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FREE INVOLUTORIAL COMPLETELY SIMPLE
SEMIGROUPS

J. A. GERHARD AND MARIO PETRICH

1. Introduction and summary. An involution x — x* of a semigroup S is
an antiautomorphism of S of order at most 2, that is (xy)* = y*x* and
x** = x for all x, y € S. In such a case, S is called an involutorial
semigroup if regarded as a universal algebra with the binary operation of
multiplication and the unary operation *. If S is also a completely simple
semigroup, regarded as an algebra with multiplication and the unary
operation x — x ! of inversion (x ' is the inverse of x in the maximal
subgroup of S containing x), then (S, ' %), or simply S, is an involutorial
completely simple semigroup. All such S form a variety determined by the
identities above concerning * and

1 =1 -1

x = xx x,oxx b= x"lx, (x_l) =x x = (xyx)o
where x" = xx~ .
Involutorial semigroups satisfying the identity x = xx*x are called

regular involutorial semigroups. Their study was essentially started by
Nordahl and Scheiblich [5] even though they have appeared earlier in
several places, notably in regular rings. The second author [6] initiated the
study of regular involutorial semigroups which are also completely regular
semigroups; this includes, in particular, regular involutorial semigroups
which are completely simple. Involutions appear in many situations in
semigroup theory but are usually not considered as a separate operation
on the semigroup.

We arrive here at a Rees matrix representation of the free involutorial
completely simple semigroup on a set X by means of the Rees matrix
representation of the free completely simple semigroup on a set of double
the size of X. As a homomorphic image of this semigroup, we obtain a
copy of the free regular involutorial completely simple semigroup on X
(where regularity means that the identity x = xx*x is satisfied).

Section, 2 contains a discussion of Rees matrix semigroups, including a
new type of normalization of the sandwich matrix and the standard form
for an involutorial semigroup. A construction of the free involutorial
semigroup belonging to certain classes of semigroups is described in
Section 3. This is applied in Section 4 to the class of completely simple
semigroups and the corresponding involution is made explicit; the
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standard form of this Rees matrix semigroup is also presented here. A
different Rees matrix representation of our semigroup is constructed in
Section 5. A family of identities on involutorial completely simple
semigroups is characterized in Section 6 in terms of involutorial Rees
matrix semigroups in standard form. The free regular involutorial
completely simple semigroup is constructed in Section 7 as a quotient of
the free involutorial completely simple semigroup by a well-determined
congruence. The concluding Section § contains a review of the semigroups
considered as well as a derivation of the word problem for several
free-type semigroups discussed earlier.

2. Rees matrix semigroups. The purpose of this section is to establish a
number of statements concerning Rees matrix semigroups (over groups)
which will be needed in the main body of the paper. They pertain to a new
kind of normalization of the sandwich matrix and a form of involution of
a Rees matrix semigroup. We start with a well-known result. For a proof,
consult ( [2], Theorem 3.11).

LemmA 2.1. Let S = M, G, A; P)and T = MJ, H, M; Q). Let
&1—J,ul > H, 0:G— H,v:A — H, n:A = M be functions where w is a
homomorphism, u:i — u;, v:X — vy satisfying
(D) pryw = @y (€ LA € A).

Then the mapping
(2) X(17 g, ]) - (lg’ u,»(gw)v)\, >\77)
is a homomorphism of S into T. Conversely, every homomorphism of S into T

can be so constructed. Moreover, x is a bijection if and only if &, w and n are
bijections.

As a generalization of the normalization of the sandwich matrix of a
Rees matrix semigroup, we offer the following result.

