions C§°(€2) under the norm || -

-
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LEMMA 2.11. Let N € N, o € (0, N) and p = 1. The space of test function C5°(2)
is dense in WHP(Q).

Proof. Since the test function C§°(€2) is dense in Q*P(£2), see proposition 2.6 in
[34], then, by lemma 2.9 the conclusion also holds in WP (Q). O

Similar to the Poincaré inequality for the local case, we have the following
Poincaré inequality for the nonlocal case.

LEMMA 2.12. For all N €N and a € (0,N), there exist p € (N;a,oo) if a €

(0, N — 2), while p € [N,00) if « € [N — 2, N), such that for every a € Q and p > 0

/ Lo * ul’P do < Cp™7* ( / Lo * Du|p|2dz>
By(a) By(a)

P

P

Proof. By the HLS inequality (1.11), we have

N+a

N
/ | Lojo * [ul?|* de < Ci(a, p,p, N) ( / Ju(a)| ¥ dx> o (2:30)
B,(a B,(a)
Ifa € (0,N —2) and p € (852, N) C (1,N), then we have
N+o N—p

N

</ ()| R dx)
By(a)

< Cy(a, p,p, N) (/ u(z)| 7 dx)
B,,(a)

< C3(a, p,p, N) (/ IDU”dfl?) : (2.31)
Bp(a)

On the other hand, if a € (0, N —2) and p € [N, c), we know there exists h €

2N
[N¥iatzp V) such that

( / ()| ¥ dx)
Bp(a)

N+a
N

(S

< Ci(a,p,p, V) ( / |Duhdx>
Bp(a)

< Cs(a p,p, ) (/ |Dupdx>7 (2.32)
By(a)

3

where the Holder inequality was applied. Consequently, for o € [N — 2, N), there

also exist p € [N, 00) and h € [%’ N) such that (2.32) holds.

Then the conclusion follows from (2.30), (2.31), (2.32) and the local estimate of
Coulomb energy [34, proposition 2.3], which says that

2
(/ | Du|? dx) < CpNga (/ [To )2 * |Dup|2dac>
By(a) By(a)

p

https://doi.org/10.1017/prm.2024.11 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.11

On a critical time—harmonic Maxwell equation 21

To establish the Helmholtz decomposition, we also define the following
Coulomb—Sobolev space.

DEFINITION 2.13. Let Q CR3, a € (0,3) and p € (1,00). We define Wy *P(R3)
and Wy P (Q) as the completion of C5°(R?) and C° () with respect to the norm

Hw||W01,a,p(R3) = |VU}|Qa,p(R3), ||’U}||W01,a,p(9) = ‘Vw‘Qa,p(Q).

PROPOSITION 2.14. Wy *P(R3) is linearly isometric to
VW *P(R?) := {Vw € Q*P(R3 R?) : w € Wy “P(R®)},
and Wy P (Q) is linearly isometric to
VWP (Q) := {Vw € Q*P(Q,R?) : w € W) P (Q)}.
Proof. Set the map V : Wy P (R?) — VW, "*?(R?). Since the Coulomb space is

complete, the map is obviously injective and surjective. We also easily check that
the map is isometric by the definition of WO1 ““P(IR3), this implies our conclusion. [

2.1.2. Helmholtz decomposition. Let DV2?(R3 R3) denote the completion of
Cs°(R3,R3) with respect to the norm |V - |2. Recall the subspace Vgs and Wgs of

|48 2o (curl; R?) in the introduction, we have the following Helmholtz decomposition
on W% (curl; R3).

LEMMA 2.15. Vgs and Wgs are closed subspaces of W;Q‘*’ (curl; R3) and

W% (cur; R?) = Vgs & VW™ 2% (R?) = Vs @ Wea.  (direct sum)  (2.33)

Moreover, Vgs C DV2(R3,R3) and the norms |V -|s and || - e 2s (curre) are
equivalent in Vgs.

Proof. By the HLS inequality in proposition 1.1, there is a continuous embedding
LZ* (Rd,RS) AN QOL,2:; (RS,RS)

Then the conclusion follows from the argument in [28, lemma 3.2]. Indeed,

Since Wol’a’Z"(R?’) is a complete space, then \VAL/ASE (R?) is a closed sub-

space of Q2 (R3 R3). Moreover clVgs N VWol’a’Z” (R?) = {0} in Q*2(R3 R3),

1,00,27

hence Vgs N VIV, (R3) = {0} in W*2a(curl;R?). In view of the Helmholtz
decomposition, and smooth function ¢ € C5°(R?,R?) can be written as

© =1+ Vi

such that ¢; € DM2(R3,R3) N C®°(R3,R3), div(p1) =0 and ¢o € C>°(R?) is the
Newton potential of div(¢). Since ¢ has compact support, then Vi, € LS(R? R3) C
Q™% (R3 R3) and @1 = ¢ — Vo € Vgs. Observe that V x Vi = —Agpy, hence

|V X u|2 = |V’LL|2 = HUH’DLZ(R?’,R?’)

for any u € Vgs. By the Sobolev embedding we have Vgs is continuously embedded
in LO(R3, R?) and by the HLS inequality also in Q% 2« (R?, R?). Therefore the norms
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| lpr2(rs sy and || - [|jya2s (curl; R?) are equivalent on Vgs and by the density
argument we get the decomposition (2.33). O

For the bounded domains case, we recall the definition of V{, in [5], that is
Vo = {v e We(curl; Q) : /(v,gp) dz = 0 for every p € C5°(Q,R?) with V x ¢ = 0}.
Q

Indeed, if ¢ is supported in a ball, we have ¢ = V) for some ¢ € C§°(2), hence we
have div(v) = 0 for v € V{;. This implies that

V6 = {v € Wi(curl; Q) : div(v) = 0 in the sense of distributions}
C {v e W(curl; Q) : div(v) € L*(Q,R*)} = Xn(Q).
Furthermore, since € is a bounded domain, either convex or with C' bound-
ary, Xn(Q) is continuously embedded in H!(Q,R3), see [1]. Therefore in view of
the Rellich’s theorem VY, is compactly embedded in L?*(2,R?) and continuously
in LO(,R?), so is Q2= (€, R?). This implies in particular that V}, C V. On the

other hand, since W(;X’?: (curl; Q) € W (curl; Q), we have Vo C V. Therefore, we
can see that Vo =V, is a Hilbert space with inner product

(U,z):/Q<V><U,Vxz)dx=/ﬂ<Vv,Vz>dx.

Also, one can easily observe that Vg is a closed linear subspace of Wéx 2o (curl; Q).
Therefore, by theorem 4.21 (¢) in [21], we have the following Helmholtz decompo-
sition

WSX’% (curl; Q) = Vo & Wq. (direct sum) (2.34)
and that

/(v,w)d:r:OifveVQ7 w € Waq, (2.35)
Q
which means that Vg and Wq are orthogonal in L?(€, R3). Then the norm

[+ wl]] == ((0,0) + [10[20,24)2, v € Vo, w e Wa

is equivalent to || - ||W§'23 (curl:0)’

For the setting of boundary condition, according to [35, theorem 3.33], there is
a continuous tangential trace operator -y, : W2(curl; Q) — H~1/2(9Q) such that
Yi(u) = v X ulpg  for any u € C*°(Q,R?)
and

We(curl; Q) = {u € W2(curl; Q) : v, (u) = 0}.

