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Uniqueness and Hyers—Ulam’s stability
for a fractional nonlinear partial
integro-differential equation with variable
coefficients and a mixed boundary
condition

Chenkuan Li

Abstract. Introducing a pair-parameter matrix Mittag-Leffler function, we study the uniqueness
and Hyers-Ulam stability to a new fractional nonlinear partial integro-differential equation with
variable coefficients and a mixed boundary condition using Banach’s contractive principle as well
as Babenko’s approach in a Banach space. These investigations have serious applications since
uniqueness and stability analysis are essential topics in various research fields. The techniques used
also work for different types of differential equations with initial or boundary conditions, as well
as integral equations. Moreover, we present a Python code to compute approximate values of our
newly established pair-parameter matrix Mittag-Leftler functions, which extend the multivariate
Mittag-Leffler function. A few examples are given to show applications of the key results obtained.

1 Introduction

In this section, we are going to introduce some basic concepts on fractional calculus,
a pair-parameter (3, y) matrix Mittag-Leffler function, Babenko’s approach dealing
with a fractional differential equation with a nonlocal initial condition, as well as the
current work on fractional partial differential equations.

Let w € [0,1]" c R" and y € [0,1]. Then we define for f3;,..., 8, > 0 [4],

1

T(B1) ... T(Bn)
. f L "(wl —1)P T (wp = )P TA( T Te)d Ty L dT,
0 0

Ifl...Iﬁ"A(X,w) =

where A is a continuous mapping from [0,1] x [0,1]" to R.
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In particular, we have

... IPA(x @) = Ay ®)

from [5].
The partial Liouville-Caputo fractional derivative .0%/0x* of order 2 < a < 3 with
respect to y is defined in [4] as

(SE::A)(X’ ) r(3 (X)f (X TzaAm(T,w)dT

One of the most essential subjects of differential equations is the stability theory of
Hyers—Ulam [9]. The idea of such stability for differential equations is the substitution
of the equation with a given inequality that acts as a perturbation of the equation.

In this paper, we study the uniqueness and Hyers-Ulam stability for the fol-
lowing new fractional nonlinear partial integro-differential equation (FNPIDE) for
@;;20(i=12,...,mj=12,...,1eN):

9%

1
+Y (@) LA ©) = (1 @ A @),

A0, 0) = $1(w), A(Lw)=¢x(w), A(Lw) = ¢s3(w),

where (x,w) €[0,1] x [0,1]", aj, ¢x € C([0,1]") for k=1,2,3, and ¢:[0,1] x
[0,1]" x R — R satisfies certain conditions to be given later.

In addition, the operator I} is the partial Riemann-Liouville fractional integral of
order & with respect to y, given by

(1.1)

(I5A) (o @) = ﬁ [0 iAo xeo)

Our main techniques are to derive an equivalent integral equation of equation (1.1)
by Babenko’s approach and then to obtain the uniqueness and Hyers—Ulam stability
using Banach’s contractive principle and newly established pair-parameter Mittag-
Leffler functions below.

Assume «;; > 0,a; >0 foralli=1,...,n, j=1,...,1, and there is 1 < iy < n such
that a;; >0 forall j=1,..., . We define

(25 (2411 [24]

*21... «& [04
(1.2) M = 21 21 2

Api... &yl &y

Definition 1.1 Let $ >0, y > 0. A pair-parameter (3, y) matrix Mittag-Leffler func-

tion is defined by
(B:y) § : )
M ((1 (1) Z r(ﬁk+y) ks - +k,k(k1""’kl

3} ki
16

’ F(a11k1 + .- +0£11k1 +“1) ...F(anlkl + .-+ (ankl + 0(,1)’
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where {; e Cfori=1,2,...,1,and

( k )_ k!
ki,... ki) k. kgl

EOV (., 0) = B8P (G 0) = En(Gs . ),

It follows that

where E ) is a matrix Mittag-Leffler function given in [6].
Since there exists a positive constant 8 such that

T(Bk+y) 20,
T(ayk; + - +apk; +a1) >0,

T(opiky + -+ +aprk; +ay) 20,

we claim

1 & ( k ) [N
< —
o 2 +,Z+k,:k ki, ki

r((X,'U]kl + -0+ (Xiolkl + 06,'0)

1
= %E(aml ,,,,, aiol),ai0(|(l‘>--~)|{l|) <+00,

which implies that Ei(\f’y) (61, ..., ¢p) is well defined as the multivariate Mittag—Leffler
function E(q, ,,..,a;,1),a;, (IS1]5 - -5 [C1]) converges [3]. Obviously,