LEMMA 2.2. Let
S =M1 G, A; P),I = LEJAIa,A = U A,

a€A

where the I, and the A, are pairwise disjoint. Fix xk € A and for each a € A,
Jix an element in I, and A, and denote it by a. Define

N = Pux PupPAS PP i PaaPra Pes (0 € 1o N € Mg B € A),
and T = M, G, A; Q) where Q = (q);). Then the mapping

Vi, 8 N) = (s P PraP oo Pai8PAP g Pros N)
is an isomorphism of S onto T. The matrix Q has the properties:

qai:q}\azl lfiEIa,)\EAa,(XEA,
Geo = 1 foralla € A.
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Proof. Letting

-1 -1 —1
ui :pmcpmxpaapai and V}\ :pABpKBpKK’

where i € I, A € AB, to show that ¢ is an isomorphism, it suffices to
show that

Pri = VAdrY;-
Indeed,
-1 ~1 —1 -1 -1
A\t = (PABP kB PP PkBPAB PP ai Pacl ke Prcx)
-1 _—1_—1
X (pmc Pra paapai) = D
as required. Further, fori € I,
-1 -1 —1 —1
qai = pKK p:capaapaipai paapku pKK = 17
and for A € A,
- — —1 -1
Da = pKKlpKapkalp}\apaa PaaP ra Prx = 1’
and
-1 —1 —1 -1
qxa :pnkpxnpxxpxapaapaapmxpkx = 1’
as required.

As a special case of the above lemma, we record the following
well-known result.

COROLLARY 2.3. Let S = M(I, G, A; P). Fix an element both in I and A
and denote it by z. Define
Gy = Px:'Papz P (i € LA E D),
and T = M, G, A; Q) where Q = (q),). Then the mapping

X:(is 8 N) = (s p2; 'P.igPass M)

is an isomorphism of S onto T. The matrix Q has the property
. = 4., =1 foralli € L\ € A,

that is, Q is normalized at z.

Observe that the Rees matrix representation of the free product of Rees
matrix semigroups with normalized sandwich matrices within the class of
completely simple semigroups constructed by Jones [4] is of the general
form described in Lemma 2.2.

If the Rees matrix semigroup (I, G, A; P) admits an antiautomor-
phism, then one can see easily that / and A must have the same
cardinality. Thus there is no loss of generality if we assume that 7 = A,
which we will do throughout the paper. Antiautomorphisms of a Rees
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matrix semigroup are described in the next result; for a proof, consult
([6], Theorem 3.2).

LEMMA 2.4. Let S = M1, G, I; P), £ and n be permutations of I, u:i = u,,
vii = v, be functions mapping I into G and w be an antiautomorphism of G
satisfying

(D) pjie = wpig v, (Lj € 1)
Then the mapping
(2) 6:i. & ) = (jn. v,(gw)u,, i)

is an antiautomorphism of S. Conversely, every antiautomorphism of S can be
5o constructed.

Based on the above lemma, the next result describes the form of an
arbitrary involution on a Rees matrix semigroup with normalized
sandwich matrix. For g an element of a group G, let

X = g_lxg (x € G).

LEMMA 2.5. Let S = M1, G, I, P) where P is normalized at z, § be a
permutation of I, i — u; be a function mapping I into G and w be an
antiautomorphism of G. Let u = u., ¢ = u (uw) and assume that

(1) = € Pjiw = UiPe ¢ lc(ujg]wo) (i,j € 1).
Then the mapping
) 0:G. g.j) = (& . clug ho)gou,, i)

is an involution of S. Conversely, every involution of S can be so
constructed.

Proof. (Direct part.) We putn = ¢ ' and v = c(ug 'w) in Lemma 2.4
and see that 6 in the statement of the lemma is indeed an antiautomor-
phism of S. We compute

(i, 8.J)00 = (jE . c(ug w)(gwu;, )8
= (i, c(u; '©)[e(u w)(gw)u;lwuy 1, j)
= (i, c(u; ') uw)(ge ) ug 1w cw)ue 1, j)
= (i, c(c_lgc)(c_lujg—llc)(cw)ujg—l,j)
= (i, gu/g—llc(cw)u,-g—l,j)
which together with
c(cw) = c(uwz)(u_'w) = c(cfluc)(u_lw) = uu_‘(uw)(u_lw) =1

proves that 6° is the identity mapping.
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(Converse.) Let 8 be an involution of S given as in Lemma 2.4. Since 6 is

of order at most 2, we compute

(i* g*])aa = (1777 vj(gw)uis lg)o

= (i€m, vilv;(gw)u;Jwujy, mé) = (. g.J)

which implies 7 = ¢ ! and
3) vue)ge ) v 1 = g.
For g = 1, we obtain

viuw) = ujgll(vj_lw),

where the left hand side depends only upon i and the right hand side
depends only upon j, so we have that

