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Positivity, plethysm and hyperbolicity of Siegel
varieties in positive characteristic

Thibault Alexandre

ABSTRACT

We study hyperbolicity properties of the moduli space of polarized abelian varieties
(also known as the Siegel modular variety) in characteristic p. Our method uses the
plethysm operation for Schur functors as a key ingredient and requires a new positivity
notion for vector bundles in characteristic p called (¢, D)-ampleness. Generalizing what
was known for the Hodge line bundle, we also show that many automorphic vector
bundles on the Siegel modular variety are (p, D)-ample.

1. Introduction

1.1 General picture

Let p be a prime number. This article is concerned with the interplay in characteristic p of the
following three topics: positivity of vector bundles in algebraic geometry, the plethysm operation
on Schur functors (and symmetric functions) and hyperbolicity properties of the moduli space
of polarized abelian varieties (also known as the Siegel modular variety). It is well-known that
positive vector bundles can be used to prove hyperbolicity results: a crucial new observation
in our work is a link between the plethysm operation and hyperbolicity properties of Siegel
varieties.

PoOSITIVITY OF VECTOR BUNDLES PLETHYSM OPERATION

-
-
-
-
-
-
V3

HYPERBOLICITY OF SIEGEL VARIETIES

1.2 History and motivation

1.2.1 Hyperbolicity over a number field. One of the most celebrated results in Diophantine
geometry is the following.
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T. ALEXANDRE

THEOREM [Fal83]. Consider a geometrically integral smooth projective curve C' over a number
field K/ Q. The following three assertions are equivalent.

(1) For all finite extension F'/K, the set of F-rational points of C' is finite.
(2) Every holomorphic map C — C&" is constant.
(3) The canonical bundle w¢ is big, equivalently the genus g of C satisfies g > 2.

A curve satisfying these assertions is called hyperbolic and generalizing hyperbolicity to
higher-dimensional varieties is an open problem. One might be tempted to consider the
following three definitions of hyperbolicity which are conjectured to be equivalent [Lan86,
Conjecture 5.6/5.8].

DEFINITION. Let X denote a projective variety over a number field K/ Q:

(1) X is arithmetically hyperbolic if for all finite extension F//K, the set of F-rational points
of X is finite;

(2) X is Brody hyperbolic if every holomorphic map C — X" is constant;

(3) X is algebraically hyperbolic! if every integral subvariety V' of Xc is of general type, i.e.
there exists a desingularization V' — V such that wy; is big.

What can be said about the algebraic hyperbolicity of the moduli space A, ny — Spec Q
of g-dimensional polarized abelian varieties with a full level N-structure? Since this moduli
space is not proper, we should replace condition (3) with the condition that all subvarieties are
of log general type. We recall that a variety V is of log general type if there exists a proper
desingularization V — V and a smooth projective variety W together with an open embedding
V C W with D:=W ~ V a normal crossing divisor such that wyy (D) is big. The moduli space
Ag.n is known to be algebraically hyperbolic [Zuo00, Brul§].

1.2.2 Algebraic hyperbolicity of Ay n over a field of characteristic p.  Let us replace the base
field K by k, an algebraically closed field of characteristic p. Since desingularization techniques
do not always exist in characteristic p, we restrict ourselves to smooth subvarieties. Assume that
p does not divide N and consider a smooth projective toroidal compactification A;?]rv of the
Siegel modular variety over k and write D for its boundary as a normal crossing divisor. In
this context, we say that a smooth subvariety ¢:V — AZ‘?}"\, such that (' D remains an effective

Cartier divisor is said of log general type with respect to D if the log canonical bundle wy (¢~ D)

is big.
Question (Characteristic p). Is AZ?}V algebraically hyperbolic over k7 In other words, is every
subvariety

LV A:fﬁv,
such that ;=1 D is well defined, of log general type with respect to D?

The answer to this question is, in fact, negative. In [Mor81], Moret-Bailly constructed a non-
isotrivial family A — P! of principally polarized supersingular abelian surfaces with a full level
N-structure over the projective line over F,. This family yields a closed immersion P! — Ag N
which contradicts the hyperbolicity of .A'éojr\, The main objective of this article is to investigate

the failure of hyperbolicity of Siegel varieties in positive characteristic.

!The terminology algebraically hyperbolic is also used by Demailly and many others such as Rousseau and Riedl
for another notion of hyperbolicity.
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1.3 Our main result

From now on, the letter k will denote an algebraically closed field of characteristic p. To simplify
our notation we will denote by Sh the Siegel variety of genus g over k (instead of Ay ) and
D,eq the boundary of a smooth projective toroidal compactification Sh**. Motivated by the
Green—Griffiths—Lang conjecture (8.8), it is natural to expect that there is some exceptional
locus £ C Sh*" such that for any smooth subvariety V not contained in the boundary, V is of
log general type if and only if V' ¢ E. Our main result about the hyperbolicity of the Siegel
varieties is the following.

THEOREM 1 (Corollary 8.7). Assume that p>g?+3g+ 1. Any subvariety ¢:V <> Sh'™" of
codimension <g — 1 satisfying the following:

(1) V' is smooth;

(2) t7!Dyeq is a normal crossing divisor;
is of log general type with respect to D.

This indicates that the hypothetical exceptional locus E C Sh*™" has a codimension strictly
larger than g — 1 and we believe it has exactly codimension g.

Remark.

(1) Theorem 1 is actually a corollary of Theorem 4 which is stated at the end of the
introduction.

(2) For simplicity, we have restricted ourselves to smooth subvarieties but Theorem 1 should
also hold for non-smooth subvarieties if we use the definition of the logarithmic Kodaira
dimension of a variety in positive characteristic which appears in [Abr94, p. 46] and [Luo87,
Luo88] and we adapt our arguments using, for example, [Abr94, Lemma 5, p. 46] in the
proof of our Lemma 8.3.

(3) When g=1 and p=2 or 3, there exist families of non-isotrivial elliptic curves over
the multiplicative group G,,. Specifically, consider the families y? = 23 + 2% — ¢ in char-
acteristic 3 and y? + 2y =23+t in characteristic 2 where t € G,,. In both cases, the
j-invariant is j =1/t, so the curves are non-isotrivial. Since G,, is a smooth curve not
of log general type, these examples show that the bound p > ¢? +3g + 1 =5 in Theorem 1
is sharp when g=1. For g >1, it is not known whether counterexamples exist when
p<g®+3g+1.

(4) The codimension assumption in Theorem 1 indicates that the Siegel modular variety Sh**
exhibits an intermediate form of pseudo-hyperbolicity, as suggested by the intermediate
Lang conjectures (see [Lan86]). These conjectures predict that varieties of general type
should not contain ‘large’ subvarieties that are not of general type. Our result aligns
with this expectation by showing that any smooth subvariety of codimension <g—1
intersecting the boundary normally is of log general type.

1.4 A new positivity notion for vector bundles in characteristic p

In order to prove Theorem 1, we introduce and study a positivity notion for vector bundles which
is weaker than ampleness but stronger that nefness and bigness. Assume that X is a projective
scheme over k and D is an effective Cartier divisor on X. Since this positivity notion involves
the relative Frobenius map ¢p: X — X (7). we have decided to call it (¢, D)-ampleness.
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DEFINITION. A vector bundle £ over X is said to be (¢, D)-ample if there is an integer ro > 1
such that for all integers r > rg, the vector bundle £ (=D) := (¢")*(¢"), £ ® Ox(—D) is ample.

Our main motivation comes from the fact that the Hodge line bundle w := det € is not always
ample on a toroidal compactification Sh** but it is nef and big with exceptional locus® contained
in the boundary Dyeq. In fact, we even know that w is (¢, D)-ample for some effective Cartier
divisor D whose associated reduced divisor is the boundary D,eq. Compared with nefness and
bigness for vector bundles, we show that (¢, D)-ampleness behaves well as it is stable under
direct sum, extension,® quotient, tensor product, tensor roots, pullback by finite morphism and
it satisfies descent along finite surjective morphism. Inspired by a result of Mourougane [Mou97,
Théoréme 1] over C about the ampleness of the adjoint bundle 7. (£ ®wy, x) where m: Y — X is a
surjective morphism and £ is an ample line bundle on Y, we prove similar results in characteristic
p when 7 is a flag bundle.

More precisely, let G denote a connected split reductive algebraic group over k. Fix a Borel
pair (B, T) of G and write p for the half-sum of positive roots of G. Let E be a G-torsor over X
and 7:Y — X the flag bundle that parametrizes B-reduction of E. Recall that we can associate
a line bundle £y on Y to each character A of T. We prove the following.

THEOREM 2 (Theorems 6.4 and 6.5). If Loy 42, is ample (respectively, (p, 71 D)-ample) on Y,
then m, Ly is an ample (respectively, (¢, D)-ample) vector bundle on X.

Note that since wy,x = L£_,, our result can be seen as a characteristic p version of the result
of Mourougane.

1.5 Positivity of automorphic vector bundles on the Siegel variety

We explain a direct application of Theorem 2 to automorphic vector bundles defined over the
Siegel variety. Recall that the Hodge bundle is a rank g vector bundle over the Siegel variety
which is defined as 2 = 6*9}4 g, Where e is the neutral section of the universal abelian scheme
f:A—Sh. Use m:Y — Sh to denote the flag bundle which parametrizes complete filtration of
. Recall that for every character A of the standard maximal torus of GL,, we have an associated
line bundle £ on Y and a costandard automorphic vector bundle V() over the Siegel variety
which is isomorphic to m, £y. All these objets can be extended to a toroidal compactification
Sh**. Following the idea of [BGKS], we know by [Ale24, Theorem 5.11] that certain line bundles
Ly are (¢, D)-ample on Y where D is some fixed* effective Cartier divisor whose associated
reduced divisor is the boundary D, 4.

We denote by G° the symplectic group Spyg over k, W the Weyl group of G, P CG the
parabolic that stabilizes the Hodge filtration on the first de Rham cohomology of A — Sh, A C
®* C @ the set of (simple, positive) roots of G, I C A the type of P, L the Levi subgroup of P,
@} C @, the set of (positive) roots of L and p; =1/2 > acat @ The following result is a direct
application of Theorem 2.

THEOREM 3 (Theorem 7.20). Let A be a dominant character of T'. If 7y := 2\ 4 2py, is:

2Following [Kee99], the exceptional locus of a nef line bundle £ is the closure, with reduced structure, of the union
of all subvarieties V' such that Ly is not big.

3Under a regular hypothesis on X.

4Tt depends on the choice of a polarization function on the polyhedral cone decomposition of a toroidal
compactification.

5Tt is not the same G as in §1.4.
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(1) orbitally p-close, i.e.

(v, wa)
max 7\/
(v, aV)

<p-1
a€d weW, (vy,av)#0

(2) Zy-ample, i.e.
(v,a”) >0 foralla €l and (y,a") <0 forall a« € dT\®};
then the automorphic vector bundle V() is (¢, D)-ample on Sh*.

Remark. Positivity results for automorphic vector bundles were only known for line bundles
which corresponds to the case where A is positive parallel, i.e. V() is a positive power of the
Hodge line bundle w =det Q =V(-1,...,—1).

1.6 Schur functor and the plethysm operation

Schur functors are certain endofunctors
S : FinVect;, — FinVect;,

of the abelian category of finite-dimensional k-vector spaces that generalize the constructions of
exterior powers and symmetric powers of a vector space. Schur functors are indexed by integer
partition or Young diagrams and they can be defined on the category of finite locally free
modules over a scheme. We are interested in these functors because if A= (k1 >--->k,>0)
is a G-dominant character, we can identify it with a Young diagram where the ith-row has k;
columns and we get an isomorphism

SA\Q =V (—wo),

where wg € W is the longest element of the Coxeter group W. The strategy to prove Theorem 1 is
to show that the bundle S\Q, .. (10g Dyeq) is (¢, D)-ample for specific choices of A. Since (¢, D)-
ampleness is stable by quotients, pullback by finite morphisms and S respects surjections, the

(¢, D)-ampleness of Sy, v (10g Dyeq) implies that the quotient

L*SAQéhm (log Dyeq) — S)\Q%/(log 1 ' Dreq)

is also (¢, t~1D)-ample for any smooth subvariety ¢ : V < Sh'" such that t ™! D,q is well-defined
as a normal crossing divisor. It follows from the general theory of Schur functors that the bundle
S,\Q%/(log 1" 'D1eq) is non-zero exactly when the dimension of V is larger than the number of
parts (also called the height ht(\)) of A. In this case, the determinant of SyQ1,(log ¢ ! Dyeq) is
a tensor power of wy (1 1 Dyeq) and the (g, D)-ampleness of S AQéhm(log Dyeq) implies that V' is
of log general type with respect to D,.q. By the Kodaira—Spencer isomorphism

PKS : Sym2 Q= Qéhtor (log Dred),

we are reduced to studying the composition of Schur functors Sy o Sym?.

The correct category to study Schur functors in characteristic p such as Sy is the category
of strictly polynomial functors Pol introduced by Friedlander and Suslin in [FS97]. A strictly
polynomial functor T : FinVect; — FinVect, over a field k is polynomial in the sense that for
any finite-dimensional k-vector spaces V, W, the map

Tyv,w : Homy (V, W) — Homy (T'(V'), T(W))

is a scheme morphism where we have enriched Homy (V, W) and Homy(T'(V'), T'(W)) with their
natural scheme structure. Equipped with the classical tensor product ®, the category of strictly
polynomial functors is a symmetric monoidal category whose Grothendieck group Ky(Pol) is the

261

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.196, on 30 Jul 2025 at 23:30:07, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms.
https://doi.org/10.1112/50010437X24007607


https://doi.org/10.1112/S0010437X24007607
https://www.cambridge.org/core
https://www.cambridge.org/core/terms

T. ALEXANDRE

ring R of symmetric functions. A key feature of Pol is that the functor composition o defines a
second (non-symmetric) monoidal structure on it. Recall that R possesses a natural basis {s}
indexed by the set of integer partition where each sy is the class of the Schur functor Sy. Over
C, it is well-known that Pol is semi-simple; in particular, the composition of two Schur functors
of partition A and p can be split as a direct sum of Schur functors

Sxo S, =@ Sy,
n

where the coefficient ci(’ ., are given by the decomposition of sy o s, in the basis {sy}» of R. The
problem of determining the coefficients cK is known as plethysm. Over a field of characteris-
tic p, semi-simplicity of Pol fails but we may ask whether the composition Sy oS, admits at
least a filtration where the graded pieces are isomorphic to Schur functors S,. Unfortunately,
Boffi [Bof91] and Touzé [Toul3, Corollary 6.10.] have found counter-examples to the existence of
such filtrations. For example, the plethysm A2 o A% over Fy does not admit any such filtration.
We avoid these counter-examples with a technical restriction on the prime p.