EPY (G0 = B (G 0)

k1 ki
16

)
kZ:E)kH_. Z+kl:k (kl, v ,kl F(a,-olkl + -+ “iolkl + 06,'0)
:E(tx,-ol ..... a,-ol),a,-o(Cl"-'a(l)a

[

where
0 0 1
P=|ai... aig il
0 0 1
and
oo ¢k

Ep () = Ep 2 ()= 3

izo L(aipk + ai, )

= Euiol) Kig (C)’
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which is the well-known two-parameter Mittag-Leftler function, and

0... 0 1
P(): Kigl -« .- 0 Aiy | -
0... 0 1

Babenko’s approach (BA) [1] is a useful tool for dealing with various integral or
differential equations (including PDEs) with initial or boundary problems. Let f be a
continuous function on [0,1] x R with

Ifl=" sup[f(x )] < +oo.

(x,y)€[0,1]xR

To demonstrate this method in detail, we convert the following fractional differential
equation with a nonlocal initial condition into an equivalent implicit integral equation:

DYO(x) +ad(x) = f(x,D(x)), x€[0,1],
(3) ®(0) :ﬁfolop(x)dx,
where 0 < & <1, a and f are constants.
Evidently, we get by applying the operator I* to equation (1.3)
I%(.D*®(x)) + al*®(x) = I f(x, D(x)),
which infers that

D(x) - D(0) + al*®D(x) = I"f(x, D(x)),

and

(1+al*) D(x) = I*f(x, D(x)) + f fol O(x)dx.
Treating the factor (1+ alI®) as a variable and using BA, we come to
O(x) = (1+al*) ' 1%f(x, ®(x)) + B (1+al®) ™" [01 @ (x)dx
(-D)ka* 1"k £ (x, o (x)) + B i(—l)kakl"‘k /;l D(x)dx

k=0

gk

S kmkw) JACED Rl IR
+/32( “1)ka kr( o kfo ®(x)dx
= fox(x—s)“_lEa,“ (—a(x—s)“)f(s,@(s))ds+[3f01(1)(x)dx Eq 1(—ax®),
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by noting that
‘[x(x ) Ea g (—a(x —5)%) £(s, D(s))ds
k
g
and

1
®(0) = B [ ®(x)dx
0
In summary, equation (1.3) is equivalent to the following integral equation:
(1.4)
x 1
D(x) = f (x =5)* " Eqo (a(x = 5)*) f(s,®(s))ds + B f O(x)dx Eq, 1(—ax™).
0 0

The above integral equation, in fact, plays an important role in studying the uniqueness
of equation (1.3) in the Banach space C[0,1] with the norm

|@| = max | (x)| < +o0.
€[0,1

We further assume there is a constant £ > 0 such that f satisfies the following Lipschitz
condition:

If (e, 31) = (2, y2)| < Ly1 = pal,

and
Y
B= EEoc,rX(|a|) +|BlEa,(Ja]) <1

Then equation (1.3) has a unique solution in C[0,1].
To prove this, we define a nonlinear mapping M over C[0,1] as

(M) (x)
= [ ) B (a9 S (5, @)+ [ D()dx By (-ax).

It follows from the above that (M®)(x) € C[0,1]. We are going to show that M is
contractive. For @1, @, € C[0, 1], we have

(M®;)(x) - (M®;)(x)
= fo (x = $)*Eqq (—a(x —$)%) [f(5, D1(s)) = f(s5, D2(s))]ds
B fol[q>1(x) — ®,(x)]dx Ea1(~ax®).

Hence,

M1 = M3 < (5 Eaa(lal) + BlEes(aD) ) |01 - 031 = |01 - 0.
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Since B < 1, we claim that equation (1.3) has a unique solution in C[0,1] by Banach’s
contractive principle (BCP).

We define S([0,1] x [0,1]") as the Banach space of all continuous mappings from
[0,1] x [0,1]" to R with the norm

[A]l = sup [A(x, w)|, for AeS([0,1] x[0,1]").
(x> w)e[0,1]x[0,1]"

Fractional partial differential equations (a generalization of classical PDEs of integer
order) are used to model various phenomena in physics, engineering, and other fields.
There are intensive studies on fractional PDEs using various approaches, such as
integral transforms [8], analytical and numerical solutions [10], homotopy analysis
technique [2, 11], variational iteration method [12] and so on. Very recently, Li et al.
[7] investigated the uniqueness of solutions for the following fractional PDE with
nonlocal initial value conditions for 2 < « <3, 0 < &; <1 and «a, > 0 based on BCP,
BA and the multivariate Mittag-Leftler function for a constant #:

0 0" a
o Ay, @) +co(w) P Ay @) + (@) Ay @) + e (@) I Ay, @)

=f(x,w,1\(x>cf)), ; 1
A@0)=n [ Apeldx 3 A0 = [Ty(AGe)dx A{(0.0)=0,

where (x,w) €[0,1] x [0,b], y € C[0,1] and f:[0,1] x [0,b] x R — R satisfies cer-
tain conditions.