4) ¢ =vuw) = u./'gl‘("_,‘ilw)
is a constant. It follows that v, = ¢(u; 'w) and writing i for i, this
gives
S v, = C(u,-gllco).
Now formula (1) of Lemma 2.4 gives

P = pig e 10 1),

Fori = zandj = z§, this gives 1 = uc(u']w) and thus ¢ = uil(uw). Now
(4) substituted in (3) gives
c(ng)cvl = g whence W =

o

Taking into account (5), we see that Lemma 2.4 implies the assertion of
the present lemma.

If an involution is given on a Rees matrix semigroup, we can change the
Rees matrix representation in such a way that the involution takes on a
very simple form. This we do in the next result.

THEOREM 2.6. Let S = M, G, I, P) with P normalized at z. If 7 is an
involution of G satisfying

() pir=p; Gj€),
then the mapping
2 6. gj)—(.gri) ((.g)j) €S)

is an involution of S.
Conversely, let 6 be an involution of S with parameters as in Lemma 2.5.
Let Q = (qji) where

S
(3) g = pgipg; (j € 1),
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and let
4) 7= we

u-

Then 1 is an involution of G, Q is normalized at z and 4T = 4 for all
i,j €l Let

T=.106,1; Q)
and define 7 on T by (2) so that T is an involution of T. Then the mapping
(5) X 8.J) = (. pgig &) ((.g.)) € S)
is an isomorphism of S onto T such that x = xT.

Proof. The proof of the direct part consists of a straightforward
verification.

For the converse, let § be an involution of S given by the parameters as
in Lemma 2.5. Letting 7 be as in (4), we obtain

g1-2 = guwe,we, = u*l(ufl(gw)u)wu = u_l(uw)(ng)(uilw)”

= c(ged)e ' =g

and 7 is an antiautomorphism and so an involution. Clearly Q is
normalized at z. From (1) of Lemma 2.5, we get

6) pjw = ”iPig,jg"“_l(“‘*’)(“j?"«’)
Writing z for i and j for j§“1 in (6), we get
l=up,u l(uw)(uj_ ')
which gives
7 Pej = ufl(ujw)(uvlw)u.
Now
4T = (Do),
by (3) and (4)
= u_](Pzg,i‘*’)il(Pjg,jw)u
= u upg o wo)u @) 1 lupie 1 e (U w) Ju
by (6)
= P ey 0
-1
= Pig Pzt = 4

by (7) and (3)
which verifies (1) for qji-
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To see that x is an isomorphism, in Lemma 2.1, we let £ be the identity
mapping, n = § n U; = p.¢;, w the identity mapping and v; = 1. In view of
(6), we see that (1) in Lemma 2.1 is satisfied and thus x is a
homomorphism, and hence an isomorphism.

[t remains to verify that x respects the involutions. On the one hand,

®) (g X = (i pgig jE T = (& (pgi@)r. D)
— GE L (pga@we, i) = GE ' u (go)(pug o, i)
and on the other hand,
(9 (g )bx = (& ' u (uo)ug o) (gou, E)x
by (2) of Lemma 2.5
= G pagge w0 o) o) (gwlu, i)
= GE L @) o) e (gl i)
by (7)
= G L u (g, D).
Further
Poew = [u () 'oulw
by (7)
= (o) ') ue?)u )
= (o) ("o u” (o) [ (u” @y (wew) Ju ')
= uiu_l
which implies that the expressions in (8) and (9) are equal. Consequently
Ox = xT.
This result suggests the following concept.