Hence the vector field u € WS’Q:‘ (curl; Q) = Vo & Wa C WE(curl; Q) satisfies the
boundary condition in (1.10).
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1,0,,27,

On the other hand, Wq contains all gradient vectors fields, i.e. VIV, Q) C
Wa. However, for some general domains, {w € Wq : div(w) = 0} may be nontrivial
(harmonic field) and hence VWol’a’Q‘l (Q) € Wa, see [6, pp. 4314-4315]. While in
the topology domains as we supposed, we have the following conclusion, which is a

trivial extended from Lemma 2.3 in [33].

LEMMA 2.16. There holds Wo =W (curl; Q) N Wya = W2 (curl; Q) 0 VIV Le:2:

1,027,

(Q). If 09 is connected, then Wq = VW, (Q). If Q is unbounded, Wq =
W2 (curl; Q) N Whs still holds.

2.2. Concentration—compactness lemma

In view of the Helmholtz decomposition, the work space is decomposed into
a Hilbert space Vo and a Banach space Wq. For a bounded sequence in the work
space, one can obtain the a.e convergenc in Vg by the Rellich compactness theorem,
which is important to the weak-weak* continuity of J'(u). While in the subspace
Wa, w, = Vp, — Vp = w can not deduce the a.e convergenc. By setting the convex
nonlinearity satisfied the coercive condition, Merderski [33] connected the subspaces
Vo and Wq by the global minimum argument, then the a.e. convergenc on W, can
be recovered by the second concentration—compactness lemma, see Lions [25]. Since
the nonlinearity becomes a nonlocal term, we make some minor modifications to
the concentration—compactness lemma.

In this subsection, We work in some subspaces of Q%2 (€2, R?) and Q2= (R3,R?).
Let Z C Vq be a finite-dimension subspace of Q%2+ (€, RY) such that ZNWq =
{0} and put

W =Wa & Z.

Correspondingly, in R3, we put Z = {0} and W = Whis. For simplicity, we only
show the discussion on bounded domains €2, and the case in the entire space R? is
similar. Note that we always assume that v € Vgs C DV?(R3,R?) but not Vg, we
then have

LEMMA 2.17. Assume F(u) = (I * |u|>)|u|?> and f(u) = 0,F(u), then F(u) is
uniformly strictly convex with respect to u € RN, i.e. for any compact A C (R? x
R\ {(u,u) : u € R?}

. 1 U + us
f —(F F - F 0; 2.36
ot (s (252)) 0
Moreover, for any v € Vgs we find a unique wq(v) € W such that
/ F(v+wq(v))de < / F(v+w@)dz for all @ € W. (2.37)
Q Q

In other word,

/(f(v +w),{)dz =0 for all ¢ € W if and only if @ = wa(v). (2.38)
Q
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Proof. The uniformly convexity of F(u) follows from the proposition 2.8 in [3
Now, we prove that F(u) is strictly convex. Set I(u) = [ps F'(u)dz and u(x)
(u1,us,u3), then for any (s, s2,53) € R3 we have

5 2
:/ 1o /2 * |u\2;|2d$=/ [Ia/z* (ZSHMQZ”)]
Q Q ~

4.

5 2
:Agﬁ@wmﬂlm
Set
3 2
g(s1,52,83) = [Z s (IQ/Q * Uigz)l = h(L(s1, s2,53)),
i=1

where h(t) = t? ia a strict convex function and

L(s1, 52, 53) ZS ( a/2*|ui\2:’).

=1

w

is a linear functional. Then, for each z € R3, g(s1, 52, 53) is convex.
Indeed, fix A € (0,1) and (s1, s2,53), (r1,72,73) € R?, we have
g((1 = A)(s1, 82,83) + A(r1,72,73)) = h(L((1 — N)(s1, 82, 83) + A(r1,72,73)))
= h((1 — X\)L(s1, 82, 83)+AL(r1,7r2,73)) < (1=A)h(L(s1, 82, 83))+Ah(L(r1,72,73))
= (1 —N)g(s1,s2,83) + Ag(r1,7r2,73).
Moreover, since L is an injective function, we deduce that ¢ is strictly convex.

Hence, I(u) is strictly convex, so is F(u). On the other hand, I(u) is coercive in
Q22 (Q,R3). Then, by the global minimum theorem, we have (2.37) and (2.38). O

Denote the space of finite measures in R3 by M(R?). Then we have the following
concentration—compactness lemma, see [33, lemma 3.1] for the local case.

LEMMA 2.18. Assume F(u) = (I * |[u|?*)|u|?>. Suppose (v,) C Vgs, v, — vg in
Vis, Un — vg a.e. inR3, |V, |2 — p and (I * |vo|>)|vo|?s — p in M(R3). Then
there exists an at most countable set I C R3 and nonnegative weights {pz}ver,
{pa}rer such that

1 Vol S pde, p= (Lot ool ) ool + S pd,
xel xel

and passing to a subsequence, W (v,) — Wa(vy) in W, Wa (vy,) — Wa(vg) a.e. in
Q and in LY () for any 1 < p < 2%.

loc

REMARK 2.19. If Q :,\I/K?’, W = Whrs, we have the same conclusion, that is
W (V) — Wgs (vo) in W, Wgs (vy,) — Wgs(vp) a.e. in R3.
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Proof. Step 1. Let ¢ € C§°(R?), then by the definition of Sy, in (1.18), we have

(/|unﬂw%—mWW¢Q“&u</|ww%—wm%m
R3 R3

This means that

(/3 |90|2~2; (Ia * |Un — Vo
R

</ lo*|V (v — v0)|* daz + o(1).
R3

1

o 24
adx SHL

%) | = v0)

Using the Brezis-Lieb lemma for the nonlocal case on the left-hand side, see
[19, pp. 1226], we then obtain

o5 1/2
(/Ra |ip|*2a dp) Sur < (/RS |<,0|2du) , (2.39)

where 7i:=p — |Vg|> and 5= p — (I * |vg|>*)|vo[?. Set I = {z € R?: u({x})
> 0}. Since p is finite and p, 7 have the same singular set, I is at most count-
able and p > |[Vug|? + Xperz0,. As in the proof of lemma 2.5 in [18] it follows
from (2.39) that p = X,crp.0z. So p and p are as claimed.

Step 2. To recover the a.e. convergence of the sequence on We, we consider the
global minimum argument which connects Vgs and Wq,. Using (2.37) we infer that

[0+ (o) 25, < /Q Fon + @0 (vn))dz < /Q Flo,)de < [ou2%,. (240
Since the right-hand side above is bounded, so is (|wq(vn)|ge.2s ). Hence, by the
uniform convexity and reflexivity of Coulomb space, see [34, § 2.4.1], up to a
subsequence, wg (v,) — wo for some wy.