We will first convert equation (1.1) into an equivalent implicit integral equation in
a series by BA in Section 2, and then further study the uniqueness of solutions via
BCP in the space S([0,1] x [0,1]"). In Section 3, we derive the Hyers-Ulam stability
based on the implicit integral equation and present several examples demonstrating
applications of the key results obtained in Section 4. Finally, we summarize the entire
work in Section 5.

2 Uniqueness

We begin converting equation (1.1) to an implicit integral equation then derive
sufficient conditions for the uniqueness based on Banach’s contractive principle.

Theorem 2.1 Suppose aj, 1, ¢z, ¢3 € C([0,1]") for j=1,2,..., ), ¢ is a continuous
function on [0,1] x [0,1]" x R with

sup |§] < +o0,
(x>w,y)€[0,1]x[0,1]"xR
a;j>0foralli=1,...,n, j=1,...,1, and there is 1 < iy < n such that a;,; > 0 for all
j=1,..., 1. Furthermore, we assume that
ap... Oy (X1j+1
| %210 X2 062]'-‘1-1
Mj B e ’
QApi... G Opj+l
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-1 (2 (a,1)
Q=1 (4 )F(a)z iEa; (A,...,A;)>0

Then equation (1.1) is equivalent to the following implicit integral equation
- k k an am \ k1 ats \k
=>(-1) 3 L . ()™ Iy ) ™ e (g (@) IGI™M . T™)
k=1 kit oo s tkg=k \"oe oo R
(91(0) (1= 2+ 1) + $2(@)(2x = X*) + ¢3(@) (X" = 1) + [ (x — 1°9)

1
+ I (X9 - 2x9) +Ipg+ (@) 1(XA - *A)

anJI

1
+ > aj(w)}V L I (A - 2xA)).
j=1
(2.1)

In addition, A is a uniformly bounded function satisfying
1 (a1
|A| < 65%0 )(A1,... A (

1
max @)+ max [9(0)]+ § max. (02(0)])
1 + 1
1|4 (a 1 (aya+1)
— (A ,Al)+E (A .,Al) sup |
Q F((x) Mo (wy)<[0,1]x[0,1]7xR
< +o0,

where

25

2411 1
o... « 1

Mo 21 21
Opr... Ay 1

Proof It follows from [7] that

13 (570) 06w = 4000 - AG.0) - K000~ A;0.0)5

where 0 < « < 3.

Applying the integral operator I{ to equation (L1) and using the condition
A0, w) = ¢1(w), we get

2
AQp @)~ $1(@) ~ A (0, @)y — Ay (0,0) &
1
(2.2) +> aj(w)I;‘(‘If‘” LAy ) = Lo (x w, Ay, w)).
=1
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Setting x = 1, we come to
AL ©) - $1(0) - A,(0,0) - A;(0, @)
(2.3) +Za1(w)1 V.. LAy w) =9 (x w, Ay @)).
Differentiating equation (2.2) with respect to y, we deduce that for y =1,
$3(©) = A (0,0) = A} (0, w)

1
(2.4) + 2 ai (@)L LA w) = 53 ¢(0 @, Alx @),
j=1

by the given initial condition.
From equations (2.3) and (2.4), we derive that

SAH(0,0) = ¢1(0) - $2(@) + $3(@)
+Za]<w>1““ 1 (1, ~ ) A @) + (1% - 1) (1 @, A @),

and
A (0, 0) = 2¢5(w) —2¢1(w) — p3(w)

1
) aj(@)[M . L (I = 215, ) Ay @) + (I35 = 215,) ¢ (x @, Ay @)).
j=1

Hence,

1
(1+Zaj(w)I;I{x”...Iz”j)A(X,w)
j=1
= d1(@)(1-2x+ 1*) + $2(@) 2x = 1) + ¢35 (@) (x> - 1) + I35 (xb - X° )

!
+ I (¢ - 2x9) + Igp + > aj(@)LY . LTS (xA - x°A)
j=1
l .
+ a0 LI (A - 2xA).
j=1
Using BA, we deduce that

-1
!