Definition 2.7. For S = (1, G, I; P) and 7 an involution of G, the
involution

7, 8J)) >, g, i) (G 8J) €S)

is said to be in standard form. The pair (S, 7) will be denoted by
MG, I, P, 7) and will be said to be in standard form. If gr = g~ ! for all
g € G, we write G, I; P).

As a consequence of the above theorem, we have

CoroOLLARY 2.8. Every involutorial completely simple semigroup is
isomorphic to one in standard form.
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The following lemma will be useful.

LEMMA 2.9. If a is an element of an involutorial completely simple
semigroup, then letting a = aail,

(@ =@ @) =@
Proof. This follows by simple verification in a Rees matrix semigroup in
standard form.

3. Free involutorial semigroups. Let C be a semigroup. The opposite of
C, C°P, is the semigroup C? = (C, o) where ao b = ba for all a, b € C.
Let % be a class of semigroups such that C € #implies C°P € % Assume
also that € contains free objects (that is F%(X) exists for all X). Let X
# @, let X* be a set disjoint from X and in a one-to-one correspondence
with X, the correspondence being given by x — x*. Let [ = X U X*.
Since F%(I) exists, and F&(I1)°? € &, the map I — F%(I)°® obtained by
x — x* and x* — x extends (uniquely) to an isomorphism of F¢(I) onto
F%(I)°P. The extended map is thus an antiautomorphism of F%(I) which
is clearly of order 2 and so an involution of F#([).

The class €* of involutorial €-semigroups is defined by

%* = {(C, *)|C € Fand * is an involution of C}.

The class €* is therefore a class of universal algebras with a binary and a
unary operation. The binary operation is associative and the unary
operation satisfies x** = x and (xy)* = y*x*.

THEOREM 3.1. The involutorial semigroup (F€(1), *) with * defined above
is free on X in €*. In symbols

F&*(X) = (FE(), *).
Proof. Let (C, *) € €*. We will show that the diagram:
X —— (F6(), *)

I
® g
Y v
(C’ *)
can be completed with a homomorphism ¢ which respects both - and *.
Since X clearly generates F () (as an involutorial semigroup) this will
prove that (F#(I), *) is free in €* on X.
Consider the diagram:

I=XUX* ——» FEI)

® %

*

i
U g v
C
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where the map ¢*: X* — C is given by x* — (x¢)*. Since F%(/) is free on
I in %, there is a homomorphism ¢ which completes the diagram. This
construction provides us only with a semigroup homomorphism but we
will prove that it also respects *. We show that u*y = (u)* for all
u € F€(I). It is enough to show that

X = x*¢* = (x@)* = (x{)*,
xp = xg = ((x9)*)* = (x*¢™)* = (x*P)*.
Therefore { respects * and we can take ¢ = .
4. Free involutorial completely simple semigroups. A matrix representa-
tion of the free completely simple semigroup on I = X U X* FE¥(1),

was given by Clifford [1] and Rasin [7] as follows. Let z € 1, let G be the
free group on

LU {pli,jeli+z+j}

where this is a disjoint union, and let p = (p;) wherep_, = p,. =1 € G.
Then ' '

S =M1, G, I, P) = FE().

The isomorphism is given by extending i — (i, i, i) for i € I. The
involution of F¥(I) given in Section 3 can be transported by the
isomorphism to an involution of S. On the generators of S this involution
is given by
(i, i, i) = (i*, i*, i*).
THEOREM 4.1. Let w be the antihomomorphism of G defined by extending
the following map on the free generators of G:

i p:*i*i*pi*:*P;z]*’
-1 -1
p,-j I pz*z*pj*_,*pj*,-*p_,*i*.