In the following we are going to prove that wq(v,) — wp a.e. in Q after taking
subsequence. The convexity of F' in u implies that

F(M5) = P+ (f), 25,

applying (2.36), we obtain for any k > 1 and |u1 — ug| > 4, |ui], [uz| < k that

1 ur +u 1
my, < 5(F(U1) + F(ug)) — F ( ! 3 2) < Z<f(u1) — flug),ur —ug), (2.41)
where
. 1 g (mtu 1
Mk = ;CEQ,;REQERS 2(F(u1) *Flw) = F ( 2 ) 0 for k

< Juy — g, [ugl, Jug| < k.

Now we decompose by wq(v,) = wy + 2n, Wo = wo + 2o where w,, wy € Wq and
Zn, 20 € Z. Obviously, since Z is a finite dimension space, we may assume z,, — 2z
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in Z and a.e. in Q. Notice that v, + Wg(v,) is bounded in Q%2+ (€, R?), we may
introduce

Qi ={z € Q: v, +wWa(vy,) —vo — wo — 20|

1 ~
> % and |v, + Wa(vn)], |vo + wo + 20| < k}. (2.42)

Then, by (2.42) and (2.41), we have

4mk/ lp[*2+ d
Qe

n,

< /Q |<P|2'2:‘ (f(vn + wa(vyn)) — f(vo +wo + 20), v + Wa(v,) — vo — wo — 20) da
- /Q (0% (f (v + Tea(ow)) — F(vo + w0 + 20, vm — vo) da

- / |22 (f (v, + W (vn)) — f(vo + wo + 20), T (vn) — wo — 20)dx = I + Iy
Q
(2.43)

Since |v, + Wa(v,)| < k and |vg + wo + 20| < k on Q,, i, we have |v,, + wa(v,)| <
Cy|vy| and |vg + wo + 20| < Ca|vg|. Then, by the similar estimation in (iii) of lemma
2.7 we have

B = [ 162 (Lot o + Talon) Pl + Talon) (00 + Talon))
Q
—(I, * |vo + wo + 20| |[vo 4+ wo + 20|22 (vo + wo + 20), Vn — v0> dx

= /Q |9‘7|2.2Z <(Ia * |y, + wﬂ(vn)ﬁz)h}n + wa(vn) 22_2(“71 + 2n)

—(Ia * ‘1}0 + wo + 20‘22’”1}0 “+ wo + Zo|2:;72(’00 + Zo),’Un — ’Uo> dx
<C [ 105 (o oaPo)lon 20, = (Lot ool ool 2,0, — ) do
Q

%
< (150 o s ) = ([ 1o ap)

(2.44)

where we use the fact that Z is a finite dimension space and [, (v, w)dz = 0 see
(4.2).

Next, we are going to show that Iy = o(1). Fix [ > 1. In view of lemmas 2.11,
2.12 and lemma 1.1 in [23], there exists &, € W12 (B;) such that w, = V&, and
we may assume without loss of generality that f B, &, dz = 0. Then by the Poincaré
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inequality in lemma 2.12
anHWl,a,z;(B, C\wn|Qa Qa(Bl JR3) N C|wn|Qa 2% & (R3,R3)»

and passing to a subsequence, &, — ¢ for some & € Wh®2a (By). So by the natural
compactly embedding, &, — ¢ in Q% (B;). Now take any ¢ € C§°(By). Since
V(|e[?2% (& — €)) € W, in view of (2.38) we get

[ 7w+ (), T (622 6~ ) e =
That is

/Q 10225 (f (v, + B (vn)), wp — VE) da

= [ (7o + Falv)), V(o) ~ &) do
where the right-hand side tends to 0 as n — co. Since w,, — V¢ in Q%% (B)),

/Q |0 * %+ (f(vo + V& + 20), wp, — VE) dz = o(1).

Hence, recalling that wq(v,) = w, + 2z, and z, — 2o, we obtain
k= / [p|* % (f (vn + @ (vn)) = f(v0 + VE+ 20), Ba(vn) — VE = 20) da = o(1).
Q

Since ¢ € C3°(B;) is arbitrary, it follows from (2.43) and (2.45) that
Amg |k N E| < (B(E))? 4 o(1) (2.46)

for any Borel set £ C B;. On the other hand, we can find an open set Ey D I such
that [Ex| < 5i. Then, taking E = B;\ E; in (2.46), we have 4my,|Qy, 5 N (B \
Ep)| =o0(1) asn — oo because supp(p) C I; hence we can find a sufficiently large
ny such that |, x N Byl < Qk and we obtain

T =0.

00 o ) 00
| n U_an,kﬁBﬂ < lim E_|an7kﬂBl| hm
j=1k=j J——00 k=j 2]

According to the fact that wq(v,) — wo, one can employ the diagonal procedure
and hence find a subsequence of wq(vy,) which converges to wy a.e. in Q = U2, B;.
Let p € [1,2%]. For Q' C Q2 such that |Q'| < 400 we have
b
25
dx)

3—a. p _ s 3
o </ |Ia/2 * vy, — vo + W (vy,) — Wol“>| d:L‘> ,
Q

~ ~ 1,7
[vn, — vo + Wa(vy) — WolP dar <[] (/ |vn, — vo + Wa(vy,) —
Q/

Q.\;"U

<o)

where diam{) = maz |x — y|. Hence by the Vitali convergence theorem, v,, — vy +
z,y€Q

wWa(v,) —wo — 0in LY () after passing to a subsequence.
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Step 3. We show that wq(vg) = wg. Take any w € W and observe that by the
Vitali convergence theorem,

0= / (F(on + G (vn)), @)da — / (F (o + ), @) da,

up to a subsequence. Now (2.38) implies that wy = wq(vy) which completes the
proof. ]

2.3. Abstract critical point theory

For readers convenient, we end this section with recalling the abstract critical
point lemma, see [5, § 4] and [30, § 3] for more details. Let X be a reflexive
Banach space with norm || - || and with a topological direct sum decomposition
X=XtaX , where X is a Hilbert space with a scalar product. For u € X we
denote by ut € X and © € X the corresponding summands so that v = u* + w.
We may assume that (u,v) = ||u||? for any u € X+ and that ||u||?> = ||[uT|]? + ||u||*.
The topology 7 on X is defined as the product of the norm topology in X and

the weak topology in X. Thus u, Touis equivalent to v} — ut and @ — .
Let J € C*(X,R) be a functional on X of the form

J(u) = %||u+|| — I(u) for u=ut+7 € XToX
such that the following assumptions hold
(A1) I €CHX,R) and I(u) = I(0) =0 for any u € X.
(A2) Iis T-sequentially lower semi-continuous: wy, L, u = lim inf I(uy) = I(u).

(A3) If u, L, uand I(u,) — I(u) then u,, — wu.

(A4) There exists r > 0 such that a := Xian | J(u) > 0.
ue Hlul|=r

(BL) [Ju* ||+ I(u) — oo as [[u|| — oc.
(B2) I(t,un)/t2 — o if t,, — oo and u, — u' for some u* # 0 as n — oo.