Ay ) = (1 + Y aj(w)ILY. ..I:"j)
=i

(@)1 -2+ 1) + p2(w)(2x - 1) + ¢3 (@) (x> - ) + 5 (xd — X°9)
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1
+ (¢ —2x0) + Iyd+ Y aj()[Y . LIS (XA - xX°A)

j=1

1
+ 3 aj (@)Y LT (A - 2xA))
2

oo 1 k
- ;(—1)" (Z aj(w)IgLY ... IZ"J‘)
(@) (1=2x+ 1) + d2(0) 2x - 1) + d3(@) (X = X) + I35 (xp - 1°9)
1
+ (o - 2x0) + Iy + Zaj(w)ffl’ LYIS (XA - 1 A)
1
. aj(0)[Y . I I (A - 2xA))
j=1
= i(_n" ( k )(al(w)lfglf“ LY (ag (@) 1)
& ki k)
(@) (1=2x+ 1) + d2(0) 2x - 1) + d3(@) (X = X) + I35 (xp - 1°9)

!
+ I (e - 2x9) + 15+ > aj(@)[Y . VIS (YA - x°A)
=

kit +ki=k

1
+ Z aj(w)lf‘lj .. 'IanI;'Ct:](XZA - ZXA)) = Tl 4 e 4 T8>

where

oo ak 2 2 2 k
T =Y (-1)F—4 4 X ( )
! kz::l( ) T(ak+1) ( 1+ak i 2+ ak)(1+ ak) kl+.,z+k,:k ki,....k

(a(w)™. ..IZ"I)k1 o (ar(w)[™ ...I,‘f"’)k’ ¢ (w),

P ock+1 X k
B2y -3) 2 )
N =] =] J O (S

an\ K1 1 an\k
(a (@) Iy e (a (@) T ) (),

o ak+1 ZX k
B2 g (e ) 2l i)
3 kz::l( ) T(ak+2) \ak+2 k1+~~-z+k,:k ki,.... k;

~(al(a))I{X"...IZ’“)k1 o (ap ()™ ...I,‘j"’)kl ¢3(w),

LYt R (8 @@ e @ o

k=1 kit o +ki=k

I (- )¢

oo k ) 1 ]
T5=Z(—1)k Z (k k)(al(w)lln"'lznl)k "'(al(w)flu...lz”’)k’
k=1 kit oo +k=k 1> --5 K]

T (- 20
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- k o « 1 a o
To=y(-DF (k k )((11((4))11 LN (DL (ar(w)} ’...In"’)k’
k=1 K \KLs s kg

ki+ k=
ak+a
'IX + ¢’
1 o . k
n-Ya@ye ¥ (")
j=1 k=1 ky+ - +k=k 1>-++5K]

(a (). 0 D L (a1(w)Iy™ ...Iznl)k‘ 1;"1{”” ) ..IZ""I;‘I(X— A,

and finally,

’ — k
Tsz;w)g(-nk 5 (kl)__',kl)

kit +ki=k

k ;
.(al(w)lf‘“...lg‘"l)"‘---(a,(w)I;'“...I;;‘n')’I;"If‘". LI (- 20)A.

Let
i=1,2,...,1,
Jhax laj(w)|=Aj, j
1-2x+ 1% =1, 2y - ¥ =1, 2_ =2
;3335]' X+x| x%ﬁ' X=Xl ngﬁg};]lx M=y
Thus,
1 k
MY rarey (e 1)
1Al < Zr(akn)“ 2 Nk
ki k
_ Al Ak
T(anky + - +apk; +1) ... T(amki + -+ + anrk; +1)
1
( max |¢(w)|+ max |¢>2(w)\+f max |¢3(w)|)+T21+T22+T23,
efo,1]" we[0,1] 4 wel0,1]
where

1.1
_ 4 «a = k
F ) Z r((xk+1)k+ qu:k(kl:“wkl)

Al Al
. T sup 9],
F(ocukl + e+ “llkl + 1) . F(oc,,lkl R oc,,lkl + 1) (xo@,y)€[0,1]x[0,1]" xR

Tp=) ———
2=, T(ak+a+1) . Z;kl:k(kl,...,kl)

k=0
Ak pk
: 1 l sup 9],
F(ocukl + -0+ ‘xllkl + 1) e r((xnlkl + -0+ oc,,,kl + 1) (xo@,y)€[0,1]x[0,1]" xR
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and