Then w is an antiautomorphism of G and the involution of S described above
is given by

. . . — -1 .
(I’ g, f)* = (j*’ pz*jl*(gw)pz*z*pi*z*’ l*)'

Proof. We will apply Lemma 2.5 to show that (i, g, j) — (i, g j)* is an
involution of S. In the notation of Lemma 2.5 let

—1
Uj = PoxyxD jxg*
and let
£ =i* foralli €I

then u = u, = 1 and therefore ¢ = 1. Then
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p,}-/-w2 = (p:*_.,*pjizl*pj*,-*p;,-]*)w
= (Parp@) (D) Pjrcs@) (Ponye)
= (p;*;*Pi.j*]PizP;z] ) ](pz*:*pi;*]pijp;“jl)
= (PP aiPP ) (PoveDipocp )
= Pij
A similar calculation shows that iw> = i. Therefore w® = €, the identity

map on G. In particular, w is a permutation of G. We can also show that

U = p_««. Therefore

W = U.D: ,(u.ﬁlw)
Pjj Pl @)

These are the conditions necessary to apply Lemma 2.5.
It is also straightforward to check that

(G, 0, i)* = (i*, i*, i*).

Since the involution of the theorem agrees with the involution inherited
from (FE€L(I), *)on { (i, i,i) |i € I}, and FES(I) is free, the involutions
coincide.

THEOREM 4.2. (Standardization). Let S be defined as above, let
ry o= pi*jpz_*jl G, j &l
and let V- = MG, I, R, w) where R = (ry)- Then
x:( 8 J) = (i, pxig: J*)
is a *-isomorphism of S onto V.

In addition, the set 1 U {r,li #+ z # j} freely generates G, the involution of
V has the form

(0, 87) = (J, gw, 1)

and w is the involution of G whose action on generators is given by
i = i,
il

Proof. The isomorphism x is obtained by specializing Theorem 2.6 and
using the parameters in the proof of Theorem 4.1. It is also straightfoward
to show that

=1
pU = I‘l-*jf'z*j.

In particular, the set I U {rli # z # j} generates G.

https://doi.org/10.4153/CJM-1985-017-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1985-017-9

COMPLETELY SIMPLE SEMIGROUPS 281

To show that the set 7 U {r,]-]i # z # j} freely generates G let

r, =ry forsomei,j € I\{z} ande € {—1, 1}.

We show that if r; ... r, = 1, then
ret+y = 1 forsomel = k < n.

Assume that » is the smallest integer such that
rp...r,=1landrr,, # 1foralll = k <n.

Of course n = 2 since r; # 1. Assume

—1
ry = DpxiP i
(The proof in the other case is similar.) Since r| ... r, = 1, p_.; must occur
in r, ... r, which means by inspection that

= —1 = P 9
7y = p.xiP, for some k = 2 and some u.

If r, contains the p,«; which occurs in the reduction of r; ... r, to 1 using
the freeness of the p;’s, then ry...r,; = 1. This is impossible since
ry...r, is the shortest product with the stated properties. Therefore
k = 2.1f n = 2, then u* = j* and r, = r; ', again a contradiction. If
n > 2 then

-1
I3 = PyxiPzxi*
(by the same kind of argument which showed that r, = pz*ipl;,-] ). But
then r, = ry ! This contradiction completes the proof by showing that
ry...r, = land rpr,y # 1 forall 1 = k < n is impossible. Using
Theorem 4.1, we obtain

(0 = Poael*PpessD vde = Pl A ¥l (e )
_] .
= I‘Z*i*l*l‘,vz*,
—1 -1
rgw = (pppos)w = (pxw) (ppw)
—1 —1,-1 -1 -1
= (pz*z*pj*z*pj*zpz*z) (pz*z*pj*z*pj*ipz*i)
-1

= PjxiPzxi = i
and thus w has the form as in the statement of the theorem.