(B3) tZT_lI’(u)(u) +tI'(u)(v) + I(u) — I(tu+v) < 0 foreveryu € N, t > 0,v € X
such that v # tu + v.

We defined the following Nehari—Pankov
Ni={ue X\ X : J(0)lg,ox =0}
Correspondingly, we defined the (PS)7? condition for J.

DEFINITION 2.20. We say that J satisfies the (PS)T condition in N if every (PS).
sequence (u,) € N has a subsequence which convergence in the T topology:

U €N, J(up) — 0, J'(up) —c = u, TiueX along a subsequence.
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We also recall the compactly perturbed problem with respect to another
decomposition of X. Namely, suppose that

X=X@Xx", (2.47)

where X°, X! are closed in )2'7 and X0 is a Hilbert space. For u € X we denote u° €
X% and u' € X! the corresponding summands so that u = u® + u'. We use the same
notation for the scalar product in X @ X° and (u,u) = ||u||? = ||[ut]]? + ||u°||?
for any v =ut + 1’ € XT ® X°, hence X and X are orthogonal. We consider
another functional J., € C'(X,R) of the form

1
Jop = §Hu++u0\l2 — Ip(u) for u=u +u’ +u' € XToX%® Xt
We define the corresponding Nehari-Pankov manifold for J,,
NCP = {u €X \ Xl : Jép(u)‘Ru@Xl = 0}7

and assume that J., satisfies all corresponding assumption (A1)-(A4), (B1)—(B3),
where we replace X @& X% X' and I, instead of X, X and I respectively.
Moreover, we enlist new additional conditions:

(C1) Jep(un) — Ju, — 0 if (un) C Nep is bounded and (u;” + ul) — 0. Moreover
there is M > 0 such that J.,(u) — J(u) < M|ju™ + || for u € Np.

(C2) I(thun)\t2 — oo and t,, — oo and (I(tw;})), is bounded away from 0 for
any t > 1.

(C3) J' is weak-to-weak* continuous on N, ie. if (up), CN, u, — u, then

J'(uy) = J'(u) in X*. Moreover .J is weakly sequentially lower semi-
continuous on NV, i.e. if (uy), C N, up, — u and u € N, then lim inf J(u,) >

n—-mao0
J(u).
There we present the abstract critical point theorem:

LEMMA 2.21. [30, theorem 3.2]: Let J € C*(X,R) be coercive on N and let J., €
C'(X,R) be coercive on No,. Suppose that J and J., satisfy (A1)-(A4),(B1)-(B3)
and set ¢ = ijr\lff J and d = /i\I/lf Jep. Then the following statements hold:

(a) If (C1)-(C2) hold and (B < d, then any (PS)g-sequence in N contains a
weakly convergent subsequence with a nontrivial limit point.

(b) If (C1)-(C3) hold and ¢ < d, then c is achieved by a critical point (ground
state) of J.

(¢) Suppose that J is even and satisfies the (PS)g—condition in N for any 8 < B
for some fized By € (c,00]. Let

m(N, Bo) = sup{y(J~"((0,3) "N : B < Bo} € No,

where v stands for the Krasnoselskii genus for closed and symmetric subsets
of X. Then J has at least m(N, By) pairs of critical points u and —u such
that u # 0 and ¢ < J(u) < Bo.
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3. Sharp constant Scur,mr(R?)

3.1. Proof of theorem 1.2

In this subsection, we consider functional (1.17), which is associated to equation
(1.16), and we work on the following Nehari-Pankov manifold

N = {u € W(;y’z‘**(curl; R%)\ Whs : J'(u)u = 0 and J'(u) |, = ()} .
LEMMA 3.1. There exists a continuous mapping m : Vgs \ {0} — N.

Proof. By lemma 2.15, W(;m‘*’ (curl; R?) = Vgs @ Whs. It follows from (2.37) and
(2.38) that if v € Vgs and wgs(v) € W = Wes, then we have J' (v + wgs (v))|w,, = 0.

And as
_ t? 2 32 .
J(t(v+ww))) =— |Vo|*de — [ /2 * |v 4 wgs (v)[*=|*dz, (3.1)
2 Jgs 2-2% Jrs
there is a unique ¢(v) > 0 such that
t(v)(v+ wgs(v)) € N for v € Vs \ {0}. (3.2)

Setting m(v) := t(v)(v + wgs (v)), we then note that
J(m(v)) = J(t(v + wgs)) for all ¢ > 0 and wrs € Wes. (3.3)

Since J(m(v)) = J(v) and there exist a,r > 0 such that J(v) > a if ||v|| = r, this
implies that N is bounded away from Wgs and hence closed. Therefore, by the
similar analysis in [33, lemma 4.4 |, the mapping m is continuous. O

LEMMA 3.2. Set & :={v € Vgs : ||v|]| = 1}, there exist a (PS). sequence (v,) for
Jom, and a (PS). sequence (m(vy,)) for J on N.

Proof. By the continuity of mapping m, we easily observe that m|s : S — N is a
homeomorphism with the inverse u = v +m(v) — mor- Recall the argument in [28,

proposition 4.4(b)], we know that J om|s: S — R is of class C! and is bounded
from below by the constant a > 0. By the Ekeland variational principle, there is a
(PS). sequence (vy,) C S such that

(Jom)(vn)—>ir§fJom:ijr\1/fJ>a>O. (3.4)

Again, by the argument in [28, proposition 4.4(b)], we have (m(v,)) is a (PS).
sequence for J on N. O

Complete of the proof of theorem 1.2. Firstly, we prove part (a). Taking a min-
imizing sequence (uy) = (m(v,)) C N and set wu, = t(vy) (v, + Wgs(vy,)) = v), +
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Wz (v),) € Vs @ Wgs. Then we have
1 2r —1
57 ) = 22

[e3

2* —1
IV x [ = 52

Tun) = J(un) = 2.2 2. 2"

Vo, 3.

Since the norm |V - | is an equivalent norm in Vgs, it follows that J(u, ) is coercive
on N, hence (v},) is bounded. On the other hand, we also have

1 2% — 1 "
J(un) = J(uy) — §J’(un)un = 2". 5 /RS [Ta /2 * |y, | %o | da.

By (3.4), J(uy) is bounded away from 0, s0 is |up|ge2z - 0, and hence by (2.40),
we also have |vy[ga2s = 0.