HAH L ad 1 ( k )
Ty; = -
we Z; kZ;) T(ak +1) kﬁ.zﬂqzk k... ki

ki ki
Al LA

T(anky + - +agk; +agj+ 1) ... T(auky + - + aprky + apj + 1)

Al & k
F(a+1)z Zr(ak+1)k+Z+k,_k(k1,...,k,)

ki k
_ Ak pk
F(a11k1+-~-+allk1+a1j+1)...1"(oc,,1k1+--~+(xnlkl+oc,,j+1)
AL sy o ALy e
= JESD (AL AL + JESD (AL A
T DA (s A+ (05 B )

_ 11 (ocl)
—HAH(Z )r()z JESSY (AL A,

Using our assumption

1 1 (al)
=1-(- E A, ...,A;)>0,
Q (4 )F((x)z (41 2
we claim that

IIAIS(IQE(M“;U(A1>~~)A1)'( max |¢i(w)|+ max |¢>2(fv)l+1 max |¢3(w)l)

efo,1] we[0,1]" we[0,1]"
1 1
1 Z+7 (Dtl)( ) ((XD(+1)( ) | ‘
+ — Al,...,Al +Ex°" A1,...,A1 sup (/)
Q| T(w) P Mo (@ )e[0.]x[0.1]7 xR

< 400,

which indicates that A is a uniformly bounded function. This completes the proof of
Theorem 2.1. ]

Theorem 2.2 Suppose aj, ¢y, ¢2, 3 € C([0,1]") for j=1,2,..., ], ¢ is a continuous
and bounded function on [0,1] x [0,1]" x R, satisfying the Lipschitz condition for a
positive constant C

o @, 31) = (o s y2) < Clyr = yas y1y2 € R,

a;j20foralli=1,...,n, j=1,...,1, and there is 1 < iy < n such that a;,; > 0 for all
j=1,..., 1. Furthermore, we assume that

an... oy o1 +1

Op1... Oy opi+1
M]': / >

Aui... Op Opj+l
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and
1 a,l
q:( )( Z EGD (A, Ar)
=1
1 1
+e 4r( )E(‘“)(Al,...,Al)+E§v";;"‘“)(A1,...,A,) <1,
where
X1y ] 1
MOZ x21 ... X 1
Kpr... Oy 1

Then equation (1.1) has a unique uniformly bounded solution in the space S([0,1] x
[0,1]").

Proof We define a nonlinear mapping F over S([0,1] x [0,1]") as

(FA) (x> @)
- k k o oy am\ K1 a 7o) an \ ki
=y (-1) > L . (o)™ .. L) - (ap(0) I .. T™)
k=0 kit rkg=k \foeeen R

A(Br(@) =25+ x*) + $2(0) (2 = x*) + ¢3(0) (X = 1) + 32 (xb — X°¢)
1
FIa (- 209) + I + Y aj(@)IY LV (A - )
j=1
1
+ 3 aj ()Y LT (A - 2xA)).
j=1

It follows from the proof of Theorem 2.1 that (FA) € S([0,1] x [0,1]"). We shall show
that F is contractive. Indeed, for A;, A, € S([0,1] x [0,1]"), we have

(?A])(X,(U) - (?AZ)(X,C())
:g(_l)k Z (kl,.?) )(al(w)l I‘x"...I‘x"l) (al(w)l Iotu Itxn,)k

ki+ - +k=k
(I (O @, A1) = X 0, A1) = IS (X (1 @, A2) = X6 (3 0, As))
+ I (P 0, A1) = 2xp (1 @, A1) = L (X (0 @, A) = 2xp (1o @, A2))

1
+ (0, M) = I3 (0, A2) + > aj (@) V. LY IS (xA - X A)
j=1

1
=Y aj(0)Y LV IS (xAs - X A2) + Zaj(w)la” L 15 (x° A - 2xAr)
=1 =1

1
- Z aj(w)If” .. .IZ"jI;ZI(XZAz - ZXAz))
j=1
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> k @ 7oy ay1\ *1 o oy X
=kZl(*1)kk Zk (k1 kl)(al(w)IXII LIS (@ (@) 1)
= 1+ ek =k PERRE)

!
(e LTS (- ) (A - Az)+ZaJ(w)I““ LY T
j=1

j=1

S =20 (A= A2) + I (x - 1) (80 @, A1) = ¢ (3 0, Az))
+ L (X =20 (91 @, A1) = (1o @, A2)) + I (¢ (X @, A1) = $ (X, @, A2))).