PROPOSITION (Proposition 3.16). Let A and p be partitions of size |A| and |u|. If p> 2|\ — 1,
the strict polynomial functor Sy o S, admits a finite filtration

0=T"CT"'C...CT°=85,085,

by strict polynomial functors of degree |\||u| where the graded pieces are Schur functors.

1.7 Plethysm and hyperbolicity

Since (¢, D)-ampleness is stable under extension, we can use Proposition 3.16 to see that
SAQ or (10g Drea) is (o, D)-ample if the graded pieces V() that appears in the plethysm
Sy o Sym? are (¢, D)-ample. It is worth pointing out that plethysm computations are really
hard and there is no known general combinatorial rule to express the coefficient 027 .5 Moreover,
determining effectively whether an automorphic bundle V(7) is (¢, D)-ample with Theorem 3
is also challenging as it involves the orbitally p-closeness condition. It is known since [Wil09,
Lemma 7] that the plethysm A* o Sym? belongs to one of the few cases where a general formula
is known. With this formula and an upper bound of the orbitally p-closeness condition, we were
able to show the following result.

THEOREM 4 (Theorem 8.6). Assume that p> g +3g + 1. For all k > g(g — 1)/2 + 1, the bundle

A* Sym? Q = QF ... (log Dyeq) is (¢, D)-ample.

In the case g € {2, 3}, we also prove that this bound on k is optimal, which is some evidence
that the hypothetical exceptional locus E C Sh*" has codimension g.

1.8 Organization of the paper

In §2, we recall some general results on algebraic representations of reductive groups in char-
acteristic p. In §3, we study the plethysm operation for Schur functors in characteristic p. In
§4, we introduce and study the main properties of (¢, D)-ample vector bundles. In particular,
we prove many stability properties that are summarized in Table 1. In §5, we recall the flag

5 At the beginning, we used a computer to find integer partitions A such that each automorphic bundle appearing
in the plethysm Sy o Sym? is (p, D)-ample (see Appendix B). Starting with g = 2, we have found that surfaces in
the Siegel threefold are of log general type. For each g € {2, 3,4}, the computer was able to find a partition A of
height equal to dim Sh —(g — 1) such that Sy o Sym? Q is (¢, D)-ample. For g =5, the plethysm computation was
too long to conclude and it became clear that we needed a different method.
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bundle construction associated to a general G-torsor. In §6, we prove that the adjoint bundle
of an ample (respectively, (¢, D)-ample) line bundle along a complete flag bundle, is an ample
(respectively, (¢, D)-ample) vector bundle. In § 7, we apply our result on the positivity of adjoint
bundles to the case of automorphic vector bundles over the Siegel variety. In particular, Figure 1
illustrate our ampleness result in the case g =2. In §8, we finish the proof of our main theorem
about the partial hyperbolicity of the Siegel modular variety in characteristic p.

2. Representations of algebraic groups

Recall that k is an algebraically closed field of characteristic p. In this section, we recall some
well-known results about algebraic representations of reductive groups over £ that can be found
in [Jan03]. Let G be a connected split reductive algebraic group over k. We choose a Borel pair
(B,T) of G, i.e. a Borel subgroup B C G together with a maximal torus T'C G defined over k.
Denote by (X*, ®, X,, ®") the root datum of G where X* is the group of characters of T', X, is
the group of cocharacters of T', ® is the set of roots of G, ®" is the set of coroots of G and

()X X X, 7

is the perfect pairing between the characters and the cocharacters of T'. To any root a € @, there
is an associated coroot a¥ such that (o, @) = 2. This choice of (B, T') determines a set of positive
roots @1 and a set of simple roots A C ®*. To simplify the statement of Proposition 7.15, we
follow a non-standard convention for the positive roots by declaring a € ® to be positive if the
root group U_, is contained in B. A character A € X* is said to be G-dominant (or simply
dominant if there is no ambiguity on the group G) if (A, a¥) >0 for all a € ®. We denote by p
the half-sum of the positive roots. We denote by W the Weyl group of G, [: W — N its length
function and wy its longest element. Consider a collection I C A of simple roots. We denote by ®;
(respectively, <I>;r) the set of roots (respectively, positive roots) obtained as Z-linear combination
of roots in I. We denote by W; C W the subgroup generated by the reflections s, where o € I
and TTWW C W the set of minimal length representatives of W;\W. We denote by ¢:G — G®)
the relative Frobenius morphism of G where G?) = G X} o k is the pullback along the Frobenius
map o: k — k of k. Since any split reductive group is a base change of a split reductive group
over Z, the reductive group G is isomorphic to G, For any G-module M, we define M®") as
the same module M with a G-action twisted by ¢".

Denote by Rep,(G) the category of algebraic representations of G on finite-dimensional k-
vector spaces. We use interchangeably the term G-module to denote any representation V &
Rep,(G). It is well-known that this category is not semi-simple but we can still define some
interesting highest weight representations.

PrOPOSITION 2.1 [Jan03, Part II, §2.4]. For any dominant T-character A, there is a unique
simple G-module of highest weight A that we denote by L(\).

DEFINITION 2.2 [Jan03, Part I, § 5.8]. For any character A of T', we denote by £, the line bundle
on the flag variety G/B defined as the B-quotient of the vector bundle G x; A — G where B
acts on G xj Al by

(9, 2)b=(gb~", A(b™ ")),
and where A is extended by zero on the unipotent radical of B.

Recall Kempf’s vanishing theorem.
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PROPOSITION 2.3 [Jan03, Part II, §4.5]. Let A be a dominant character. We have
HY(G/B,L£))=0
for every integer i > 0.

DEFINITION 2.4 [Jan03, Part II, §2]. Let X be a character of 7. The costandard G-module V()
of highest weight X is defined as the global section group H°(G/B, L)) where G acts through
left translation. The standard G-module A()\) of highest weight X is defined as V(—wg\)Y where
V denotes the linear dual in Repy(G).

PRrOPOSITION 2.5 [Jan03, Part II, §2.6]. The G-modules V(A) and A(X) are non-zero exactly
when A is dominant. Moreover, their highest T-weight is \.

It follows directly from their definition that V() and A()) have the same weights but they
are usually not simple and not isomorphic. We give a condition on the size of the highest weight
of a standard/costandard module to be simple.

PROPOSITION 2.6 [Jan03, Part II, §5.6]. If \ is a p-small character, i.e.
Yacdt, (A+p,aV)<p,
then we have isomorphisms
V(A)=A(N) =L(\N).
Remark 2.7. If X\ is p-small and p < A, then p is also p-small.

In positive characteristic, there is a very special algebraic representation called the Steinberg
representation St,.. The Steinberg representation is a self-dual simple G-module whose highest
weight is never p-small.

DEFINITION 2.8 [Jan03, Part II, §3.18]. Assume p#2 or p€ X*(T). For each r > 1, we define
the Steinberg module as

St i= V(5" — 1)p).
PROPOSITION 2.9 [Jan03, Part II, §3.19]. We have isomorphisms
V(' —1)p) = A" — 1)p) = L(p" — 1)p).
In particular, St, is a simple G-module.
We come to the main proposition that justifies our interest in the Steinberg representation.

PROPOSITION 2.10 [Jan03, Part 2, Chapter 3, §19]. Let A be a character and r > 1 an integer.
For all + > 0, we have an isomorphism of G-modules

HI(G/B, Ly 1)y ® Lyra) = Sty @H (G /B, £)®).
We recall the notion of V-filtration and A-filtration.

DEFINITION 2.11. Let V' be a G-module. A V-filtration is a filtration of V' where each graded
piece is a costandard module. A A-filtration is a filtration of V' where each graded piece is a
standard module.

Remark 2.12. The category Rep,(G) has the structure of a highest weight category.” Within
this framework, tilting modules are defined as modules that admits both a V- and a A-filtration.

”An introduction to this framework is given in [Ric16].
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The following proposition, due to Mathieu, states the existence of a V-filtration for the tensor
product V(A) ® V(i) of costandard modules.

PROPOSITION 2.13 [Mat90, Theorem 1]. Consider two dominant characters A, u in X*(T'). Then
the tensor product V(\) ® V(i) admits a V-filtration (V*);>o with graded pieces

VIV~ V(O + ),
where (j;); is a certain subcollection of weights of V().
Remark 2.14.

(1) Not all the weights p/ <p of V(i) such that A+ p' is dominant will appear in the
V-filtration.

(2) By duality, we deduce that tensor products of standard modules A(\) ® A(u) admit a
A-filtration.

COROLLARY 2.15. Consider two G-modules V and W. If V and W admit a V-filtration, then
V ® W admits also a V-filtration.

The following cohomological criterion is very useful to detect when a G-module possesses a
V-filtration.

PROPOSITION 2.16 (Donkyn criterion). Consider a G-module V. The following assertions are
equivalent:

(1) V admits a V-filtration;

(2) for any dominant character \ and i >0, Ext,(A()\), V) =0;

(3) for any dominant character \, Ext&(A(X), V) =0.

Proof. See [Jan03, Part II, §4.16]. O

COROLLARY 2.17. Consider two G-modules V and W. If V admits a V-filtration and W is a
direct factor of V, then W admits a V-filtration.

3. Plethysm for Schur functors in positive characteristic

3.1 Over the complex numbers

Classically, Schur functors are certain endofunctors
S : FinVectc — FinVect¢

of the abelian category of finite-dimensional complex vector spaces. The first example is given
by the nth-symmetric power Sym™ which sends a vector space V to the space of &,-coinvariants
(V) s where &, acts on V" by permuting the factors. A second example is given by the
nth-exterior power A™ which sends a vector space V to the space of &,-coinvariants (V®")g
where an element o € &,, acts on V®" by antisymmetrization

o1 ® - @ vp) =€(0)(Vg(1) @+ © V()"

n

8This definition is not correct over a field of characteristic p if p > n. We should instead consider a quotient by
the ideal generated by tensors of the form z1 ® - - - ® z,, where x; = z; for some 7 # j.
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In general, we consider a finite-dimensional representation 7 of the symmetric group &,, for some
integer n > 1 and we define the Schur functor

Sy : FinVecte — FinVectce
associated to 7 as
Sx(V)= (V" @m)e

where &,, acts via permutation on the first factor. It is well-known that irreducible represen-
tations 7 of &,, are in bijection with partitions A= (A; > Ay >--- >\, > 0) of n. This bijection
is made explicit by sending a partition A of n to the Specht module Sp, of shape A. We call
Sx = Ssp, , the Schur functor of weight A. It is well-known that for any two partitions A and p,
we have a direct sum decomposition

n)

Sho S~ @ Sy (1)
n
in the category of endofunctors of FinVectc. The problem of determining the coefficients CZ# is
called plethysm.”

Ezample 3.1. There is no known combinatorial rule for computing the coefficients CZM' To
illustrate how difficult the plethysm problem is, we give the following examples:

(1) SenoSan=>5S21111) @ Se21,1) D S32.1);

(2) the composition S(4 9) © S(3,1) involves 1, 238 different partitions n with a maximum multi-
plicity Cz, u of 8408; counted with multiplicity, there are 958,705 endofunctors in the direct
sum;

(3) the composition S(3 9 1y © S(4,2) involves 11,938 different partitions  with a maximum mul-
tiplicity cz, u of 9,496,674; counted with multiplicity, there are 4,966,079,903 endofunctors
in the direct sum.

3.2 Strict polynomial functors

In their founder article [FS97], Friedlander and Suslin introduced the category of strict polyno-
mial functors Pol over k. This functor category is well-behaved compared with the category of
endofunctors of FinVecty. In particular, when n > d, they prove an equivalence of categories

Poly ~ S(n,d) — Mod

between the category Poly of strict polynomial functors homogeneous of degree d and the category
of modules over the Schur algebra S(n, d).!? If V, W are finite-dimensional vector spaces over k,
we denote by Homy (V, W) the abelian group of scheme morphisms over k between V and W.
To clarify, we have Homyo(V, W) = Sym* (V") @, W and elements of Hom,(V, W) are called
polynomial maps between V and W.

9The term ‘plethysm’ was suggested to Littlewood by M. L. Clark after the Greek word plethysmos, or TAnfvopos,
which means ‘multiplication’ in modern Greek (though apparently the meaning goes back to ancient Greek). The
related term plethys in Greek means ‘a big number’ or ‘a throng’, and this, in turn, comes from the Greek verb
plethein, which means ‘to be full’, ‘to increase’, ‘to fill’; etc.

et A, = k[Mat,] denote the Hopf algebra freely generated by the k-vector space Mat,, of n x n matrices where
the non-commutative comultiplication is induced by the matrix multiplication on Mat,. Let A(n,d) C A, denote
the subalgebra of homogeneous polynomials of degree d. The Schur algebra S(n,d) is then defined as the linear
dual of A(n, d).
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DEFINITION 3.2 [FS97, Definition 2.1]. A strict polynomial functor
T : FinVectp — FinVect;

is a pair of functions, the first of which assigns to each V € FinVecty a vector space T(V') €
FinVect; and the second assigns a polynomial map

TV,W € Hompol(Homk(V, W), Homy; (T(V), T(W)))

to each V,W. These two functions should satisfy the usual conditions of the definition of a
functor:

(1) for any vector space V' € FinVecty, we have Ty,y (idv) = idp(y);

(2) for any U, V, W, the following diagram of polynomial maps commutes.
Homyg (V, W) x Homg (U, V) Homy (U, W)
\LTV’W X TU,V \LTU’W

Homy,(T(V), T(W)) x Homy(T(U), T(V)) —— Homy(T(U), T(W))

Let T : FinVect; — FinVecty be a strict polynomial functor. We say that 71" is homogeneous of
degree d if for all vector spaces V, W, the polynomial map

Ty,w € Homy,o) (Homy (V, W), Homy (T'(V), T(W)))
has degree d. We denote by Pol the category of strict polynomial functors of finite degree where
the morphism are morphism between the underlying functors.
PROPOSITION 3.3 [FS97, Proposition 2.6]. The category of strict polynomial functors (of finite
degree) decomposes

Pol = @ Pol,

d>0
where Poly is the full subcategory of Pol consisting of strict polynomial functors homoge-

neous of degree d. In particular, there are no extension between two strict polynomial functors
homogeneous of different degrees.