Denote T ,(v') := s'/2v'(s - +y), where s > 0, y € R3. Then, passing to a subse-
quence and using the argument in [42, theorem 1], we have v,, = T, ,, (v,) — vo for
some vg # 0, where (s,) C RT and (y,) C R3. Taking subsequence again, we also
have 7,, — vy a.e. in R® and in view of the concentration-compactness lemma
2.18, we deduce wps(T,) — Wgs(vy) and wgs (V,,) — Wgs(vy) a.e. in R3. Setting
u := vy + Wgrs (vy) and assume without loss of generality that s, =1 and y, =0,
then by lemma 4.6 in [33], we have u,, — u and u,, — u a.e. in R®. Moreover, by
lemma 2.7 we have

(Lo g ) Jun 22 2y = (Lo uf®®)[uf* 2w in Q% (R, R?))',

a2’ .
Therefore, for any z € W, " (curl; R?), using weak and a.e. convergence, we have

Pz = [ (9 xunyde = [ {((Tox ) on@)P 2 0),2) da
R3 R3
— (J'(u), ).
This implies that u is a solution to (1.16). Using Fatou’s lemma, we deduce that
1
ijr\lffJ = J(un) +0(1) = J(uy,) — §J'(un)un +o(1)

25 1
== 1,9 * Uy
2. 2% /Rgl /2%l

:ﬂw—%fmm+dnzjwmmay

x 2% —1 x
Za2dz + 0(1) > = / [ j2 * [ul?* > dz + o(1)
2-2% Jrs

Hence J(u) < ijr\lffJ < J(u) and as a solution, u € N.

2(¥
. 2% -1 2% —1 . .
Next, we show 1jr\1ffJ = S5 S.o g, where Sy g is the sharp constant in
5 ;

(1.15), which can be rewritten as follow

V x ul|?dx
S = bl )
uEWov' Xau(#cgrl;R3) (ng |Ia/2 * |’U, + Wps (U)|2a ‘2d$> 27

In fact, by (2.37), it is clear that a minimize wgs(u) exists uniquely for any u €
WOO"Z(’ (curl; ©2), not only u € Vgs. So by lemma 2.15, u + wgs(u) = v + wgs (v) €
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Vs @ Whs for some v € Vs and therefore
25,

20012 de

inf / [Ta 2 * |u+w de:/ [Ta /2 * |u + wgs (u)
R3 R3

wWEWy3
:/ Lajo * [0+ Tga ()2 dz. (3.6)
RS

On the other hand, since u + wgs(u) € N, J'(u)u = 0, ie.

/ |V><u|2dx=/ |Ia/2*|u+1’ﬁRs(u)|2:¥|2da:.
R3 R3
Then we can easily calculate that

2*

. 2
a—l 2* —1 25 -1

inf J = \Y 2de =29 .
1'/I\l/. 222 /R3‘ XU| €z 222 curl,HL

As we can see, if u satisfies equality (1.15), then #(u)(u + wgs(u)) € N and is a
minimizer for J|x and the corresponding point v in S is a minimizer for J o m|s,
see (3.4). Hence v is a critical point of J o m|s and m(v) = u is a critical point of
J. This completes the proof of (a).

(b) To compare the constants Scur,mr and Sgyr, see (3.5) and (1.18), we firstly
claim that Scur,mr = Sur. In fact, by (3.6) and div(v) = 0, we have

Vo|? dx
Scur,gr = inf e ~| o
Ve MO ([ Loy * [0+ Wgs (v)[2% |2 dz) %

(3.7)

Then given € > 0, we can find v # 0 such that

L

25

Vo e < (Seurt iz + ) ( [ Mz lo+ s <v>23|2d:c)
R3 R3

Since wgs (v) is a minimizer, we deduce that

1
* 25
/ |Vol?dz < (Sewrl,HL + €) (/ 1o /2 * |v]?a]? dl‘) .
R3 R3

On the other hand, let v = (vy,v2,vs), then |v] = (v +v2 + v2)2. Since 27" > 1,
then by the second inequality in [34, proposition 2.1], we have

1 1
(/ |Ia/2*|v2a2dx) = (/ |Ia/2*(v%+vg+v§)22|2d$>
R3 R3

3 3
<Z</Rg |Ia/2*|vi|2‘§2dx) .
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Moreover, by the definition of Sgr,, see (1.18), we have

1
ScurlHL+5) & / * 25
Vol2d g(’i.s . I i 2 d
/RS| v|*dx SiL HL zl: R3|a/2*|v‘ " d
Secur
¢ Gowtair 1e) l’H“Lg)/ Vol da.
SHL R3

Hence we get our claim by Scur,mr +€ = Sur.
Secondly, we exclude the case Scun,mr = Sgr. Otherwise, all inequalities
. 1
above become equalities with e = 0. Particularly, Sy ([gs [1a/2 * [vi]?~|* da)35 =

fR3 |Vv;|? dz. This implies that all v; are instantons and v; = C(M) NEZ, up

to multiplicative constants, see [19, lemma 1.2] for the optimal function of Sgr..
A simple calculation shows that div(v) # 0. However, this is impossible because
v € V\ {0}. Hence, Scurl,mr # SHL- O

3.2. Proof of theorem 1.3

To compare the sharp constants Seu gz (R?) and Seu gz (), we have intro-
duced another constant Scuyi mz(€2). Recall from § 2.1 that we have the following
Helmholtz decomposition in entire space R? and in the bounded domain €:

Wg % (curl; R?) = Vigs & Wes - and - Wy (eurl; Q) = Vo & Wa.

Then, as (3.5), we note that Sy, m(€2) [see (1.19)] can be characterized as

: V x u|2 dz
Seutir(®) = il sup Joo| .
uGWOV’X‘Z;cOurl;Q) wEWes (f]RS |Ia/2 * |u + w252 dx) 25
V x ul?dz
= inf Jao [V -, (3.8)
UEW(;;XO;(#CO]JI‘I;Q) (f]R3 ‘Ia/Z * |u + W3 (u)|23 |2 dgj) 25

where u € W(?’% (curl; ) is extended by 0 outside Q. For constant S‘CUH,HL(Q) in
domains ) # R3, it also can be characterized as

S V x ul?dz
Scurl,HL (Q) = . 121*1f sup fQ | | : -
ueWOv,xj,;courm)wGWQ (IQ a2 * [u + w|? |2 dz) 25
V x u|?dx
- Jo IV x o
wewy * urtd) (o a2 * |u+ To(u) 22 da) %
To compare these sharp constants, we introduce the following set
Na = {u € W5 (curls )\ Wos / (w)u = 0 and J'(wlwe =0} (3.10)

According to the argument in [33, lemma 4.2], we have tu + wgs(tu) = t(u +
wgs(u)) , then we may assume without loss of generality that u + wgs(u) € N in
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(3.8). By the maximality and uniqueness of wq(u), we easily deduce that the map-
ping u — wgq(u) is also continuous. Therefore, we may assume that u + wg(u) € Ng
in (3.9). Then easily calculate that

'fJ—2Z—1S%i1 inf J
1},\1/ - 2. 23 curl,HL> 1}/\1/- |W;’2(§ (curl;Q)
2 =1 gniar g o 2 Lgat
- 2. 9% curl,HL(Q)’ }\rfg J = 9. 9% Scurl,HL(Q)' (311)

(03 (03

LEMMA 3.3. Scurt,z () = Sewr,ir, Seurl,mr () = Sewrt, i ().