Therefore,
|FA; - FA;|
S(l *)(7ZlAjE;Z;l)(Als'--’AI)HAI_AZH
L
‘e 4r( ()xE(“l)(Al,...,Al)+E(Ma;“+1)(Al>--"Al) [ A1 = Az

= q[ A1 - Ay

Since g <1, equation (1.1) has a unique uniformly bounded solution in S([0,1] x
[0,1]™) by BCP. The proof is completed.

3 The Hyers-Ulam stability

In this section, we are going to derive the Hyers—Ulam stability of equation (1.1) using
the implicit integral equation from Section 2.

Definition 3.1 We say that the ENPIDE (1.1) is Hyers—Ulam stable if there exists a
constant X > 0 such that for all ¢ > 0 and a continuously differentiable function A
satisfying the three boundary conditions and the inequality

aot 1 o )
o A @) + Y ai(@)[7 . LY A(x @) = () 0, A(Y, w))
j=1

<§g,

then there exists a solution Ag of equation (1.1) such that
[AGK @) = Ao (1> 0) || < Ke,
where X is a Hyers-Ulam stability constant.

Theorem 3.1 Suppose aj, ¢y, ¢2, ¢3 € C([0,1]") for j=1,2,...,j, ¢ is a continuous
function on [0,1] x [0,1]" x R satisfying the Lipschitz condition for a positive constant C

o @ 31) = (o @, y2)[ < Clyr = ya|s y1y2 € R,
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a;j>0foralli=1,...,n, j=1,...,1, and there is 1 < iy < n such that a;,; > 0 for all
j=1,..., L. Furthermore, we assume that

ap... Oy (X1j+1
Mj: a1... Oy 062]'-‘1-1 :
Api... Qp Opj+l
and
_(1+1) 1 )
7°\1" & I'(a) 3 ot
1 1
+e 4r( ;‘E(‘“)(Al,...,Al)+E§v";;"‘“>(A1,...,A,) <1,
where
o1 - a1l
M, = x21 .. x2]
) an 1

Then equation (1.1) is Hyers-Ulam stable in the space S([0,1] x [0,1]").

Proof Let
Ay w) = w) + Zaj(w)la“ LA @) = $(x 0, A(x, @)
j=1
Then

1
W) + Va1 A w) = $06 @ Al @) + A1),
j=1

and from our assumption

A <e.

It follows from the proof of Theorem 2.1 that

A(x, w)
hd k o 70y an1\ K1 o royy Anl
N C Y (k k)(al(w)IXII L) (g (@) I 1)
k=0 kit +kg=k \foee e B

(@) (1=2x+ 1) + d2(0) 2x - 1) + d3(@) (X = X) + I35 (xp - 1°9)
1

+ I;zl(;(ng -2x¢) + I;gb + Za](w)l

j=1

lej

VTS (XA - fA)

1
+ 3 aj (@)Y LT (A - 2¢A)
j=1

IS (A - A + I (AL - 2xA) + A,

https://doi.org/10.4153/50008414X24000348 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000348

Uniqueness and Hyers-Ulams stability for a fractional nonlinear partial... 1391

and
Ao(x> w)
= i(_l)k Z (kly.{(.,k ) (al(w)lfc‘lf‘" .. I‘x"‘) (al(w)[ I"‘u I“"')k'

ky+ s +ki=k

($r(@) (=25 + 1) + 2 (0) 2y — 1) + d3(0) (X = X) + I35 (xb - 1°9)
1

+I;=1(X2¢—2)(¢)+I;¢+ aj(w)I“" “”’I (XA()—XAO)
j=

1
+ > aj(@)[Y . LY I (Ao - 2xAo)),
j=1

by noting that ¢ is a continuous and
sup () 0, Ay, @)
(x-w)e[0,1]x[0,1]"

= sup lp(x> @, A(x, @) = (x> @, 0) + $(x, @, 0)]
(x>w)e[0,1]x[0,1]"

<CIA| + sup |¢(x> w,0)] < +00,
(x,w)e[0,1]x[0,1]"

if A € S([0,1] x [0,1]™).
Hence,

IA(r @) = Ao (x> @)

PP (e * o JA A

k=0 ki+ -+ - +k;=k

el (R (- 28 (¢ 00 0, A) = (3 @, Ao))|
+ 1“—1|()(2 =2X)(¢(x @, A) = ¢(x> @, Ao)) | + L [($(x @, A) = ¢(X, @, Ao))]

+Za1 LY LIS (- 1) (A= o)