Ezample 3.4. We give some simple example of strict polynomial functors.

(1) The nth-tensor power (-)®" which sends a k-vector space V to V®" is homogeneous of
degree n.

(2) The nth-symmetric power Sym”™ which sends a k-vector space V to the space of &,-
coinvariants (V®")g, where &,, acts on V®" by permuting the factors is homogeneous of
degree n.

(3) The nth-divided power I'™ which sends a k-vector space V' to the space of &,-invariants
(VE™)En wwhere &,, acts on V" by permuting the factors is homogeneous of degree n.

(4) The nth-exterior power A™ which sends a vector space V to the quotient space V®"/I
where I is the ideal generated by elements 1 ® - - - ® x, such that x; = x; for some 7 # j
is homogeneous of degree n.

(5) If char(k) = p, the Frobenius twist (-)) which sends a k-vector space V to its pullback
V @k o k by the Frobenius map o : k — k is homogeneous of degree p.

Remark 3.5. The functors Sym™ and I'™ are isomorphic over a field of characteristic 0 but not
over a field of characteristic p > 0 when n > p.

267

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.196, on 30 Jul 2025 at 23:30:07, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms.
https://doi.org/10.1112/50010437X24007607


https://doi.org/10.1112/S0010437X24007607
https://www.cambridge.org/core
https://www.cambridge.org/core/terms

T. ALEXANDRE
Following [ABW82], we now define Schur functors and Weyl functors that are indexed by
partitions A as strict polynomial functors.

DEFINITION 3.6. Given a partition A= (k1 > kg >--- >k, >0), we write |A\|=>_;_, k, for its
size of A and ht(\) =r for its height.

DEFINITION 3.7. We represent a partition A = (k1 > ko > - - >k, > 0) with a diagram containing
r rows and such that for each 4, the ith row contains k; columns. Such a representation is called
a Young diagram.

Ezample 3.8. The Young diagram of the partition A= (4,2, 1) is as follows.

[

Its size is 7 and its height is 3.

DEFINITION 3.9. Given a partition A= (k; > ko > - - >k, > 0), we define its conjugate partition
N = (ky > ky>--- >k, >0) as the partition where k] is the number of terms of k; that are greater
or equal to i. Note that A and A" have the same size. Any integer [ between 1 and |\| determines
a unique position (i, j) in the Young diagram of A such that [ =ky + - - - k;—1 + j. Then, we define
a permutation on |A|-letters o € &)y by setting

oA(l)=ki+ - ki + .
Note that we have oy = 0;1.

Ezample 3.10. The conjugate partition of A = (8,4, 2)

v=|1]2]3]4]5]6]7]8]

9 (10]11|12
13|14
is N'=1(3,3,2,2,1,1,1,1),

N=[1]2]3
4156
7|8
9 (10
11

o
113
114]

and we have

1479111213142 5 8 10 3 6

DEFINITION 3.11. Let A= (k1 > kg >--- >k, >0) denote a partition, N = (k] > k) >--- >kl >
0) its conjugate partition and V' a finite-dimensional vector space over k. We define S,V as the

5 <1234 56 7 8 91011121314)
A= .
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image of the map

k' A®s A o\ A vor ki
R jc ATV S VO 2 vEN 0 @, Sym®™ v

where A : A'V — V® is the comultiplication given by

A(vp A Ayy) = Z 6(0)@0(1) @ D Vg (1)

oS,
V:V® - Sym' V is the multiplication given by
v(vl®"‘®vl):vl"‘vla
and oy : VBN — V@ g given by
oAV @ - V) = Uoy (1) @+ ® Uy (Ia)-
We define W)V as the image of the map

k. A®T (A oy @[\ v &®s k!
Q<ic, IV > VO >V l‘*>®1§jgsAJV

where V : V® — AV is the canonical quotient map and A : T'V — V® ig the canonical inclusion.
Note that we consider both the exterior and the symmetric algebras as Hopf algebras. These
construction are functorial in V' and define strict polynomial functors Sy and W) that are
homogeneous of degree |A|.

Ezample 3.12. We give the following examples.
(1) If A=(n), then Sy =Sym” and W) =T".
(2) If A=(1,...,1) is a partition of n, then Sy =W, = A".
ProproSITION 3.13. Let A be a partition of d and V € FinVecty. We have an isomorphism
S\(V)Y =W (VY),
which is functorial in V.
Proof. Follows from the fact that Sym™ (V)Y =T"(V") and A™(V)"V =A"(VVY). O
We state the main result of this section.

ProposITION 3.14 [FS97, Lemma 3.4]. Let d>1 be an integer and V a vector space of
dimension n. If n > d, the evaluation functor at V'

evy : Pol —— Rep,(GL(V))

T—— T(V)

restricts to an equivalence of category between Poly and the category Rep;,(GL(V))7° of polyno-

mial'! representations of GL(V') where G,, acts by z > 2%, Moreover, through this equivalence,
the Schur functor Sy maps to the costandard module V() and the Weyl functor Wy maps to
the standard module A(\) where we see A= (ki, ..., k,) as a character of the standard maximal

"Recall that a rational representation M of GL(V) is polynomial if its action of the algebraic group GL(V)
extends to an action of the algebraic monoid End(V).
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torus of GL(V)

. k1 -
A . b th . ghe
128
Remark 3.15. All the results of this section are valid if we replace FinVect; with the category
Loc(X) of locally free sheaves of finite rank over a k-scheme X.

3.3 A plethysm in positive characteristic under additional hypothesis

Take two Schur functors Sy and S), as strict polynomial functors over k and consider the compo-
sition Sy 0 .S),. It is a strict polynomial functor homogeneous of degree |A| |u|. Since the category
of algebraic representation of GL, is not semi-simple, we have no reason to hope for a decom-
position of Sy 0 S, as a direct sum of Schur functors. One might hope, that there exists at least
a filtration of Sy o S, where the graded pieces are Schur functors. Unfortunately, Bofli [Bof91]
and Touzé [Toul3, Corollary 6.10.] have found counter-examples to the existence of such filtra-
tions for plethysm of the form Sym* o Sym?, A¥ o Sym? and Sym* oA? with d >3 and p|k. More
precisely, Touzé has found an obstruction to the existence of such filtration that lives in the
p-torsion of the homology of the Eilenberg-Mac Lane space K(Z, d). In this section, we prove
the following existence result.

PROPOSITION 3.16. Let A\ and p be partitions. If p > 2|\| — 1, the strict polynomial functor
Sy oS, admits a finite filtration

0=T"CT"'C...CcT°=8,08,
by strict polynomial functors of degree |A||u| where the graded pieces are Schur functors.
We start with the following lemma.
LEMMA 3.17. If p>2|\| — 1, then Sy is a direct summand of (-)® in Pol| .-
Remark 3.18. If Sy = A™, then it is enough to ask that p > n.

Proof. Write A= (k1 >--- >k, >0). By Proposition 3.14, it is enough to prove that S\V is a
direct summand of VM in the category of GL(V)-modules for one k-vector space of dimension
greater than |A|. Consider a vector space V' of dimension n. Note that the surjection

Ve Ve 5 gymt v = ® Sym*: vV
1<ilr
admits a section when p > max; k; = k1. Indeed, we define it as s=51 ® - - - ® s, where

1

si(vivg -+ vp) = ) D Vo) @+ O Ug(ry)-

066;%

By definition, S)V is a sub-GL(V)-module of Sym* V and we would like to find a condition on
p that guarantees it is also a direct summand. The following exact sequence of GL(V')-modules

0 —— S\ V —— Sym*V —— Sym*V/S\V —— 0

is split if we can show that ExtéL(V)(SymA V/S)\V, SyV) vanishes. Let A denote the character

(IAl,0,...,0) of the standard maximal torus of GL(V'). Since Sym* V is of highest weight A, the
GL(V)-modules S,V and Sym* V/S\V are filtered by simple modules L(v) with v <. Under
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the assumption that X is p-small, Proposition 2.6 implies that we have isomorphisms
L(v)=V(v)=A(v)

for all characters v satisfying v < \. Since ExtéL(V)(Sym)‘ V/S\V, S\V) is the limit of a spectral
sequence involving Ext groups

Ext oy (L), L)) = Extgray (AW), V),

that vanishes by Proposition 2.16, ExtéL(V)(SylfnA V/S\V, S\V) must vanish. In conclusion, we

have the desired splitting, provided that A is p-small, i.e.
p>max(A+p,a¥)= max (A+p,e —¢j)
acd+t

1<i<j<n
’)\H_n—l n—3 n—1
= ma cey——— ) Ei— €5
1<i<5<n 2 2 2 )i
=[N+n—-1
Since our argument is valid only when n > ||, we get the bound p > 2|A| — 1. O

Proof of Proposition 3.16. By Proposition 3.14, it is enough to show that Sy o S,(V) admits a
V-filtration as a GL(V)-module where V' is one vector space of dimension greater that |A||u|.
Consider a vector space V' of dimension n > |A| |i|. By Lemma 3.17, S\(S, V) is a direct summand
of (S,V)®M as GL(S,V)-modules. After restriction to the category of GL(V)-modules through
the map GL(V) — GL(S,V) induced by S, S\(S,V) is again a direct summand of (S, V)%l
By Corollary 2.15, the GL(V')-module (S#V)®|>“ admits a V-filtration. By Corollary 2.17, the
GL(V)-module Sy 0 S,,(V) admits a V-filtration. O

Remark 3.19. Under the assumption of Proposition 3.16, the partitions (counted with multi-
plicity) of the Schur functors appearing in the graded pieces of the filtration of Sy o S, are the
same as that appearing in the decomposition (1) over the complex numbers. This is just a con-
sequence of the Z-linearity of the V()) in the space X*(T)" of W-invariants characters, but
we reprove it directly. First note that the weights of the GL(V)-module Sy 0 S, (V') where V is
a vector space of dimension > |A| |u| do not depend on the characteristic of the base field of V.
Then, we are left to check that a direct sum M =@, V(A)#* of costandard modules is uniquely
determined by its characters ch(M) = Zn d,n. We prove it with a descending induction on the
number of distinct factors of M. Consider the highest weight 7y appearing in the sum ch(M).
Clearly, V(np) is a direct factor of the module M because 7y cannot appear in the weights of a
costandard module V() with A <ng. Moreover, the multiplicity of V(o) in M is exactly d,
and we can pursue the induction with M’ =D, _, V(A)¥.

4. Positive vector bundles

In the positive characteristic, Hartshorne has defined in [Har66] two non-equivalent notions of
ampleness for vector bundles. The first notion is simply called ampleness, the second, strictly
stronger, is called p-ampleness. Furthermore, Kleiman has defined in [Kle69] a third notion, again
strictly stronger, called cohomological p-ampleness. For the convenience of the reader, we recall
some well-known results about globally generated sheaves and ampleness notions in positive
characteristic.

In §4.3, we consider an effective Cartier divisor D and we define a positivity notion for
vector bundles called (¢, D)-ampleness. In the case of line bundles, this notion is equivalent to
being nef and big with D as exceptional divisor. Let X be a projective scheme over k. We write
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©: X — X for the relative geometric Frobenius of X. If F is a sheaf on X and r>1 is an
integer, we write F*") := (o")*(¢"), F. We endow the finite-dimensional R-vector space A;(X)

of 1-cycles on X modulo linear equivalence with a norm ||-||. If C' is a projective curve and & is
a vector bundle on C, we denote by 6(€) the minimum of the degrees of quotient line bundles
of £.

4.1 Globally generated sheaves
DEFINITION 4.1. We say that a coherent sheaf F is globally generated at x € X if the canonical
map
HY(X, F) @, Ox = F
is surjective at x € X. We say F is globally generated over U C X if it is globally generated at
z forall z € U.
The following lemma is well-known.

LEMMA 4.2. Let x be a point of X. We have the following assertions.

(1) The direct sum of two globally generated sheaves at z is globally generated at x.

(2) Let F — F' be a morphism of coherent sheaves which is surjective at z. If F is globally
generated at x, then so is F.

(3) The tensor product of two globally generated sheaves at x is globally generated at x.
(4) The pullback of a globally generated sheaf at x is globally generated at x.

Proof. Left to the reader. O

4.2 Ample bundles
DEFINITION 4.3. We say that a line bundle £ over X is ample if the following equivalent
propositions are satisfied.
(1) For all coherent sheaf F on X, there is an integer ng such that F ®@ L®™ is globally
generated for all n > ny.

(2) For all coherent sheaf F on X, there is an integer ny such that the cohomology groups
H (X, F ® L") vanishes for all i >0, n > no.

(3) For any subvariety V' C X, we have
c (L)HmV V] >0
in the Chow ring of X.
Proof. For the equivalence of the definitions, see [Har66, Prop 1.1/1.2/1.4]. O]

From now on, we fix an ample line bundle Ox (1) on X and we write F(m) instead of
F ® Ox(1)®™ for any coherent sheaf F on X and integer m. We recall the definition of relative
ample line bundles.

DEFINITION 4.4. Let Y be a projective scheme over a base scheme S. Write f:Y — S for the
structure morphism. We say that a line bundle £ on Y is f-ample if the following equivalent
propositions are satisfied.

(1) For all coherent sheaf F on'Y, there is an integer ng such that the adjunction morphism
[ f(F®LO") = F® LO" is surjective for all n > ny.
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(2) For all coherent sheaf F on Y, there is an integer ng such that the higher direct image
sheaves R'f,(F @ L") vanishes for all i >0, n > ny.