Proof. In view of lemma 2.16, WS’Q‘*’ (curl; ) C Woa,zg (curl; R?), we can easily
observe from (3.8) and (3.5) that SCMLI_{L(Q) = Sourt,mr- Similarly, since Wq C
Whs, we can deduce that Scur gz (2) = Seurt mr(2) from (3.8) and (3.9). |

To complete theorem 1.3, we shall need the following inequality, which cor-
responds to the condition (B3), and the proof follows a similar argument in
[30, lemma 4.1].

LEMMA 34. Ifu e W(?’QZ (cur; Q) \ {0}, u € Wq and t > 0, then

t?—1

ﬂ@>ﬂm+@—f@ﬂ u+m]

Moreover, strict inequality holds provided t =1 and w = 0. (Q = R® admitted.)

Proof. By an explicit computation and using V x w = 0, we show that

2

() — J(tu+w) + T (u) {t u+tw} :/ng(t,:z) dz,

where

olt,z) = — <(1a . |u|221) ()2~ 2u(z), r > @)+ tw(x)>

1 x
55 [ Meve + o P

1 «
+ / 1o /2 * [tu + w[?|* da.
2-2% Jq

It is easy to check that ¢(0,2) > 0ast = 0 and p(t,2) — oo as t — oo. Therefore,
if there exist ¢ such that ¢(¢,z) < 0, then there exists ¢y > 0 such that dyp(to,z) =
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0, namely

Orp(to,z) = — <(Ia * |u

n <(Ia * [tou + w|22) ltou(z) + (@)% 2 (tou(z) + w(z)) u(x)> -0,

23) |u(x)|2l—2u(x)7t0u(x) + w(ff)>

then either (u,tou + w)=0, i.e. —(u,w) = to{u,u) = tolul?, or |u| = [to + w|, i.e.,

—to{u,w) = th_l|u|2 + 3|w[?. In the first case, we obtain that

t3+1 1 .
p(to, x) = ( 5 —2_2*>/Q|Ia/2*lul2“|2dx

1
2.2x

+ / [Io /2 * [tou +w|?|?dz > 0.
R3

And in the second case, we deduce that
1 . X
plto,2) = 5 / (To# [uf*)u(@)[*> 2 |w(z)[* dz > 0.
Q

Hence ¢(t,z) > 0 for all ¢ > 0 and the inequality is strict if w # 0. If w = 0, we can
see

oy (£ 211 [ WP @ P o) Pz > 0
LT =g T T T 20 ) )M

provided ¢ # 1. O
LEMMA 3.5. Scurl,HL (Q) < Scurl,HL-

Proof. By theorem 1.2(a), u is a minimizer for J on N, then we can find a sequence
(un) C C§°(R3,R?) such that u,, — u. By the Helmholtz decomposition, we have
Up = Up + Wi, Uy, € Vs, wy, € Wha. Since u,, = vy, + w, — u = vg + Wgs (vg) and
therefore v,, — vg, w,, — Wgs(vg). So vy # 0 and v,, are bounded away from 0 in
Q™% (R?,R?) due to u € N.

Assume without loss of generality that 0 € Q2. There exist A, such that @, given
by @, (x) := A}l\zun()\nx) are supported in €, that is @, (x) € W§’2; (curl; Q). Set
wWgs (Uy) € Was and choose ¢, so that t,(u, + wgrs (u,)) € N, then

1

(fRS |V x ,|? dg;) %1

—.
(Jrs Hay2 * [n + Wgs (0, )[26|? dz) 25T

2 = (3.12)

Since the Riesz potential is invariant with respect to translation, we have ||@,|| =
[lun|| and

/ | Larja % [ + s (W) [*= | da = / | Lauja # [t + Ws (un) 22| dr
R3 R3

= / [Ta/2 * [vn + @Rs(vn)|2:¥|2 dz.
R3

Therefore, as (uy) is bounded, we have (@,) and (wgs(u,)) are bounded away
from 0, so is [, (z) + wWgs (n)(2)[| ga 2z - Then we deduce that (t,) is bounded,
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hence so is (t2). Moreover, since J(u,) = J(u,) — 22 2_*1 Sc‘frl yp and [|J'(Ty,)|| =
|| (un)|| — 0, it follows from lemma 3.4 that

2 1 gy . _ . o
9. 9x Sc2ur1 }-IL - @w J<un) > nhl}nm (J(tn(un + W (Un)))
, 2 -1
— J'(uy) Uy, + t2Wgs (Tp,))
: I 2 — 1 o2y
= lim J(tn (@ + G2 (@) 2 55 S, mr (2):
The last inequality follows from the fact that @, € W' 2o (curl; Q). O

Complete of the proof of theorem 1.3. Repeating the proof of theorem 1.2 (b) with
obvious changes, namely, change the domain R3 into €2, change Securl, 7L into
Seurt 11(Q), we have Seup 11 (€2) = Sy . Since the optimal function for SCMLHL(Q)
is not found in our process, we can not exclude the case S’Cm’HL (Q) =Sur. As a
consequently, we complete the proof of theorem 1.3 by lemmas 3.3 and 3.5. O

4. Proof of theorem 1.4

According to the spectrum analysis of the curl-curl operator in the introduction,
for A < 0, we find two closed and orthogonal subspaces V;{ and Vg of Vq such that
the quadratic form @ : Vo — R given by

Qw%=lﬂvva+AWde=lﬂvw2+Mwﬂdw (4.1)

is positive defined on Vz and negative semi-definite on VQ where dlmVQ < 00.

Writing u =v+w=v" +0+w e Vg @ Va & W, the functional Jy [see (1.13)]
can be expressed as

1 1, - A
Ta(w) = 3l I+ 5II1R + 5 [ (0P + ol

o2 % [u|?e]? da

1
= §|\v+||2 —I(v+ w),
where

1, - A
Do+ w) = =5l71F =5 [ (of +[uP)

/2 * |u|2a|2 dz.

Similarly as in [5], we shall show that J, satisfies the assumptions (A1)—(A4),
(B1)—(B3) and (C1)—(C3) from § 2.2.

LEMMA 4.1. Conditions (A1)-(A4), (B1)-(B3) and (C2) in lemma 2.21 hold
for J.
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Proof.

(i) By lemma 2.7, we have Iy is of class C!. Since Q(v) is negative on Vg, fisa
upper critical index, we have I(u) > I,(0) = 0 for any u € Wo *(curl; Q)

(ii) Since Iy is convex, I is T —sequentialy lower semicontinuous. Hence, (A2)
holds.

(iii) We easily check (A3), since u, — ug in Q*2« (€, R3), and Iy (u,) — Ix(uo)
Imply [un|ge2s — |uo|ga.2z, thus u, — ug in Q™% (), R3).

(iv) Since Vg is a Hilbert space, the HLS inequality is still valid on there, then
for any u € Vi, we have

.
0(2

1 A 1
7w = 7(0.0) = 5ol + 51l = 575z [ Vaja o
«

1e2
1 2 A 2 1 6 o
> gl + 31 - 55 ([ bifdo

0

2 Sl = elol® = eclols > 1l — Callolly,

for some 9,Cy > 0.