+Za] LY LI (- 2x) (A = Ao)|
1"‘ HOA = PAD]+ I (O A= 2xA0)] + Ig| A4,
which implies that
| A= Ao
RN MR

k=0 ki+ - +k;=k
Ioc,,lk1+ ccc g kg

(IX O = P A+ T3] O Ay = 2xM)| + I | Ad)
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1 .
+( ) Z AESED (Ao, A A - Aol

4 =1
11

+
+C A;( ;‘E(al)(Al""’Al)+E§\Z(’)“+l)(A1,...,A1) |A = Ao

1 1

= gl Ay - Ao + r( ‘)"E(“l)(Al,...,A)+E(““+1)(A1,...,Al) I A4

Finally, we have

A @) = Ao (X @)

1 1
1 4 o, o,
< [ 2EED (AL AD FEST (s A | ]
—q| I'(a )
< Ke,
where
l+ 1
I 14 ap@ (a,a+1)
X=— Ap,.. A E Ap,.. A
1-q r(oc) Faeg (A D Ex (A 2
This completes the proof. ]

Remark 3.2 'We should point out that Theorem 3.1 does not require the condition
that ¢ is a bounded function. Moreover, Ay is not a uniformly bounded function in
general, which is different from Theorem 2.2. Since Q) = [0,1] x [0,1]" isbounded and
closed (compact) the Hyers-Ulam stability is guaranteed by noting the fact that all
continuous functions reach their maximum and minimum over Q. The Hyers-Ulam
stability constant X obtained above is the best possible in our approach. There is a
possible lower bound on the Hyers—Ulam stability constant but it would be tough and
difficult to find it.

Examples

We will present two examples demonstrating applications of key theorems obtained
from previous sections.

Example 4.1 The following fractional differential equation with a nonlocal initial
condition:

DD (x) + 20(x) = — sin(x®(x)), x € [0,1],
(4.1) ) 513
(0) = = [ o)

has a unique solution in C[0,1].

https://doi.org/10.4153/50008414X24000348 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000348

Uniqueness and Hyers-Ulams stability for a fractional nonlinear partial... 1393

Proof Clearly,

L.
£(x.3) = 55 sin(xy)

is bounded and

1 1
If (o 1) = f(x, y2)| € = |xyn = xp2] < =y - p2ls

513 513
if x € [0,1]. It remains to find the value
B = By allal) + BlEar(lal) = 5 Eos05(2) + oo Eosi(2)
= —Lg,al|d o al) = ——~Lo.5,0. —E).
a ® ! 513 007 1349 !

~ 0.851641 + 0.0807568 < 1.
Hence, equation (4.1) has a unique solution in the Banach space C[0,1]. [ ]
Example 4.2 'The following FNPIDE with a mixed boundary condition:

2.5
0

4
3 = A(pe) + Zaj(w)lix“ YA w)
X j=1

(4.2) _1 P A P
59 cos(yw + Ay @) P+ wr+2
1 1
A0, 0) =w?+1, A(l,w) = 2 AL w) = gw3,
where
(/1(61))—9 a(a))—l(u2 a(a))—M a(a))—1
1 - 33 2 - 2 > 3 - 3 > 4 = 91

and

11 13 07 14
|13 23 31 2
(wihsijsa=l07 16 21 12|
2 31 41 22

has a unique uniformly bounded solution and the Hyers—Ulam stability in the space
S([0,1] x [0,1]*).
Proof Clearly, a; for j=1,2,3,4, ¢1, ¢, ¢3 € C([0,1]*) and

1

1
B0 @A) = 55 cos(ye + AQp @) + 5

is a continuous and bounded function on [0,1] x [0,1]* x R, satisfying the Lipschitz
condition with € =1/59:

1 1
l6(xt> @, 1) = (x> @, y2)| < QI cos(yw + y1) — cos(yw + y2)| < Qlyl = yal.
Furthermore,

A =1/3, Ay=1/2, A3=1/3, A;=1/9.
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We need to compute the value
q:(1+l) ZA E('“)(Al,...,A)
4 o) T(a) H
1 1

+
+C ‘;( ;‘E((x1)(A1""’Al)+E§\f[‘;a+l)(A1,...,Al)

(a3

1

ZA S (1/3,1/2,1/3,1/9)

+$ 4r(25) ESy™D(1/3,1/2,1/3,1/9) + ESe 9 (1/3,1/2,1/3,19) |,

where

[11 13 0.7 14 21]
13 23 31 2 23
07 16 21 12 17

[11 1.3 07 14 23]
13 23 31 2 33
07 16 21 12 26|

M,

1.1 13 0.7 14 1.7]
1.3 23 31 2 41
0.7 16 21 12 3.1

=

[11 1.3 0.7 14 24]
1.3 23 31 2 3
07 16 21 12 22

and finally

1.1 13 07 14
1.3 23 31 2
0.7 16 21 12
2 31 41 22

M, =

—

Using the following Python codes to get
q = 6.49406088226196 * 107>*% < 1
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Hence, equation (4.2) has a unique uniformly bounded solution in the space S([0,1] x
[0,1]*) by Theorem 2.2, and it is Hyers-Ulam stable by Theorem 3.1.