Proof. For the equivalence of the definitions, see [Laz04b, Theorem 1.7.6] or [Sta2l,
Lemma 0201]. O

DEFINITION 4.5 [Har66]. We say that a vector bundle £ over X is ample if the universal line
bundle O(1) is ample on the projective bundle P(£). Note that the universal line bundle O(1)
is equal to the associated line bundle £y with A=(1,0,...,0) for the canonical isomorphism
X*(T) ~7Z"™ where T is the standard maximal torus of GL,,.

PROPOSITION 4.6. Let £ be a vector bundle on X. The following assertions are equivalent.

(1) The vector bundle £ is ample on X.

(2) For all coherent sheaf F on X, there is an integer ng such that F @ Sym™ £ is globally
generated for all n > ny.

(3) For all coherent sheaf F on X, there is an integer ng such that the cohomology groups
HY(X,F ®Sym" &) vanishes for all i >0, n > ny.

(4) There exists a real number € > 0 such that for all finite morphism g: C — X where C is a
curve, we have

(g% &) = ellg.Cl-

Recall that 6(g* £) is the minimum of the degrees of quotient line bundles of g* £ and |||
denotes a norm on A;(X), the k-vector space of 1-cycles modulo linear equivalence.

Proof. See [Har66, Proposition 3.2/3.3] for a complete proof of

(1) = (2) & (3).
For (1) < (4), this numerical criterion is due to Barton [Bar71]. O
PROPOSITION 4.7. We have the following assertions

(1) Let £ and &' be two ample vector bundles on X. Then € ® &' is ample.

(2) Consider an extension of vector bundles on X

0 » €1 » E » & 0

where £1 and £, are ample. Then & is ample.

(3) Let € and &' be two vector bundles on X such that € is ample and &' is globally generated
over X. Then the tensor product £ ® &' is an ample vector bundle.

(4) Let &€ — &' be a surjective morphism of O x-modules between two vector bundles. If € is
ample, then so is £’.

(5) The tensor product of ample vector bundles over X is ample.

Proof. See [Har66, Proposition 2.2/Corollary 2.5] for assertions (1), (3) and (4), [Har66,
Corollary 3.4] for assertion (4) and [Bar71, Theorem 3.3] for assertion (5). O

PROPOSITION 4.8. If £ is a vector bundle such that £™ is ample for some n > 1, then £ is also
ample.

Proof. Assume that £%" is ample. As a quotient of £, Sym” £ is ample and we conclude with
[Har66, Proposition 2.4]. O
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PROPOSITION 4.9. Let f:Y — X be a finite morphism of projective schemes and £ be an ample
vector bundle on X. If £ is ample on X, then f* &£ is ample on Y. If, furthermore, f is assumed
surjective, then the converse holds.

Proof. See [Laz04a, Proposition 1.2.9] and [Laz04a, Corollary 1.2.24]. O
COROLLARY 4.10. Let £ be a vector bundle and r > 1 an integer. Then £ is ample if and only
if €P") is ample.

Proof. Since the Frobenius map is finite surjective, it follows from the previous proposition. [

DEFINITION 4.11 [Har66]. We say that a vector bundle £ on X is p-ample if for all coherent
sheaf F on X, there is an integer 7o such that F ® P is globally generated for all 7 > 7.

LEMMA 4.12. For any coherent sheaf F and m > 0 large enough, we can write F as a quotient
of Ox(—m)®* for a suitable s > 1.

Proof. Choose m >0 large enough such that F(m) is globally generated over X. We get a
surjective morphism

0% — F(m)
for some s> 1 and then we tensor by Ox(—m). O

PROPOSITION 4.13. In the Definition 4.11, we can restrict ourselves to coherent sheaves of the
form F = Ox(—m) for all m >0 large enough.

Proof. We use Lemma 4.12 to write F as a quotient of O x(—m)®* for a suitable s > 1. Take n
large enough such that Ox(—m) ® & (?") is globally generated. Since the quotient of a globally
generated sheaf is globally generated, we get that F @ £?") is globally generated. O

PROPOSITION 4.14. If £ is p-ample on X, then &£ is ample.

Proof. Choose n large enough such that & (p")(—l) is globally generated. We deduce that £®")
is quotient of Ox (1)®° for a suitable s > 1. By assertion (3) of Proposition 4.7, £?") is ample
and by Corollary 4.10, £ is ample. O

Remark 4.15. The converse to the previous proposition is false in general (see [Gie71] for a
counter-example). However, in the special case where £ is a line bundle or X is curve, it holds
by [Har66, Proposition 7.3].

PRrOPOSITION 4.16. We have the following assertions.

(1) Let £ and &' be two p-ample vector bundles on X. Then £ ® &’ is p-ample.

(2) Let & and £’ be two vector bundles on X such that £ is p-ample and &' is globally generated
over X. Then, the tensor product £ ® £ is a p-ample vector bundle.

(3) Let &— &' be a surjective morphism of O x-modules between two vector bundles. If £ is
p-ample, then £ is also p-ample.
(4) The tensor product of p-ample vector bundles over X is p-ample.
Proof. See [Har66, Proposition 6.4/Corollary 6.7] for assertions (1), (2) and (4). Hartshorne does
not state assertion (3), so we give a proof. Let F be a coherent sheaf and r9>1 be an integer

such that F @ P is globally generated for all r > ro. For all > rg, the surjective morphism
& — &' induces a surjective morphism of O y-modules

FoeP) o FoE)r)

274

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.196, on 30 Jul 2025 at 23:30:07, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms.
https://doi.org/10.1112/50010437X24007607


https://doi.org/10.1112/S0010437X24007607
https://www.cambridge.org/core
https://www.cambridge.org/core/terms

POSITIVITY, PLETHYSM AND HYPERBOLICITY OF SIEGEL VARIETIES

and from assertion (2) of Lemma 4.2, the module F ®(8’)(p D s globally generated
over X. U

There is no known cohomological criterion for p-ampleness. However, Kleiman has defined in
[Kle69] the strictly'? stronger notion of cohomological p-ampleness.

DEFINITION 4.17. We say that a vector bundle £ on X is cohomologically p-ample if for all
coherent sheaves F on X, there is an integer 7o such that the cohomology groups H (X, F ® £ (pq‘))
vanishes for all i > 0, r > rg.

PropPoOSITION 4.18. If € is cohomologically p-ample on X, then £ is p-ample.
Proof. See [Kle69, Proposition 9]. O

To the best of the authors’ knowledge, the following statements do not appear in the literature
so we state them and provide a proof.

LEMMA 4.19. A direct sum of cohomologically p-ample vector bundle is cohomologically
p-ample.

Proof. The proof follows directly from the isomorphism
Hi(X,FoEa&P))=H (X, Fo P))o H (X, Fo&'®)). -

LEMMA 4.20. Let f:Y — X be a finite morphism of projective schemes and £ be a cohomolog-
ically p-ample vector bundle on X. Then f* £ is cohomologically p-ample on Y .

Proof. Let F be a coherent sheaf on Y. Since f is finite, the Leray spectral sequence degenerates
at page 2 and we have isomorphisms

Hi(X, f(Fof €P))) = Hi(Y, Faf £P))

for all ¢ >0 and r > 0. Since f is finite, the pushforward f, F is a coherent O x-module and the
projection formula implies that

f(Fof €M)=fFoer.
Since £ is cohomologically p-ample on X, there is an integer rg > 1 such that
H(X, [, FREP))=0=H(Y, Fo(f*&)®))
for all ¢ > 0 and r > r¢. In particular, f* £ is cohomologically p-ample on Y. O

4.3 The (¢, D)-ample bundles

If D is a Cartier divisor, we write Ox (D) for the associated line bundle. If F is a coherent
sheaf on X, then we simply write F (D) instead of F @ Ox (D). We consider an effective Cartier
divisor D on X and we define the notion of (¢, D)-ampleness for vector bundles over X.

DEFINITION 4.21. Let &€ be a vector bundle over X. We say that £ is (¢, D)-ample if there is
an integer ro > 1 such that for all integer r > r¢, the vector bundle &£ (pr)(—D) is ample.

In the case of line bundles, (¢, D)-ampleness has the following characterization.

PROPOSITION 4.22. Let L be a line bundle over X. Then L is (¢, D)-ample if and only if L is
nef and there is an integer ng > 1 such that £ (—D) is ample.

Proof. Note that LP) = £OP" for all r > 0. Assume that ro > 1 is an integer such that £®7’T(—D)
is ample for all » > rq. If £ was not nef, we could find a subcurve C' C X such that the intersection

2See again [Gie71] for an example of p-ample vector bundle that is not cohomologically p-ample.
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product

ci(£) - [C]
is negative. It would imply that the intersection product

c1(L(=D)) - [C]=p" (a1(£) - [C)) =D - [C]
—_——
<0

is negative for some r > r( large enough, which contradicts the ampleness of L' (—D). Inversely,
we assume that £ is nef and there exists an integer ng > 1 such that £ (—D) is ample. Let r
be an integer such that

r> logp ng
and consider

ﬁ(PT)(_D) — £®pT(_D) — ,C®n°(—D) ® c@pr—no’

which is ample as the tensor product of an ample line bundle with a nef line bundle. O

Remark 4.23. In the case of line bundles we will drop the ¢ from the notation and simply say
that the line bundle is D-ample.

PROPOSITION 4.24. Let L be a line bundle over X. The following propositions are equivalent:

(1) L is nef and big;

(2) there exists an effective Cartier divisor H on X, such that L is H-ample.

Proof. Assume that there exists an effective Cartier divisor H on X such that £ is H-ample. We
have seen in Proposition 4.22 that £ is nef and there is an integer ng > 1 such that £%"(—H)
is ample. Moreover, since we can write L& as a tensor product

LEM0 = L3 (—H) © Ox (H)

of an ample line bundle with an effective line bundle, £ is big. We are left to show the implication
(1)=(2). Since L is big, there exists an integer ng > 1 and an ample line bundle A such that
L8 @ A~ =Ox(H) with H an effective divisor. In particular, the line bundle £&™ (—H) is
ample. We conclude with Proposition 4.22. O

We prove some stability properties of (¢, D)-ample vector bundles. We first prove the
following easy lemma.

LEMMA 4.25. Let C be a projective curve and £ be a vector bundle on C. Recall that §(E)
denotes the minimum of degrees of quotient line bundles of £. Then, we have the following.

(1) If £ is a line bundle on C, then §(£ ®L)=06(E) + deg L.
(2) If f:C"— C is a finite morphism of degree d with C' a projective curve, then d§(&) >
0(f*&).

Proof of Lemma 4.25. For condition (1), take a line bundle £ — £ such that §(£) =deg £'. If
we tensor it by £, we get §(€ ® £) < deg L' + deg L = §(E) + deg L. The same argument applied
to £ ® L1 shows the reverse inequality. For condition (2), take a line bundle £ — £’ such that
5(E)=deg L. The pullback f* induces a quotient map f*& — f* L' = £'®% which shows that
5(f*&)<ddeg L' =di(€). O

PROPOSITION 4.26. Let £ be a vector bundle on X andn > 1 an integer. The following assertions
are equivalent:
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(1) & is (p, D)-ample;
(2) € is (p,nD)-ample.
Proof. Assume that £ is (¢, D)-ample and consider 79 > 1 such that
EP)(—D)

is ample for all r > ry. By Barton’s numerical criterion of ampleness recalled in assertion (4) of
Proposition 4.6, for all » > rg, we have a real number &, > 0 such that for all finite morphism
g:C — X where C' is a smooth projective curve over k, we have

8(g* EPV(=D)) = & 9:CIl,
which is equivalent to
3(g* EV)) =D - C > |g.Cll,

where D-C is the degree of the line bundle g* Ox(D)=0Ox(D)c (it is also equal to the
intersection number of D with C). If D - C <0, then

§(g* EP)(=nD))=6(g* EP =D -C - (n—1)D-C
>§(g" PN —-D.C
> er[l9:Cl,

forall r > ro. If D - C > 0, we take r1 > rg such that v > rg + logp(n) and let » > r; be an integer.
Since £?P")(—D) is ample, the bundle

(EP)(=D))P) = g (—pr—To D)
is ample and we have
8(g" EP(=p" D)) > 7 l9.C|
for some real number €/, > 0. Thus,
3(g* EW)(=nD)) =b(g" EP)(=p"° D)) + (p " =)D - C
> 8(g" P (—p" 0 D))
> &,/lg+Cl-
In conclusion, we have
3(g" EP)(=nD)) = min(e,, e7)[|g:C|

for all » >r; and all g: C'— X, which means that £ is (¢, nD)-ample. Inversely, consider an
integer ro > 1 such that for all » > ry, we have a real number ¢, >0 such that for all finite
morphisms ¢g: C — X where C is a smooth projective curve over k, we have

§(g* EP)Y —nD - C > e, 9:C|.
If D-C >0, we have
(" €W (=D)) =48(¢g* EP)(-nD)) + (n—1)D-C

[Q I

rllg:Cl
for all 7 > rp. Consider an integer 71 > ro +log, n. If D - C' <0, we have

P8 (g* EP)(=D)) > §(g* EP)(—p 0 D))
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>6(g" W) (=nD)) + (n—p"")D - C
> 6(g* €W (—nD))

> &r[lg:C|
for all » > rq. In conclusion, we have
. oo Er
3(g* EV(-D)) > S l9:Cl
for all r > 7y and all g: C'— X, which means that £ is (¢, D)-ample. O

PROPOSITION 4.27. Let £ and &' be two (p, D)-ample vector bundle on X. Then, £ & &' is
(¢, D)-ample.

Proof. Let g >1 be an integer such that for all r > rq, the bundles £?")(—D) and (8’)(pr)(—D)
are ample. For all » > ry, we have
(o€ (-D)=£")(-D)e ()" (-D),
which is ample by assertion (1) of Proposition 4.7. O
PROPOSITION 4.28. Consider an extension of vector bundles on X
0 >l >o2 0

where £1 and &y are (p, D)-ample and assume that X is regular over k. Then & is (¢, D)-ample.