(v) Condition (B1) follows from lemma 5.1 (¢) in [5]. Suppose that (||v;||v,)n is
bounded and ||(v,, wy,)|| — 0o as n — oo. Since dim(Vg) < oo there holds
|Un + Wn|ga.25 — co. Moreover by the orthogonality Va L Vo in L2(Q,R?)
and Vo L Wq in Qa’zz(Q,R?’), we have

||:Jn||$}Q g Ol|’ﬁn|% g Cl|vn|§ g Cl|vn + wng g 02|vn +wn|éa,2g (42)

for some 0 < C7 < Cs. This implies

‘Un +w,,|

B 1
I(vn,wm:75\|vn||75|vn+wn\%+ 2o B

|vn+wn| — 00,

1
z - |UTL+le|Qa ox + oo 2. 2" Qo2
because vy, + Vwn|ga.2z — 0.
(vi) This part we check condition (B2) and (C2). By (4.2), we have

Ity (vy 4+ wy))

1, - A .
§||tnvn||$}g - §|tn(vn + wn)@ + /Q |Ia/2 * |tn(vn + wn)|2a\2dx

227
1 5 9, 228 2412
= - 5 n|| nan tn|Un+wn|2+tn 2.2 a/2*|vn+wn‘ o|*dx
C’2
Z - ||Un+wn”Qaz* +tn 7. 2*an+wn||Q 2%
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Then

Cy - 22t 2 1 _ 9.0
I(tn (v, + wn))/ti 2 _7””71”22&22 +in 5. 9% ||vnHQ:23~
«

If ||(vn,wn)|] — 0o then I(t,(vy, +wn))/t2 — oo. If (||(vn, wn)||)n is
bounded. Then (|vy, + wn[ge.2; )n is bounded. If |v, 4+ wn|ga.2; — 0, then
|vp, + wy|2 — 0 and by the orthogonality in L?(Q,R3) which contradicts

2.2% —2

ug # 0. Therefore t"2_2;

|Wn||éi"2 — 00 as n — oo and again I (¢, (v, +
Lo

wy))/t2 — oc.

(vii) Condition (B3) follows from lemma 3.4 by changing J(u) into Jy(u). O

To apply the concentration-compactness lemma, we set W= 179 & Wq with
wo = v + w, where Vo = Z, see §2.2. On the other hand, we shall extend V;{ into
Vs, which is a closed subspaces of D*2(R?, R?). Indeed, let U be a bounded domain
in R3, Q C U. Since Vo C HY(Q,R?), then each v € Vg may be extended to v’ €
H}(U,R3?) such that v'|q = v. This extension is bounded as a mapping from Vg, to
H}(U,R?). Since

V= {v' € Hy(UR®) : v'|q € Va}

is a closed subspace of Hj(U,R?), and hence of D1?(R3,R3), we then can apply
lemma 2.18 with V;zr replacing Vgs. Set the generalized Nehari—-Pankov manifold as
follow

Ni = {u € W (curl; Q) \ (Vo & Wa) : J4 (1) (4.3)

| Ruaveaw, = 0}
LEMMA 4.2. J' is weak-to-weak* continuous on N and condition (C3) in lemma
2.21 holds.

Proof. Suppose that u,, — ug in WOQ’ZZ* (curl; Q). Set u,, = my(v,) = v + W (v,}h).
Since V{{ and Wq are complementary subspaces, v, is bounded in V;{ . Then
passing to a subsequence, we have v — v in V& , v — vf in L?(Q,R?)

and a.e. in (2. Therefore, by the concentration—compactness lemma 2.18, we have
wa (v) — wq(vy) in L2(2,R3) and also a.e. in Q. Hence, we also have u,, — ug
a.e. in 2. Then by the Viltali convergence principle, Jj is weak-to-weak™* continuous.

Moreover, by the lower semi-continuity of Iy, (C3) holds. O
Now, we set a compactly perturbed problem. Take X := VQ, X' := Wq and let
us consider the functional Jg, : X = Vo @ Wq — R given by

1 1 "
Topu) = o) = 5 [ [V uftdo+ 2 /Q Taa * [ul 2 da.

Moreover we define the corresponding Nehari—Pankov manifold
Nep ={E € (Vo & Wa) \ Wa 1 J.,,(u) [ruew, = 0}. (4.4)

Observe that as in lemma 4.1 we show that J., satisfies the corresponding condition
(A1)—(A4) and (B1)—(B3).
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LEMMA 4.3. Condition (C1) in lemma 2.21 holds.

Proof. For any bounded sequence u, C Ny, we have u, — u in N,. By the
concentrated— compactness lemma 2.18, we have u, — u in L?(Q,R3). Since
Ia(u) = Jep(u) = 3 [, |u|*dz, we have condition (C1) holds. O

LEMMA 4.4. Jy is coercive on Ny and Jg, is coercive on Np.

Proof. The proof is similar to lemma 4.6 in [30]. Let wu, = v, +w, € N, and
suppose that ||u,|| — oo. Observe that

1 1

Tam) = (1) — 5.4 () (1) = < _

2 9. 2a)| n|Qa2* /Cl|wn|Qa2*

for some constant Cy > 0, since W, is closed, c1Vo N Wq = {0} in Q24 (2, R?) and
the projection clVq @& Wq = {0} onto Wy, is continuous. Hence, if |un|Qa.2; — 00,
then J)(u,) — oo as n — oo. Suppose that [un|ge.2; is bounded, Then |[v, || —
oo and

In(ttn) = Ty (tn) — e T (1) (1)

22"
(1
T \2

1

)(/ |van|2dx+)\/|vn+wn|2dm>
2-2% Q Q
(oL /|V><v|2dx+>\C|u 2
= 2 22:; 0 n 2 nQa,2(§ )

for some constant Cy > 0. Thus Jy(u,) — oco. Similarly, we show that J., is
coercive on N,,. O

LEMMA 4.5. Let ¢y < cg and (uy)nen C Ny be a Palais-Smale sequence at cy, i.e.
In(un) — ex and Ji(u,) — 0 as n — oo. Then u, — ug # 0 for some ug in
We2a (curl; Q). Moreover, ¢y is achieved by a critical point of Jy.

Proof. The conclusion follows from lemmas 4.1, 4.3, 4.2, 4.4 and 2.21(a)(b). O

As we introduced before, we shall verify the (PS). condition. Similar to
[33, lemma 6.4] we need the following version of the Brezis-Lieb lemma. Setting

N(w) = (T * ful* ) fu(@) % 2u(a),
then we have the following lemma.
LEMMA 4.6. Suppose (u,) is bounded in Q%% (Q,R?) and u, — u a.e. in Q. Then
N(un) — N(up — u) — N(u) in (Q%%(Q,R?)) as n — oc.