# beginning codes for Example 8
import math
from sympy import gamma

def partition(n, m):
if m == 1:
yvield (n,)
else:
for i in range (n+1):
for j in partition(n-i, m-1):

yield (i,) + 3
def ME(M, z, alpha, beta): # (alpha, beta)-Matrix
#Mittag-Leffler function
m = len (M)
z1l = len(z)
result = 0
for 1 in range (0, 20): #approximate value

for 1l_partition in partition(l, zl):
if all (map(lambda x: x >= 0, l_partition)):
combination = 1
for i in range(zl):
*

combination = math.factorial (1_partition[i])
combination = math.factorial(l) / combination
gamproduct = 1
for i in range (m) :

gaminput = sum([M[1i][J] * 1l_partition[j]

for j in range(zl)]) + M[1i][zl]

gamproduct *= gamma (gaminput)
numerator = 1

for i in range(zl):
* =

numerator z[1] ** 1 _partition[i]
result += (numerator / gamproduct) * combination
result *= (1/gamma(alpha * 1 + beta)) * result

return result

#The following is our calculation of g value
alpha = 2.5

beta = 1

M1 = (2.2, 1.3, 0.7, 1.4, 2.11, [1.3, 2.3, 3.1, 2, 2.31,
(.7, 1.6, 2.2, 1.2, 1.7}, [2, 3.1, 4.1, 2.2, 31]]

M2 = [([1.1, 1.3, 0.7, 1.4, 2.31, [1.3, 2.3, 3.1, 2, 3.31,
(.7, 1.6, 2.1, 1.2, 2.61, [(2, 3.1, 4.1, 2.2, 4.1]]

M3 = [[1.1, 1.3, 0.7, 1.4, 1.7, [1.3, 2.3, 3.1, 2, 4.11,
(6.7, ., 2.1, 1.2, 3.11, [2, 3.1, 4.1, 2.2, 5.1]]1

M4 = [[1.1, 1.3, 0.7, 1.4, 2.4], [1.3, 2.3, 3.1, 2, 31,
(0.7, 1., 2.1, 1.2, 2.21, [2, 3.1, 4.1, 2.2, 3.2]1

MO = [(2.212, 1.3, 0.7, 1.4, 11, [1.3, 2.3, 3.1, 2, 11,
(0.7, 1., 2.1, 1.2, 11, [2, 3.1, 4.1, 2.2, 111

z = [1/3, 1/2, 1/3, 1/9]

resultl = ME(M1, =z, alpha, beta)

result2= ME (M2, z, alpha, beta)

result3 = ME(M3, z, alpha, beta)
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result4d = ME (M4, z, alpha, beta)

result5 = ME(MO, z, alpha, beta)

result6 = ME (MO, z, alpha, alpha + 1)

result = (1/4 + 1/2.5) * (l/gamma(2.5))*(1/3 * resultl +

1/2 * result2 + 1/3 * result3 + 1/9 * resultd)
+ 1/59 * ((1/4 + 1/2.5)/gamma (2.5)) * resulth
+ 1/59 * resulté6

print ("The g value is", result)

#end codes

Remark 4.3 We have used the Python language to find approximates values of
our newly established pair-parameter matrix Mittag-Lefller functions to study the
uniqueness of solutions to equation (1.1). Slightly changing the codes we can compute
values of the multivariate Mittag-Leftler functions. As far as we know from current
research related to computation of the Mittag-Leffler functions, this approach is
efficient and simple.

5 Conclusion

We have studied the uniqueness and Hyers—Ulam stability to the new equation (1.1)
based on the pair-parameter matrix Mittag-Leffler functions, Banach’s contractive
principle as well as Babenko's approach. A few examples were provided to demonstrate
applications of main results derived. The methods used in the current work are also
suitable for different types of differential equations with various initial or boundary
conditions, as well as integral equations with variable coefficients, which cannot be
handled by any existing integral transforms.
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