Proof. On a regular scheme, the Frobenius morphism is flat by [Kun69] or [Sta21, Lemma 0ECO].
As a consequence, we have an integer r9 > 1 and an exact sequence

0 —— (£1)*P)(=D) —— (£)P)(=D) —— (£2)P)(=D) —— 0
of vector bundles on X where (£1)*")(=D) and (£3)?")(=D) are ample for all >rs. We
conclude with assertion (2) of Proposition 4.7. O

PROPOSITION 4.29. Let £ — &' be a surjective morphism of O x-modules between two vector
bundles. If € is (p, D)-ample, then &' is also (p, D)-ample.

Proof. Let 79> 1 be an integer such that for all 7 > rg, the bundle £")(—D) is ample. For all
r > rp, the surjective morphism & — &’ induces a surjection

0)(=D) = (£)"(-D)
and we conclude with assertion (3) of Proposition 4.7. O

PROPOSITION 4.30. The tensor product of (¢, D)-ample vector bundles is (¢, D)-ample.

Proof. Let g >1 be an integer such that for all r > rq, the bundles £?")(—D) and (5’)(pr)(—D)
are ample. For all r > rg, we have

(E® &) (—2D) =¥ (~-D)w (&)*)(~D)

which is ample by assertion (5) of Proposition 4.7. It shows that £ ® £ is (¢, 2D)-ample and we
conclude with Proposition 4.26. O

PROPOSITION 4.31. If £ is a vector bundle such that E°" is (¢, D)-ample for some n > 1, then
€ is also (¢, D)-ample.
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TABLE 1. Main properties of the different positivity notions, from the strongest to the weakest.

Cohomologically
p-ample p-ample Ample (¢, D)-ample
Stability of direct sum 4.19 4.16 4.7 4.27
Stability of extension ? ? 4.7 4.28 (X regular)
Stability of quotient ? 4.16 4.7 4.29
Stability of tensor product ? 4.16 4.7 4.30
Stability of tensor roots ? ? 4.8 4.31
Stability of pullback by 4.20 ? 4.9 4.32 (f~1D defined)
finite morphism
Descent along finite ? ? 4.9 4.32

surjective morphism

Proof. Assume that £®™ is (¢, D)-ample. By Proposition 4.26, £%™ is also (p, n.D)-ample. Let
ro > 1 be an integer such that for all » > rg, the bundle (5®”)(pT)(—nD) is ample. For all r > 1y,
the bundle

(€ (=D)™" = (€M™ (=nD)
is ample. Thus, the bundle & (pr)(—D) is ample for all r > rg by Proposition 4.8. O
ProproOSITION 4.32. Let f:Y — X be a finite morphism of projective schemes such that the
pullback f~'D is defined as an effective Cartier divisor of Y'* and £ be a (p, D)-ample bundle

on X. Then f* €& is (p, f~'D)-ample on Y. If, furthermore, f is assumed surjective, then the
converse holds.

Proof. Let rg > 1 be an integer such that for all r > ry, the bundle 5(pr)(—D) is ample. For all
r > rg, the bundle

FEPI(=D) = (17 &) (—f7'D)
is ample by Proposition 4.9. If f is assumed surjective, the converse holds by Proposition 4.9
again. [

Table 1 summarizes the different stability properties of ampleness, p-ampleness, cohomolog-
ical p-ampleness and (¢, D)-ampleness.
We explain the relationship between (p, D)-ampleness and other positivity notions.

PROPOSITION 4.33. Let £ be a vector bundle on X. Then,

& is L-big
g
E is ample ——= & is (¢, D)-ample =——= & is nef
\

EW) is V-big for some r > 1

Proof. The first implication follows directly from [Bar71, Proposition 3.1]. Now, assume that
€ is (p, D)-ample and consider the universal line bundle O(1) on the projective bundle P(£).
We have a surjective map 7* & — O(1) and since (p, D)-ampleness is stable under quotient by
Proposition 4.29, O(1) is, in particular, nef and big by Proposition 4.24. It shows that £ is nef
and L-big. Take r > 1 such that £ (pr)(—D) is ample. We deduce that there is an integer n >1

3By [Sta21, Lemma 0200], it is the case when f(z) ¢ D for any weakly associated point = of X or when f is flat.
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such that
Sym"™ (@) (~D)) ® Ox(~1) = Sym"(E?))(—nD) ® Ox(-1)

is globally generated. Since Sym" (€ (pT)) ® Ox(—1) can be expressed as a tensor product of a
globally generated vector bundle with Ox(nD), it is globally generated on the complementary
open subset of the support of D. It implies that the augmented base locus of £ (P") is not equal
to X, i.e. that £P") is V-big. O

5. Flag bundle associated to a G-torsor

5.1 Higher direct image

In this subsection only, 7:Y — X is a general scheme morphism. We recall some generalities
about cohomology and higher direct image.

PROPOSITION 5.1. For any Oy-module F, there is a spectral sequence starting at page 2:
Ey = HY(X, Rin.(F)) = H (Y, F).
Proof. See [Sta2l, Lemma 01F2]. O
We recall the projection formula.

PROPOSITION 5.2. Let F be a Oy-module, £ a locally free O x-module of finite rank and ¢ >0
an integer. The natural map

Rim, F @0, £ — Rn.(F Qo, 7" E)
is an isomorphism.
Proof. See [Sta2l, Lemma 01ES]. O
We recall the following lemma that appears also in [Ale24].

LEMMA 5.3. Consider two Artin stacks X and ) over k and a proper representable morphism
w:)Y — X. Consider a coherent sheaf F over ) which is flat over X and such that for any
geometric point x : Spec K — X fitting in a cartesian diagram

Yo=Y Xx.SpecK ——s Y
SpecK ——X——+ X

the complex R(m;),F|y, is concentrated in degree 0. Then, the complex Rm.F is also
concentrated in degree 0.

Proof. See [Ale24, Lemma 3.19]. O

5.2 G-torsors

In this subsection, k£ can be an algebraically closed field of any characteristic, G is a connected
split reductive group over k, P C G is a parabolic subgroup and X is a k-scheme. If Y is a scheme,
we denote by Mod(Qy) the abelian category of Oy-module on Y and Loc(Oy) C Mod(Oy ) the
fully faithful additive subcategory of locally free Oy-module of finite rank.
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DEFINITION 5.4. Let E be a G-torsor over X. We define the flag bundle of type P of E to be the
scheme Fp(FE) over X that represents the functor whose S-points are P-reduction of E x x S
over S.

DEFINITION 5.5. Let V be an algebraic representation of G and E a G-torsor over X. We define
the contracted product of ' and V over G to be the representable quotient X-scheme

VxYE:=V x E/G,

where V is the k-vector space scheme associated to V and G acts on functorial points by
g(v, e) = (gv, ge). Note that the structure of k-vector space on V endows V x & E with a structure
of vector bundle of rank dimy V over X.

DEFINITION 5.6. Let E be a G-torsor over X. We define a functor
W :Rep(G) — Loc(Ox)
through the formula
W)=V xYE,
where V' is an algebraic representation of G.

DEFINITION 5.7. Let E be a G-torsor over X and 7: Fp(E)— X the flag bundle of type P of
E. We define a functor

L:Rep(P) — Loc(Or ()
through the formula
LV)=Vx"H,
where V' is an algebraic representation of P and H is the universal P-torsor on Fp(E).

Remark 5.8. If A€ X*(P) is a character of P, we simply write £y for the associated line bun-
dle on Fp(E). We also write W) for the vector bundle associated to the G-representation
H(G/P, L)) =V()\). We simply denote by St, the image of the Steinberg module by W.

PRrOPOSITION 5.9. The functor W and L are monoidal and exact.
Proof. This is a general result on associated sheaves [Jan03, Part 1, Chapter 5]. 0

ProproSITION 5.10. Let E be a G-torsor over X. Then, the following diagram commutes where
Ind% : Repy,(P) — Repy(G) and Res$ : Repy,(G) — Repy(P) are the induction and restriction
functors.

Rep(P) £, Loc(Or,(r))

llndg lw*

Rep(G) —w Loc(Ox)

lResg lﬂ'*
Rep(P) £, Loc(Of,(g))

Moreover, if \ is a dominant character of P, then Rw,L) is isomorphic to W), concentrated in
degree 0.

Proof. The commutativity of the lower square follows directly from the definitions. We focus on
the commutativity of the upper square. Consider a representation V' of P. We have a cartesian
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diagram
Fp(E) —T |P\x]

X — [G\x)
where the map ( is induced by F, the map (p is induced by the universal P-reduction of E
on Fp(E) and the vertical arrow 7 between the classifying stacks is induced by the inclusion
P CG. Denote by L(V) the vector bundle on the classifying stack of P associated to V and

W(V) the vector bundle on the classifying stack of G associated to the G-module Ind%(V). Tt
follows directly from the definitions that

TLV)=W(V),

CHL(V)=L(V),

CWV) =W(V),

as sheaves on the stack |G\x]. Since ( is a flat morphism of algebraic stacks, the base change
theorem in the derived category of quasi-coherent sheaves over X tells us that the map

¢* o R L(V) =5 R, o (hL(V) (2)
is an isomorphism. Taking global sections in (2) yields the following isomorphism over X.

W) = CrL(V) —=— m,L(V)

Now assume that A is P-dominant. By Kempf’s vanishing theorem from Proposition 2.3 combined
with Lemma 5.3, we deduce

Rm.Ly=m.L),
R Ly =7 L)y,

and we get an isomorphism
Rr. Ly ~W,][0]. O
PROPOSITION 5.11. Let A be a character. For all r > 1, we have isomorphisms
e (Lpr(rgp)—p) = Str W)
Proof. This is a direct consequence of Propositions 2.10 and 5.10. O

PROPOSITION 5.12. Let Pr be a standard parabolic subgroup of G of type I. Let E be a G-torsor
over X and w:Fp,(E)— X the flag bundle of type Pr of X. We have an isomorphism

t,
U myx = Lrpr

where top denotes the relative dimension of m and pr = 5 Zaeqﬁ Q.

Proof. From the cartesian diagram

Fp,(B) —— |Pr\#]

A
X —— |G\%]

282

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.196, on 30 Jul 2025 at 23:30:07, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms.
https://doi.org/10.1112/50010437X24007607


https://doi.org/10.1112/S0010437X24007607
https://www.cambridge.org/core
https://www.cambridge.org/core/terms

POSITIVITY, PLETHYSM AND HYPERBOLICITY OF SIEGEL VARIETIES

we deduce an isomorphism ¢ *971% = QL. We know that
QL = L(Lie(G)/ Lie(Pr)"),
hence
QWP ~ L(A"P Lie(G)/ Lie(Pr)Y).

The weights of the T-action on Lie(G)/ Lie(Ps) are the roots —®7, so AP Lie(G)/ Lie(Py) is a
one-dimensional module of weight —2p; and by taking the linear dual, we get an isomorphism
QP =C QP =L o, O

6. Pushforward of positive line bundles

Recall that k is an algebraically closed field of characteristic p. Let X be a projective scheme
over k and D an effective Cartier divisor on X. Let E be a G-torsor and write 7: Y — X for the
flag bundle of type B of E as defined in Definition 5.4. We also write D for the Cartier divisor
7~1(D) on Y. Recall that we have fixed an ample line bundle Ox (1) on X and that we write
F(m) instead of F @ Ox(1)®™ for any coherent sheaf F on X and integer m. We start this
section with some preliminary results.

LEMMA 6.1. Consider a finite surjective morphism ¢: G’ — G of algebraic groups with central
kernel. Then there exists a projective scheme X' and a finite surjective morphism f: X' — X
such that the pullback of the G-torsor f*E reduces to a G'-torsor on X'.

Proof. Let us denote by BG = |Spec k/G| and BG' = |Spec k/G'] the classifying stacks of G
and G’. The G-torsor E on X corresponds to a map bg : X — BG and ¢: G’ — G induces a map
by : BG' — BG on the classifying stacks. Let K denote the kernel of g. We consider a cartesian
product

N h
~
~

\ N

X/
|
\
\

\ A B
\ X —— BG'

\
aoh \\\\ l‘)‘ lby

S b

X 5 BG
in the category of Artin stacks over k and the objective is now to prove that there exists a
scheme X’ over k and a morphism h: X’ — X such that aoh: X’ — X is finite surjective. The
first step is to show that « is quasi-finite, proper'* and surjective. By base change along bg, it
is enough to show it for b,. Since K is central, we have a cartesian product

BK —— BG'

L

Speck _be BG

where bg is the classifying map of the trivial G-torsor on Spec k. We claim the map BK — Spec k
is proper, quasi-finite and surjective. The only non-trivial part is to show that BK — Speck is

4See [Ols16, §10.1] for a reference on properness for non-representable morphisms of stacks.
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T. ALEXANDRE

separated, i.e. that its diagonal is proper. We have a cartesian product
K —— Speck

! !

BK — BK x;, BK

and since K is finite, the diagonal BK — BK X BK is also finite by faithfully flat descent. By
faithfully flat descent along b¢, it implies that the map b, is quasi-finite, proper and surjective.
The second step is to find a finite surjective morphism A : X’ — X approximating the Artin stack
X. By [Ryd15, Theorem B], we have to check that the diagonal of a.: X — X is quasi-finite and
separated. By base change and faithfully flat descent, it follows from the fact that the diagonal
of BK — Speck is finite. Combining the two steps, the composition « o h is finite surjective. [

We give a sufficient cohomological condition for a vector bundle to be ample.

PROPOSITION 6.2. Let £ be a vector bundle over X. Let A\ € X* be a character. If for all coherent
sheafs F, there is an integer 1o such that

Hi(X, FoSt, @ WF))=0
for all t > 0 and r > rg, then W), is ample.
Proof. We consider a coherent sheaf F = O x(—m) with m >0 and we write
G, =St, @ WP @ Ox(—m).
Let x € X be a closed point. From our hypothesis, there is an integer rg such that
H'(X, G, ©L,) =0,

where Z, is the ideal sheaf defining the closed point z. From the long exact sequence of
cohomology associated to the exact sequence

00— Gy®Zy — Gry — Gy @k(z) — 0

we deduce that the map
H°(X,G,,) = H(X, Gy, ® k(z))

is surjective. In other words, G,, is globally generated at z. It implies there exists an open U
containing x such that G,, is globally generated over U. Since St,, is self dual, there is a canonical
surjective map

St2? — Ox .