Proof. By the proof of lemma 2.7, we have N (u) : Q%% (Q,R3) — (QO‘ 2a(Q, IR{3))
Therefore, it turns to prove that G(u,) — G(u, —u) — G(u) in L?2&-7 B (Q, L2* -1
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(Q)). Since u, — u a.e. in Q, we have G(u,)— G(up —u) — G(u) a.e. in
Q. Since u, is bounded in Q2 (2, R?), we have G(u,) is bounded in

2.2%

LT <Q, L%Q—I(Q)) , 80 18 G(up) — G(up — ). Then we have G(uy,) — G(up, —

u) — G(u). Therefore, we only need to prove that

G(un) — Glup —u)| 22 2% = |G(u)| 224 23 :
L2~23—1 (Q,L2371 (Q)) L2-2;§(—1 <Q,L2(§—1(Q)>
24
27 —1
Indeed, let A = ( 231 I ) . Then by using Vitali’s convergence
lo—y|Za=T" 22"

theorem we obtain

—(t — Du(z) 23_1) et dt) dy) dz

= [ (L (2325 (o + 6= 0ut) F5 i)

% ) + ¢~ Dul) ) )

+(t—Du(x)

(25)2

Tor <un<y> (= D) ET fun(a)

(= V()52 (un () + (£ — 1)u(x)),u(x)>) dy) e dx] dt

— [ (4) @ |tu(y) %72#%%)?3@1&@))&@)
IRIAVEIE=

*

2% )2

2(*;“1|tu(x)|2‘§2(t“(x))’u(x)>> o‘ly)“a1 dx] dt

42, (Jeuty)
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2.2%

-/ (/Q (4) (lu@)* fu( >|221)2§§1 dy) a
AV

5or T
2* 1 dy) dz. O
LEMMA 4.7. Let cx < ¢y and (up)neny C Ny be the Palais-Smale sequence at cy.

Then w, — ug #0 in WS"QZ(curl;Q) along a subsequence, where ug is the
nontrivial weak limit in lemma 4.5.

Proof. Let (uy) be a (PS)., —sequence such that (u,) C Ny. By lemma 4.4, (u,,)
is bounded and we can assume that w, — g in WSX’% (curl;©2). Then as in the
proof of lemma 4.2, we have J; (ug) = 0, this implies that ug is a solution for (1 10).

Moreover, by the concentration—compactness lemma, we have u,, — ug in LlOC(Q),
see the same analysis in lemma 4.2. On the other hand, By the compactly perturbed
analysis in lemma 4.5, the weak limits ug # 0. Then by the general principle for the
refined nonlocal Brezis-Lieb identity in [34, proposition 4.3 (ii) (iii)], we have

lim </ (Lo * |un|2z)|un|2z dz — / (o * [up — UO|2;)|un - u0|2‘** dm)
Q Q

n——oo

N /(Ia % |u0|2;)|u0|23 dz,
Q

we hence have

lim (J)\(’U,n) — J)\(’U,n — ’U,())) = J)\(Uo) 2 0,

n——a0o

and by lemma 4.6

lim (J4(un) — J5(un — ug)) = J4(ug) = 0.

Since J'(u,) — 0 and u,, — ug in L?(Q,R3), we have
lim  J§(uy, — ug) = 0. (4.5)
Suppose lim inf ||u, — up|| > 0. Since lim J}(u, — ug)(un — up) = 0, we infer
that

lim inf |V x (u, — ug)|2 > 0.

n——-o0

Let u, — ug = vy, + Wa(v,) € Vo @ Wa according to the Helmholtz decomposition
in WSX’Q“ (curl; Q). If v, — 0 in Q*2a (%, R?), then by (4.5) we have Jj(u, —
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ug)vy, — 0, thus

|V X (’U,n - UO)B = ‘V X 'Un|§ = J(/J(un - UO)Un

+/ <<Ia*\un—uo2
Q

as n — oo, which is a contradiction. Therefore |vn|Qa,2; is bounded away from
0. If w, = wq(u, —up) € Wa, then (w,) is bounded and since wu,, — ug + w, =
U + Wa(vn) € Va ® Wa, |tun — o + Wy|He.2x is bounded away from 0. Choose ¢,
so that t, (u, — ug + w,) € Nq, see (3.10). As in (3.12) we have

) |twp, — u0|2:¥_2(un - uo),vn> dr — 0

(foy IV X (1t — )2 dzr) T

ti - . *1 9
(fﬂ [Ta2 * [un — uo + wn|2a|2dx) 251

and so (t,,) is bounded. Then using lemma 3.4, we have

t2 -1
Jo(upn — ug) = Jo(tn(un — up +wy)) — J(un — ug) |2 5 (ty, — ug + t2w,) |,
so by (4.5) and since u,, — ug in L*(Q,R?),
ex= lin Jy(up —uo) = lim Jo(up —ug) = Um  Jo(tn(un — up + wy)) = co,

n——=o0 n——m00 n—:oQ

which is a contradiction. Therefore, passing to a subsequence, u,, — ug, hence also
in the 7 —topology. O

Finally, we shall compare ¢y and ¢y in some ranges of A. Recall from the third

2% 2%,

identity in (3.11), we note that co = 22(*%;1 Sesi () > 22 2_*1 SEIEL .

LEMMA 4.8. Let A € (—\,, —A,_1] for some v > 1. There holds

2r 1 e
cA:iNnAfJAQ 20.2;; A+ )2 —1|d1amQ| e ,

27&3

ey <coif A< =X, + ScurLHL( )|diam®|

Proof. Let e, be an eigenvector corresponding to A,. Then e, € V;z'. Choose t > 0,
U EVqand w € Wq so that u=v +w =te, + 7+ w € N,y. Since A\, <\, for k <
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JA (te, + v+ w)

_ /\tev|2dx+ /|V><U|2dx+ /|u|2
—V v2dx+7/ ul?d
w [P et [
A+ A 1
s /QW

A+, ) 1 1 o\’
< d - “ d )
2 /Q [ul” do = o 2+ [diamQ[3— (/Q [ul ”)

where |diam$)| = mazg | — y|. Then using the Holder inequality, we get
x,ye

a2 * |u|23|2 dz

//\

a2 * |u|23 \2 dx

N

/2 * \u|2<§ |2 dx,

172 2
A+ A, b\ 7% SN 1 .
< od Q % — - ad
2 | () | 10 = e (o
A+A %) 2oz ] 1 2
< Y / |u|?> dz diam@Q|* %% — _ / |u|?> dz
Q 2. 2% |diamQ[3— \ Jq
2k 3.2% —a—3
< 20" 2 ()\+)\ ) 1\dlamm B
. . . LA 1 1 1\ 4%
where the last inequality follows from the inequality 5152 St < (53— E)Avf
(A>0).
2
Since ¢y = 22 2_*1 S;;l }I 1 (£2), the second inequality follows immediately. O

Complete of the Proof of theorem 1.4. Note that if X\ < —\, + Scun,m(Q)|diam

3.2% —a—3
Q" 7*, then ¢y < cg, and by lemma 4.7, Jy satisfies the (PS)., condition,
hence satisfies the (PS)7 condition. Then statement (a) follows from lemma 4.5,
and the remaining statements (b)—(d) are similar to [33, theorem 1.4] and can be
proved by the same strategy. O
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