Since the tensor product of globally generated sheaves over U is again globally generated over
U, we deduce that

g82 = 8t22 W) ") @ Ox (—2m)

is a globally generated over U. Since the quotient of a globally generated sheaf over U is globally
generated over U, we know that

W) (—2m)
is globally generated sheaf over U. Now, let r > rg be an integer. From the equality

- o (p7="0)
WE2) P (oprrom) = (W) (—2my)) T
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we deduce that (W?Z)(pT.)(—QpT_TDm) is globally generated over U. Now take r; large enough to
have Ox ((2p" " — 1)m) globally generated. We deduce that

WE2) ) (—2prom) @ Ox (20770 — 1)m) = (WE2)P (—m)

is globally generated over U for all r > r;. Since X is quasi-compact, we can find an integer ro > 71

such that (W%z)(pr)(—m) is globally generated over X for all r > ry. We use Proposition 4.13 to
deduce that W%z is p-ample. By Proposition 4.14 and 4.8, it implies that W) is ample. O

We give a sufficient cohomological condition for a vector bundle to be (¢, D)-ample.

PROPOSITION 6.3. Let £ be a vector bundle over X. Let A € X*(T') be a character. If there exists
an effective Cartier divisor D and an integer ro > 1 such that for all r > ry and all coherent sheaf
F over X, there is an integer r1 > 1 such that for all ' > ry and i > 0, we have

H’L(X, F® Str-‘r’l" X Wg\pTJrr )(_pr’D)) = O,
then W), is (¢, D)-ample.

Proof. Using Propositions 4.13 and 4.14, it is sufficient to see that there exists integers n > 1 and

ro > 1 such that for all r > rg, the bundle ng T)(—nD) is p-ample. In other words, it is sufficient
to see that there exists integers n>1 and g > 1 such that for all 7 >rg and all m > 1, there
exists r1 > 1, such that for all 7' > r{, the bundle

r+r! ,
W) (<" nD)(—m)

is globally generated over X. By hypothesis, we have a Cartier divisor D and 79 > 1 an integer.
Consider two integers r > rg, m > 0 and write

rtr’ ’
G =Stysr @ WP (<" D) ® Ox (—m).
Let x € X be a closed point. By hypothesis, we have an integer r; > 1 such that
HY(X, G, ® I,) =0,

where Z, is the ideal sheaf defining the closed point z. From the long exact sequence of
cohomology associated to the exact sequence

0 —G,®Zy — G, — Gy ®@k(z) — 0

we deduce that the map
H(X,Gr,) = HY(X, Gy, @ k()

is surjective. In other words, G,, is globally generated at x. It implies there exists an open U
containing x such that G,, is globally generated over U. Since the Steinberg module is self-dual,
there is a canonical surjective map

St®2

r+7r1

—>Ox.

Since the tensor product of globally generated sheaves over U is again globally generated over
U, we deduce that

a2 (—2pm D) @ Ox (~2m)

is globally generated over U. Since the quotient of a globally generated sheaf over U is globally
generated over U, we know that

47
WE P (_opm D) @ O x (—2m)

r+7r,
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is a globally generated sheaf over U. From the equality

(')

Ty et ’ _p
(W)™ (—2pm D) (—2m)) = W2 (op D) (~2p" "),

! ’ ’
we deduce that (Wf?z)(p )(—2p7" D)(—2p" ~"™m) is globally generated over U. Now take ry >y
large enough to have Ox ((2p" ~™ — 1)m) globally generated for all 7/ > ro. We deduce that

r+r! , , ,
WE) ) (apr DY(—2p" " rm) @ Ox (2p7 " — 1)m)
! ,
— W) (—2p” D) (—m)

is globally generated over U for all v’ >ry. Since X is quasi-compact, we can find an integer

rg >y such that (W;?Q)WM )(—2p”/D)(—m) is globally generated over X for all ' >r3. In
conclusion, we have proven that Wf)z is (¢, 2D)-ample, which is equivalent to (¢, D)-ample by
Proposition 4.26. Then, we use Proposition 4.31 to deduce that W), is (¢, D)-ample. O

THEOREM 6.4. Let A€ X*(T') be character. If Loy 2, is ample on Y, then W) is ample on X.

Proof. Consider a semi-simple cover of G (the existence is proved in [Jan03]), i.e. a finite sur-
jective morphism h : G’ — G of reductive groups with central kernel such that G/ = Gy x 11 is a
product of a semi-simple simply connected group G, with a torus 77. Since ampleness can be
tested after a pullback by a finite surjective morphism by Proposition 4.9, we can use Lemma 6.1
to assume that p is a genuine character. Assume that £y, is ample and consider a coherent
sheaf F on X. We have a Leray spectral sequence starting at the second page

By = H(X, FoRIm. (LY} @ L )= H (Y, 7" Fo LY @ L ,).
Since L4, is ample on Y, it is also m-ample and we have

Rim (L ®L,)=0

for all j >0 and r large enough. We deduce that the spectral sequence degenerates at page 2
and we get isomorphisms

H'(X, Fom (L @L ) =H(Y,m Fo LY &L ,)

for all 4 >0 and r large enough. Moreover, since £y, is ample, the right-hand side vanishes for
i >0 and r large enough. From Proposition 2.10, we know that

T (L (xp)—p) = Str O
and from Proposition 6.2, we deduce that W, is ample. O

THEOREM 6.5. Let A€ X*(T') be character. If Loxi2, is D-ample over Y, then Wy is (¢, D)-
ample on X.

Proof. Since (p, D)-ampleness can be tested after a pullback by a finite surjective morphism
by Proposition 4.32, we use the same trick as in Theorem 6.4 to assume that p is a genuine
character. Consider rg > 1 large enough such that E%ﬁ;(—D) is ample for all r > ry. Let F be a
coherent sheaf on X and r > r( integer. For all integers r’ > 1, we have a Leray spectral sequence
starting at the second page

By = (X, FoRm (L5, (~p" D)@ L))

= HH (Y, 7 Fo Ll " (-p"D)®L,).
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Since E%ﬁrp(—D) is m-ample, there is a r; > 1 large enough such that

Rim (L7 (=g D) @ L) = Rim (L2 (D) @ £_,) =0

for all j >0 and 7’ > r;. We deduce that the spectral sequence degenerates at page 2 and we get
isomorphisms

i e i x ke
H'(X, Fer(L5y, (=" D)@ L) =H (Y, 7" Fo LY, (—p"D)®L,)

for all >0 and ' > ry. Since E?ﬁ;(—D) is ample on Y, there exists 79 > r1 such that we have

H(Y, 7" F (LY (-D)*" @L_,)=0
for all 4> 0 and 7’ > ro. From Proposition 2.10, we know that

, rt+r! ,
Ta(Lprir (g )P D)) =Styyr @WP ) (—p D),

which implies that

HZ(X, F® Str+7“’ ®W)(\p7“+7‘ )(_pr'D)) =0
for all 7’ > 5. We deduce with the technical Proposition 6.3 that W) is (¢, D)-ample. O

7. Positivity of automorphic vector bundles on the Siegel variety

In this section, we prove that certain automorphic bundles on the Siegel modular variety are
(¢, D)-ample for some effective Cartier divisor D.

7.1 Recollection on Siegel modular varieties

We start by recalling some well-known results from [FC90] on Siegel modular varieties and their
toroidal compactifications. We denote by Schp the category of schemes over a ring R.

DEFINITION 7.1. Let V be the Z-module Z?9 endowed with the standard non-degenerate
symplectic pairing

YV VXV — 7

(z,y) —— taJy

_( 0 1
= (5)

We denote by Spy, the algebraic group over Z of 2g x 2g matrices M that preserve the
symplectic pairing v, i.e. such that

where

tMIM = J.

DEFINITION 7.2 [FC90]. Let N be a positive integer such that p{ N. Recall that k is an alge-
braically closed field of characteristic p. Consider the fibered category in groupoids A, x on Schy,
whose S-points are groupoids with the following.

— Objects: (A, A\, ¥ ) where A — S is abelian scheme over S of relative dimension g, A\: A — AV
is a principal polarization and

YN A[N] = (Z /N Z)%
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is a basis over S of the N-torsion of A.
— Morphisms: A morphism (A, A\, ) — (A", N, ¢'y) is a scheme morphism «: A — A’ over S
such that the diagram

A—2 5 A

b

AV —— A"
«

is commutative and the pullback of ¥n by « is 9.

ProposiTiION 7.3 [FC90]. For any integer N >3 such that pt N, the fibered category in
groupoids Ay n is representable by a smooth integral quasi-projective scheme over k.

Notation 7.4. We denote by G the base change of the algebraic group Spy, over k. We fix a
genus g > 1 and a level N > 3 such that p{ N. We denote simply by Sh the Siegel modular variety
Ag.n. Let 1 be the following minuscule cocharacter of G.

w:Gp —mm G

21y 0
o 0 z_lfg )

We denote by PT := P, and P := P_, the associated opposite parabolic subgroups with common
Levi subgroup L = GL, over k. We denote by B C P the Borel of upper triangular matrices in
G = Spy, over k. We denote by @, (respectively, <I>JLF) the corresponding roots of L (respectively,
positive roots of L).

DEFINITION 7.5 [FC90]. As a fine moduli space, the Siegel variety Sh is endowed with a universal
principally polarized abelian scheme of relative dimension g
AL sn
~_ —

e
where e: Sh — A is the neutral section. Recall the following associated objects on Sh.

(1) We denote by ’HéR = R! J (2% / gp) the de Rham cohomology vector bundle of rank 2g
over Sh.

(2) We denote by Q= e*Qz/ g, the Hodge vector bundle of rank g over Sh.

Note that the Weil paring and the principal polarization on the universal abelian scheme f:
A — Sh induce a symplectic pairing of the same type as ¢ on HéR. In other words, the de Rham
cohomology is equivalent to the data of a G-torsor on Sh.

PRrOPOSITION 7.6 [DI87]. The Hodge-de Rham spectral sequence
By = RIfu () = R L 1)
degenerates at page 1 which proves the existence of the Hodge—de Rham filtration
0 —— Q —— Hlzx —— R'f.04 —— 0.
Moreover, the Hodge bundle () is totally isotropic for the symplectic pairing on HéR which

implies that the Hodge-de Rham filtration is equivalent to the data of a P-reduction of the
G-torsor H) on the Siegel variety.
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In the next definition, we recall the main properties of toroidal compactifications of Siegel
varieties.

DEFINITION 7.7 [FC90, Chapter 4], [Lanl2, Th. 2.15]. Let C' denote the cone of all positive
semi-definite symmetric bilinear forms on X* ®z R with radicals defined over Q. Following the
definitions [FC90, Chapter 4, Definition 2.2/2.3], we consider a smooth GL(X*)-admissible
decomposition ¥ = {04}, in polyhedral cones of C. Following Definition [FC90, Chapter 4,
Definition 2.4], we assume furthermore that ¥ admits a GL(X*(T))-equivariant polarization
function. The existence of a polyhedral cone decomposition ¥ satisfying these assumptions is
ensured by [AMRT10] and [KKMS73]. Denote by Sh*" the toroidal compactification of the Siegel
variety associated to X. It follows from the assumptions on ¥ that Sh*™" is a smooth projective
scheme over k satisfying the following assertions.

(1) The boundary D,eq = Sh*" — Sh with its reduced structure is an effective Cartier divisor
with normal crossings.

(2) The universal abelian scheme f: A — Sh extends to a semi-abelian scheme ft*: A" —

Shtor'
(3) The sheaf Qtor .— e*th / Shtors is a vector bundle of rank g that extends the Hodge bundle
Q to Shtom>,

(4) By [FC90, Chapter 4] or [Lan12, Th. 2.15, (2)] there exists a log-smooth projective com-
pactification f*r: A*T — Sh*" of the semi-abelian scheme f°r: A%" — Sh*" and we again
denote by D,cq the divisor with normal crossings A" — A.

(5) By [FC90, Chapter 4] or [Lan12, Th. 2.15, (3)], the log-de Rham cohomology

1 o pl/rt A
Hlog —dR - — R (f Or)*thor/ Shters

where Q;imr / Shter is the complex of log-differentials
_. .
intor/ Shter — AZ QAtor/ Shtoer

= Aiﬂ}qtor (IOg Dred)/(.)Ftor)*QéhtOr (IOg Dred)a
is a Spyg-torsor that extends the de Rham cohomology ’H(liR to Sh'r,
(6) The logarithmic Hodge—de Rham spectral sequence

Ei,j _ R‘j(f_‘tor)*Q%mr/ Sptor = Hiiog _dR ‘= Ri(f_‘tor)*Q:Ktor/ Shter

degenerates at page 1, which proves the existence of a P-reduction of the Spy,-torsor
7—[110g _ 4r extending the Hodge-de Rham filtration to Sh*".

The Hodge line bundle w = det Q" is usually not ample on the Siegel variety Sh*" but it satis-
fies a weaker positivity result we explain. We recall the definition of the minimal compactification
of the Siegel variety.

DEFINITION 7.8 [FC90, Chapter V]. The minimal compactification Sh™" of the Siegel variety
Sh is defined as the scheme

Proj(@®n>0H(Sh'", w®™)),
where w = det Q%" is the Hodge line bundle.

PROPOSITION 7.9 [Mor85, Chapter IX, Theorem 2.1, p. 208]. The Hodge line bundle w is semi-
ample on Sh™", i.e. there exists an integer m >1 such that w®™ is globally generated over
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Sh'T. In particular, the Hodge line bundle descends to an ample line bundle on the minimal
compactification.

ProposITION 7.10 [FC90, Chapter V, Theorem 5.8]. The toroidal compactification Sh**" is the
normalization of the blow-up of Sh™"

v : Sh** — Sp™™
along a coherent sheaf of ideals I of Ogjmin .

In particular, the pullback v*Z is of the form Ogyrer(—D) where D is an effective Cartier divi-
sor whose associated reduced Cartier divisor is the boundary D,eq. It follows from the ampleness
of w on Sh™" and the v-ampleness of Ogyrer(—D) that there exists 79 > 0 such that w®?(—D) is
ample for every 1 > np. In other words, we have the following result.

COROLLARY 7.11. The Hodge line bundle w = det Q" is D-ample on the toroidal compactifi-
cation Sh'°".

Remark 7.12. The effective Cartier divisor D appearing in the corollary obviously depends on
the choice of the GL(X*)-equivariant polarization function on the decomposition in polyhedral
cones X..

7.2 Automorphic vector bundles

We define the automorphic vector bundles over the Siegel variety. We choose an intermediary
parabolic subgroup Py C P of type I C I C A and we denote by Fy 1, := Py N L C L the parabolic
subgroup of L.

DEFINITION 7.13. We define the flag bundle 7r:YIt0°r—>Sht°r of type Iy as the flag bundle
Fp,, (%) (as in Definition 5.4) of type Py 1, of the L-torsor Q.

DEFINITION 7.14. From Definitions 5.6 and 5.7, we have functors

W :Rep(L) — Loc(Ogpter ),
L :Rep(FPo,r) = LOC(OYIt(;)r)7

and we call any vector bundle in the essential image of these functors an automorphic bun-
dle. Moreover, if A is a character of Py, we denote by V(A) the automorphic vector bundle
V\/(Indl.L;U . A) on Sh*" and £ the automorphic line bundle £()) on Yo', With our conventions

the module Ind{EhL A is isomorphic to the costandard representation of highest weight wowg, .

COROLLARY 7.15. Let A\ be a dominant character of Py. We have an isomorphism of vector
bundles

Rm. L=V (A\)[0].
Proof. The proof is a direct consequence of Proposition 5.10. O

Ezxample 7.16. We have the following special cases.

(1) I A=(0,...,0,—1), then V(\) = Qtr;
(2) I A=(0,...,0,—n) with n>1, then V()\) = Sym™ Q.
(3) If A=(—1,...,—1), then V(\) = AIQr = .

We recall the Kodaira—Spencer isomorphism.
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ProPOSITION 7.17 [FC90, Chapter 3, §9]. The Kodaira—Spencer map on the toroidal compact-
ification of the Siegel variety

pKs : Sym? Q' =5 Ql .. (log D)

is an isomorphism between the automorphic bundle V(0, ..., 0, —2) and the sheaf of logarithmic
1-differentials Q... (log D). Taking the determinant yields an isomorphism of line bundles

Oeer (log D) = V(=2p"),
where d is the dimension of Sh'" and
1
,OL = 5 Z .
acd+H\&f

We recall a result on the D-ampleness of automorphic line bundles £ that admits generalized
Hasse invariants.

DEFINITION 7.18. Let A be a character of T'. For every coroot such that (\, a) # 0, we set

O] )

Orb(\, oY) = {M

and we say that A is:
(1) orbitally p-close if maxy,ece Orb(\, V) <p—1;
(2) Zg-ample if (A, ) >0 for all « € I and (A, a") <0 for all a € dT\®}.
The following result is due to [BGKS].

PROPOSITION 7.19 [Ale24, Theorem 5.11]. Let A be a character of T. If X is orbitally p-close
and Zg-ample, then Ly is D-ample on Y.

We can now state and prove one of our main results.

THEOREM 7.20. Let A be a dominant character of T':

(1) if A is a positive parallel weight, i.e. A\=Fk(1,...,1) with k <0; or
(2) if 2\ + 2py, is orbitally p-close and Zy-ample;

then the automorphic vector bundle V() is (¢, D)-ample on Sh**.

Proof. This a direct consequence from Theorem 6.5 and Proposition 7.19. O

To illustrate our result when g=2, we represent the weights A = (k1, k2) such that the
automorphic bundle V() is (¢, D)-ample on the Siegel threefold for different values of p in
Figure 1.

8. Hyperbolicity of the Siegel variety

8.1 The supersingular pencil of Moret-Bailly

Recall that £ is an algebraically closed field of characteristic p. Denote by Sh, the Siegel variety of
genus ¢ and full level N >3 (with p{ N) over k and Shgor a smooth toroidal compactification with
boundary a normal crossing divisor D,.q. Recall that D denotes the effective divisor supported on
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FIGURE 1 (colour online). The (¢, D)-ampleness of automorphic bundles V(\) when g = 2.

the boundary that appears as the exceptional divisor of the blow-up from Sh‘tgor to the minimal
compactification of Sh,. In [Mor81], Moret-Bailly constructed a non-isotrivial family A — P}
of principally polarized supersingular abelian surfaces over the projective line with a full level
N-structure. This family yields a closed immersion ¢o :]P’,lC — She whose image belongs to the
supersingular locus of the Siegel threefold. In particular, we already know that Shgor is not
hyperbolic when g=2. This family can be used to contradict the hyperbolicity of the Siegel
variety for all g > 2: take an abelian variety Ag of dimension g — 2 over k and consider the closed
immersion ¢ =14, o t2

P}, —— Shi
N
LAg

t

S}I;Dr

where 14, sends an abelian surface A to the fibre product A xj Ap. It also shows that the
logarithmic cotangent bundle Qéhmr (log Dyeq) cannot be nef. Indeed, ¢ induces a surjective

morphism
L*Qéhmr (log Dyeq) — Qﬁﬁl
and if Q.. (log Dreq) was nef, it would imply that Ql, = Opi(—1) is nef. In the rest of this

subsection, we study more closely the non-positivity of certain automorphic bundles. Our goal
is to show the following.

PROPOSITION 8.1. Assume that g€ {2,3}. Any automorphic bundle V(ki,..., k) on Sh*
where k1 =0 is not nef.

Remark 8.2. In particular, we recover that the bundle Qéhm (log Dyeq) =V(0,...,0,—2) is not
nef. We believe that this result generalizes to every g > 2.
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Proof. Consider a dominant character A of T' and write Iy C I for the set of simple roots such
that (A, @) = 0. As a consequence, the line bundle £ on Yltoor is relatively m-ample which implies
that we have a surjective map for some n > 1 large enough

T LT =7V (nX) = LS

In particular, if V(\) was nef, it would imply that V(X)®", hence V(n)) and £, would be nef.
We are reduced to show the non-nefness of £, on Yff)or, which can be tested on Y(Dtor. We claim
that we can always find an Ekedahl-Oort (EO) stratum onofu such that the following intersection
product is negative

er (L)) - [vjer] <.

These intersection computations are done in Appendix A. O

8.2 Understanding the failure of hyperbolicity in positive characteristic

We have seen that Qéhw“ (log Dyeq) cannot be nef as we can always see P! as a closed curve in

Sh'°’. Consider a partition A with height ht()\) < dim Sh*" and denote by Sy the corresponding
Schur functor

S : Loc(Ogyeer) — Loc(Ogyyer )

as a strict polynomial functor on the category of locally free modules of finite rank over Sh*".
We start with the following lemma.

LEMMA 8.3. If SAQéhm (log Dyeq) is (¢, D)-ample and ¢ : V < Sh*" is any subvariety such that:
(1) V is smooth;

(2) t7!'Dyeq is a normal crossing divisor;

(3) dim V > ht(\);

then the logarithmic canonical bundle wy (1™ Dyeq) is (p, ¢~ tD)-ample. In particular, it is nef
and big with exceptional locus contained in the boundary and V is of log general type with
respect to D.

Proof. The surjective morphism
L*Qéhm (log Dyeq) — Q%/ (log lered)
induces a surjective morphism
S0 or (1og Drea) — SaQ (Iog ¢ Dryeq)
and by Proposition 4.32 and 4.29, we deduce that S\Qi,(log ¢! Dyeq) is (i, c ' D)-ample. Since
ht(A) <dim V, the bundle
det S\, (log 1™ Dyea) = (wy (17 Dyeq)) * N i VN0

is non-zero and (g, :~!D)-ample. We conclude with Proposition 4.31. O

With this fundamental lemma in mind, the aim is to find partitions A that ensure the (¢, D)-
ampleness of SAQéhm (log Dyeq), which is isomorphic to Sy Sym? Q%" by the Kodaira-Spencer
isomorphism (Proposition 7.17). Recall that under the assumption p > 2|\| — 1, the plethysm

Sy o Sym? is filtered by Schur functors Sy by Proposition 3.16. This allows us to state the
following lemma.

LEMMA 8.4. Let X be a partition and assume that p > 2|\| — 1. If Sy o Sym? is filtered by Schur
functors Sy such that S, Q" is (p, D)-ample or zero, then S Q4 .o (10g Dyeq) Is (¢, D)-ample.
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Proof. Since Sh'" is smooth, this is a direct consequence of Proposition 4.28. O
Remark 8.5. If n has more than g parts, then S,Q'" = 0. Otherwise, S,Q%" =V (wowo, 7).

By Theorem 7.20, we are reduced to find a partition A such that all the partition n with
at most ¢ parts appearing in the plethysm Sy o Sym? are such that 2p;, + 2wowo, 1,7 is orbitally
p-close and Zp-ample. See Appendix B for some explicit plethysm computations in the cases
g =2, 3,4 which helped us to build some intuition about the general case.

8.2.1 The general case. Consider the Siegel variety Sh*™" of genus ¢ over k. In this section,
we prove the following result.

THEOREM 8.6. Assume that p>g¢?+3g+1. For all k>g(g—1)/2+1, the bundle
Qghtor (log Dyeq) is (p, D)-ample.

COROLLARY 8.7. Assume that p> g?> + 3g + 1. Any subvariety v :V < Sh'" of codimension <
g — 1 satisfying:
(1) V is smooth;

(2) ¢71Dyeq is a normal crossing divisor;
is of log general type with respect to D.
Recall the following conjecture.

CONJECTURE 8.8 (Green—Griffiths—Lang). Let X be an irreducible projective complex variety.
Denote by Exc(X) the Zariski closure of the union of the images of all non-constant holomorphic
maps C — X. Then X is of general type if and only if Exc(X) # X.

Remark 8.9. The Green—Griffiths—Lang conjecture fails in positive characteristic. Specifically,
in characteristic p > 0, there exist unirational surfaces of general type. These surfaces are dom-
inated by the projective plane P? via rational maps, yet they possess a big canonical bundle,
classifying them as surfaces of general type. This phenomenon contradicts the expectation from
the conjecture that varieties of general type should exhibit hyperbolic behavior and not admit
non-constant rational curves.

Motivated by the Green—Griffiths—Lang conjecture, we can formulate the following.

CONJECTURE 8.10. For p large enough, there is a closed subscheme E C Sh'" such that for any
subvariety 1: V — Sh'" satisfying:
(1) V' is smooth;

(2) ¢71Dyeq is a normal crossing divisor;
V is of log general type if and only if V ¢ E.

Theorem 8.6 indicates that such an exceptional locus E C Sh'*" should have codimension
> g — 1. We believe it has exactly codimension g.

Proof of Theorem 8.6. The strategy is to study a V-filtration of the kth-exterior power of the
bundle Qéhm (log Dyeq) and check that all the graded pieces are (y, D)-ample automorphic vector
bundles when p>g¢?+3g+1 and k>g(g+1)/2— (g—1). By the Kodaira-Spencer isomor-
phism of Proposition 7.17, the bundle Akﬁégm(log Dieq) is isomorphic to W(AF Sym? stdar, )

By Proposition 3.16, the GL4-module AF Sym stdgr, has a V-filtration when p > k and it implies
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that AkQéhmr (log Dyeq) is filtered by automorphic bundles V(wowg ,A) where the A are the high-
est weights of the V-filtration of A* Sym? stdgL,. As explained in Example 3.1, determining the
Schur functors appearing in a plethysm Sy oS, is often a hard task; however, the plethysm
AF o Sym? belongs to the one of the few cases where a general formula is known. We start with
a notation.

Notation 8.11. Let k be a positive integer and A a partition of k in r distinct parts. We denote by
2[A] the partition of 2k whose main-diagonal hook lengths are 2A1, ..., 2),, and whose ith-part
has length \; 4+ ¢. For example, we have

10

2[(5,3,1)] =

where the diagonal hook have lengths 10, 6, 2.

LEMMA 8.12 [Wil09, Lemma 7]. Assume that p > k. Then the polynomial functor A* o Sym?
has a filtration where the graded pieces are the Schur functors Sy[y; where A range over the set
of partitions of k in distinct parts.

Ezample 8.13. Consider the case k =5. The partitions of 5 in distinct parts are (5), (4,1) and
(3,2). The plethysm A® o Sym? is then filtered by the Schur functors So[(5)) = S(6,14)s S2[(4,1)] =
S(5,3,12) and Sy((3.2)) = S(4,4,2)-

Since we evaluate this plethysm at the Hodge bundle Q%" which has rank g, we can discard
the partitions 2[A] of height strictly greater than g (for such partitions, the evaluation vanishes).
Since the height of 2[\] is A1, we want to study the (¢, D)-ampleness of the automorphic bundles

Sop 2T = W(V(2[N])) = V (wowo, £2[N]),

where A is partition of k£ in distinct parts with A\; < g. By Theorem 7.20, we know it is the case
when 2wowo, ,2[\] + 2pr, is Zp-ample and orbitally p-close. Even if the second condition is always
satisfied for p large enough, the first condition may not be satisfied as explained in Appendix B.2..
In Proposition 8.1, we have seen that automorphic bundles of the form V(n) where n=(n; >--- >
ng) is a dominant character such that 7; =0 are not nef, hence not (¢, D)-ample. Conversely, we
will see that any automorphic bundle V(n), where 7 is a dominant character such that n; < —1,
is (p, D)-ample if p is greater than a specific bound which depends on 1. We start with the
following lemma.

LEMMA 8.14. Consider two GLg4-dominant character A= (A >---> X >0) and p=(pu>--->
p>0). The GLg-module V(X) ® V(p) is filtered by costandard modules V(n) such that ng >
Ag + g and m < Ay + p.

Proof of Lemma. See Proposition 2.13 for the existence of the V-filtration. The tensor product
of two polynomial representation of GL, is still a polynomial representation. Apply it to V(A —
(A9)) @ V(i — (1)) where (A]) = (Ag, ..., Ag) and (1§) = (p1g, - - - , f1g) to get the first inequality.
The second inequality follows from the fact that A + p is the highest weight of V(A) ® V(u). O

PRrROPOSITION 8.15. Let n=(n >---> ng) be a dominant character such that 1 < —1. Then
the automorphic bundle V(n) is (¢, D)-ample if p> (g +1)|ng| + g.
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Proof of the proposition. By Proposition 4.31, it is enough to show that V(1)®™ is (¢, D)-ample
for some n > 1. By Lemma 8.14, the bundle V(n)®" is filtered by automorphic bundles of the form
V(6) where 61 <nny and 64 > nng. To apply Theorem 7.20, we need to see that each 26 + 2pp,
is Zp-ample and orbitally p-close. We first focus on the Zp-ampleness of v := 26 + 2pr,. In other
words, we need to check that

Y=204+2pr=(201,...,204) +(9—1,9—3,...,—(g—1))
=(201+9—1,...,20—g+1)
is such that 0>261 +9g—1>202 +g—3>--->2, — g+ 1. The first inequality being the only

one non-trivial, it is enough to have n > (g — 1)/2 as it implies

200+g—1<2nm+g-1

<-2n+g-1
<0.
For the orbitally p-closeness of v =2 + 2pr,, we have the following bound
(7, wa¥) Wikaed
max < max ———
a€d weW,(y,av)£0| (7, aV) 1<i<j<g 2
< 2|l
- 2
<205 — (9 — 1)

<2/gl+(9—1)
<2nlng| + (g —1) by Lemma 8.14

and we deduce that it is enough to have 2n|n,| + g <p. Combining it with the restriction n =
|(g—1)/2] +1<(g+1)/2 which ensure the Zy-ampleness of v, we get

p=(g+1)ngl +g. O
With Proposition 8.15 in mind, recall that we want to prove that the bundle
V(wowo,£2[A])

is (¢, D)-ample when A is a partition of k in distinct parts such that ht(2[A]) = A1 < g. If there
exists such a partition A with A\ <g—1, we will not be able to apply Proposition 8.15 to
wowo,,2[A] as the first term will be 0. To avoid these partitions, we prove the following lemma.

LEMMA 8.16. Assume that p > k. All the automorphic bundles V(n) appearing as graded pieces
of the V-filtration of AF Sym? Q" satisfy n; < —1 if and only if k> g(g — 1)/2 + 1.

Proof of lemma. Assume that k> g(g —1)/2 4 1. We need to check that there exists no partition
A of k in distinct parts such that ht(2[A]) = A; < g — 1. Consider a partition A of k in r-distinct
parts. We have

-1 A(A1+1
9(92 ) b l<h=fdg b4 ay < 2T ;+ ),
which is possible only if A; > g. Conversely, if k < g(g — 1)/2, it is not hard to find a partition A
of k in distinct parts such that A\ <g— 1. O

Since (2[A])1 = A1 + 1, we conclude with Proposition 8.15 which says that each automorphic
bundle V(wowo,,2[A]) where A\; =g is (¢, D)-ample when

p>9g°+3g9+1=(g+1)|(wowo,r2[\])g| +g. O
|
:g+1
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A. Intersection computations on EO strata

We use the results of [WZ18] to do some computation on the Chow Q-algebra of the partial flag
bundle P(Q'"). Recall that I denotes the type of the parabolic subgroup P = P_,, of Spy,- Let
Iy denotes a subset of I and consider the morphisms

¢ :Shtr — Spy, -Zip”
and

Cly : IO — Spy, -ZipFlag/ ™

as defined in [GK19a] and [GK19b]. For all w € W, we denote by Sh'®" :=¢~!([w]) the EO stra-
tum of the Siegel variety where [w] C Spy, -Zip* is the corresponding substack. More generally, '
for all w € T, we denote by YIE,OZ] = CI_Ol([w]) the EO stratum of the partial flag bundle of type

Iy C I where [w] C Spag -ZipFlag is the corresponding substack. The morphism ¢ 1, induces a
pullback map on the corresponding Chow Q-algebra

C*
A*(Spy, -ZipFlagh0) — A*(Y/er)

and we call the image of (j the tautological ring 7Ty, of Y};"r. Clearly, the Chow Q-algebra of

Spag -ZipFlag/! is generated by the cycle classes of the EO strata [w] for w € oW but we would
like another description relying on Chern classes of automorphic bundles. We have a morphism
of Q-vector spaces

12 X*(T) —— A'(Spy, -ZipFlag"?)

A > Cl<£)\)

which induces a morphism of Q-algebras S — A®(Spy, -ZipFlag"?) where S = Sym X*(T) is the
symmetric algebra of the characters of T'. By [WZ18, Theorem 3|, this map is surjective with
kernel generated by the W-invariant elements of degree > 0. We deduce a description of the
Chow Q-algebra of Spy, —ZipFlag“’@ as

S ——— A*(Spy, -ZipFlag?)

!

S/TS

where 7 is the augmentation ideal of the W-invariant elements of S. This ideal admits an explicit
description as the augmentation ideal of a polynomial algebra

I:Q[flv"'vfg]Zla flzﬁ%l‘f’-f—ﬂfgz

In particular, the tautological ring 7j is generated as a QQ-algebra by the cycle classes of the
closed EO strata Yo" and by the Chern classes of the automorphic line bundles ¢1(£y). The

goal is now to express [Ybf’ilf] as an element of S/ZS and to compute intersection products of the
form ’

er (L)) - [y

If I =1, then Y;" = Sh""".
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Following the strategy of [WZ18], we have implemented on Sage an algorithm which computes
[de;;] as an element of S/ZS. In order to be more explicit, we choose a system of positive roots
in a way to obtain

I:{ei—eﬂ_l]z':l,...g—l}CA:{ei—ei_H ‘i:1,...g—1}U{2€g}.
The Weyl group W =5, x (Z/2Z)9 contains 29g! elements we can write as a product of the

simple reflections s1, sg, ..., s, associated to e; —ea,...,e4-1 — €4, 2¢4.

A.1. The case g =2
We represent the Weyl group of Sp, with a diagram

W = 52515251

— T~

W] = 25159 wh = s18281

[

Wy = 8951 wh = 5182

[———

w3 = S2 wé:sl

where an arrow is drawn from w to v’ if w’ <w and l(w") =I1(w) — 1. Consider the line bundle
Ly on Yo' =P(Q*") where A= (ki1,k2) and recall that Ly, =L _1)=0O(1). In the graded
algebra

76 = @[1‘1, :CQ]/(QS% + x%’ x%£%)?

we have the following formulas:

Yoo, l=1,

Yo ] =21 — pa2,
[Yyol=—(p— 1)(z1 +x2),
[Ygol=—(p—1)(pz1 + 22)21,
[Yyo,]= (0= )(pr2 — z1)a1,
[Yior | = (0 = 1)(pw2 — x1)at,
Yo 1= (0 + 1) (p — 1)(a] + 23),
[Yol=( D)l

\

Since the cycle 123 has positive degree and since we are only concerned with the sign of the
intersection products, we make the identification z123 = 1 and we get the following intersection
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products:

(cr(La)* - Y5 | = (k1w + kawa)* = 4(k k3 — K k),
c1(£2) - [Yyo | = (ki — 3pkiks — 3kTky + k3),
c1(Ly)? - [Yggi] = (p—1)(k} 4 3k3ky — 3k k3 — K3),
c1(L2)? - [Yy 1= (0 — 1)(KT — k3 + 2pkiks),
c1(£2)? - [Ygor 1= (0= V) (p(k3 — k?) + 2k1k2),
cr(Lx) - [Ygor 1= (0 = 1) (k2 — pka),

L c1(L2) - (Yo ] = (0 = D) (p* + 1) (k1 — ko).
L

If k1 =0 and k2 <0, then ¢1(Ly) - [Y@“?EJ = (p? — 1)k2 <0, so L} is not nef.

A.2. The case g =3

The degree 9 part of the graded algebra Ty = Q[z1, z2, 23] /Z is a Q-vector space of dimension 1
generated by z9x3x3. We have

Yyl = (0" —p* +p" +2p* = p* +p* — p+1) afaday

>0

and since this polynomial in p is always positive, we may identify z3z3x3 with 1. We have then

c1(Lag) - [Yyo]=—p(@°(p —1) - 1) <0,
which shows that Q%" hence QShm (log Dyeq) = Sym? Q' is not nef.

B. Plethysm computations

The plethysm computations are accessible at github.com/ThibaultAlexandre/positivity-of-
automorphic-bundles.

B.1. The case g =2
The Hodge bundle Q%" is locally free of rank 2 and Q4 .. (log Dyeq) = Sym? Q" is locally free
of rank 3. Recall there is no need to assume that p > 2|\| — 1 when taking the highest exterior
power. Under the assumption p > 2 x 2 — 1 =3, we have

A3 Sym? Qr = V(-3, —3),

A% Sym? Q' =V(—1, -3),

Sym? Q" = V(0, —2).
Clearly, the line bundle V(—3, —3) is D-ample for any p >0 and V(0, —2) is never nef (hence,
never (¢, D)-ample) by Proposition 8.1. For V(—1, —3), we need to check whether (—1,—7) is
orbitally p-close and Zp-ample. This condition is satisfied as soon as p>11. By Lemma 8.3,
this shows that any (good) subsurface of the Siegel threefold is of log general type when p > 11.

Putting some extra effort, one can show that this result holds with p=7 as well. When p >
2x 4—1=17, the bundle

5(272) o Sym2 Qtor
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is filtered by the automorphic vector bundles V(—2, —6) and V(—4, —4) which are (¢, D)-ample
when p > 7. We get the following result.

ProrosiTION B.1. Assume that g =2.
(1) If p>11, then A2Qéhmr (log Dyeq) is (@, D)-ample.
(2) If p="1, then S(9.2)% «x (108 Dyea) is (i, D)-ample.

COROLLARY B.2. Assume that g=2 and p>T7. If 1: S < Sh*** is a subvariety of dimension >2
such that:

(1) S is smooth;
(2) ¢™'Dyeq is a normal crossing divisor;

then S is of log general type with respect to D.

B.2. The case g =3

The Hodge bundle Q" is locally free of rank 3 and Qéhm (log Dieq) = Sym? Q" is locally free
of rank 6. Under the assumption p>2 x5 —1=9, we have

(A% Sym? Q" =V (—4, —4, —4),
A® Sym? QYT =V (-2, —4, —4),
A Sym? Q¥ =V(—1, -3, —4),

A3 Sym? QYT is ﬁltered by V(-1,-1,-4),V(0, -3, -3),
A% Sym? Q" =v(0, —1, —3),
Sym? QT = V(0,0, —2 ).

We deduce that A’ Sym? Q" is (¢, D)-ample for i =5, 6 when p > 11. For i = 4, we do not know
if the bundle V(—1, —3, —4) is (¢, D)-ample since

2(—1,-3,—4)+2p=(0,—6,—10)
is not Zy-ample. This incites us to consider the plethysm
5(2,2,2,2) © Sym2 Qtor,
which is filtered by V(-2,—-6,-8), V(-3,—6,-7), V(—4, —4,—8) and V(—4, —6, —6) when

p>2x 8 —1=15. These automorphic bundles are (¢, D)-ample when p > 17 by Theorem 7.20.
It implies that S 299 © Sym? Q%" is (p, D)-ample when p > 17. We get the following result.

ProrosITION B.3. Assume that g = 3.
(1) If p>11, then APQY, ... (log Dreq) is (¢, D)-ample.
(2) If p>17, then 5(2,272,2)Qéhm (log Dyeq) is (¢, D)-ample.

COROLLARY B.4. Assume that g=3 and p>17. If 1: V < Sh*" is a subvariety of dimension
>4 such that:

(1) V is smooth;

(2) ¢71Dyeq is a normal crossing divisor;

then V is of log general type with respect to D.
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B.3. The case g =4

The Hodge bundle Q" is locally free of rank 4 and QShmr (log Dyeq) = Sym? Q" is locally free
of rank 10. Under the assumption p>2 x 9 —1=17, we have

(A Sym? QT = V(-5, -5, =5, —5),
A% Sym? Q*r = V(-3, -5, =5, —5),
A8 Sym? QYT = V(-2, -4, —5, —5),

A7 Sym? Q% is filtered by V(—1, —4, —4, —5), V(2, =2, =5, —5),
A8 Sym? QT is filtered by V(—1, =2, —4, —5), V(0, —4, —4, —4),
A® Sym? QT is filtered by V(—1, —1, —3, —5), V(0, —2, —4, —4),
At Sym? Q% is filtered by V(—1, -1, —1, —5), V(0, —1, =3, —4),
A3 Sym? Q%" is filtered by V(—0, —1, -1, —4), V(0, =0, —3, —3),

A? Sym? QT = V(-0, -0, —1, —3),
Sym? QY =V (-0, —0, —0, —2).

We deduce that A’ Sym? Q" is (p, D)-ample for i =8,9,10 when p > 17. It does not work for
1 =7 since the character

2(—1,-4,—-4,-5)+2p=(1,-7,-9,-13)
is not Zy-ample. Under the assumption p > 2 x 14 — 1 =27, the plethysm
S(gry 0 Sym? QF°r
is filtered by the following list of automorphic bundles:

V(-2,-8, -8, —10),
V(-3,-6, -9, —10),
V(-3,-7,-9,-9),
V(-3,-8,-8,-9),
V(—4,—4,-10, —10),
V(—4, -6, -8, —10),
V(—4,-7,-8,-9),
V(—4,-8,-8,-8),
V(-5,—5,—9, —9),
V(-5, -6, -8, -9),
V(-5,-17,-7,-9),
V(—6,—6,—6, —10),
V(—6,—6,—8, —8),
V(=7,-7,-7,-7),

which are all (¢, D)-ample when p > 31.
ProrosITION B.5. Assume that g =4.

(1) If p>17, then A'Q o (108 Dreq) is (¢, D)-ample for i > 8.
(2) If p> 31, then Son QU o (10g Dyea) is (¢, D)-ample.
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T. ALEXANDRE

COROLLARY B.6. Assume that g=4 and p>31. If 1:V < Sh'r is a subvariety of dimension
> 7 such that:

(1) V is smooth;

(2) ¢™!Dyeq is a normal crossing divisor;

then V is of log general type with respect to D.
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