5. Another Rees matrix representation of F€¥*(X). Lemma 2.2 asserts
that every Rees matrix semigroup has a representation in which the matrix
is “normalized” in a special way. The particular “normalization”, which
may be termed “local” in view of its form, appears in the Rees matrix
representation of the ‘ree product of Rees matrix semigroups in the

category of completely simple semigroups constructed by Jones [4].
Recalling that I = X U X* and z € X is fixed, we say that the Rees
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matrix semigroup (I, G, I, Q) has a matrix locally normalized at z, z*
if
Gy- = Gox = Grox = Qs = ¢« = 1 forall x € X.

We provide here such a representation for F€¥*(X). The corresponding
involution is similar to that given in Theorem 4.1. The copy of FE¥*(X)
so obtained seems a natural one as it exhibits the interchange of x and x*
under the involution better than the standard representation and retains
the simplicity of its group mapping. Our approach consists of first
producing such a semigroup and then proving that it is isomorphic to S of
Theorem 4.1.

LEMMA 5.1. Let Q = (qy), i,j € I = X U X* be locally normalized at
z, z*. Let H be the free group on the set

LU ({gyli.J € TN{4ow G Qe Goams GelX € X}).
Set
(D) dy = q;. 495 -
Then H is the free group on 1 U {d,li # z # j}.
Proof. Note that d_; = d;. = 1. We first show that the set
[V {dji #z # j}

generates /H by showing the g;; can be written as a product of d/s for all
i, j. Equation (1) can be rewritten to give

(2) 4 = qizdijqzj'
It is therefore enough to express ¢;. and ¢.; in terms of the d,’s. By direct
substitution in (1) we can show that ‘
G- = d;“_l*
It 1s also easy to show from (1) that
ql,‘(* == dz_*l,*dz*z*.

Since ¢,. = ¢., = 1 we have all possibilities for ¢;. and g.; needed
in (2).
Foreach 1 = k = m, let

d, = d,‘-j for some i,j € I,e € {1, —1}.

In order to show that H is freely generated by I U {d,li # z # j}, itis
sufficient to show that if &, ...d, = 1, then ‘

d, = d. !, for some k.

We can assume that m is the least integer such thatd, ...d,, = 1,d, # 1

for] =k =mandd, # d, |, forall 1 =k < m. Note that m = 2 since
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d; # 1. The following is a list of the possibilities for d;; and d,-;l. For

x,y € X,
-1
dij du
S -1
I=X,] =) dyy qyy
. * -1 -1
I=Xx,j =y Gy 2y Goyrd
) w -1 -1
F=x] =Y q,x":qx*y qx"‘\'q.\‘:
. « " -1 -1 -1
r=x%J =Yy q,\"“:q,x")'*q:_y" q:_y*q,\‘*v\"’q.\":
We first show that ¢, does not occur in d,...d,. If ¢ did occur,
then ' ‘

d...d, =Aq,Bq,'C =1,

where A, B, C are possibly empty products of d,’s. The displayed pair
Gus G, is a pair which is cancelled in a reduction of d, . . . d,, to 1 using
the freeness of the g;’s. Therefore B is the empty word and

—1
d] o .. dm == Aququ C

which contradicts the assumption that 4, # dk_+]l forall 1 = k < m.
Let h_(clz',\,) be the first g;; or q,;l to occur in d, and let 1(d) ) be the last
g; or q;; - to occur. We show that

tdh(d, ) =1 forl =k <m.

The proof is by induction on k. Notice that, from the form of these
elements, (z(d;) )_1 can only occur as h(d;) and that (z(d)) )_‘ does not
occur in d,. By the freeness of the q,j’s, it follows that

dy...d, = Ai(d)B(1(d))”'C = 1.

The displayed pair ¢(d,) and (¢(d)) )_' cancel in the reduction of the ¢,’s
to 1. These remarks show that B is a product of d,’s and therefore is the
empty word. Consequently ¢(d;) = h(dz)‘l.

Assume now that
tdh(d,, ) =1 forl =k<n<m-— 1L

To reduce d,...d, to 1 as a product of g,’s we can cancel the pairs
t(dy), h(d, ) for 1 = k < n. In the resulting product ¢(d, ) must cancel
h(d;) for some j = n + 1. An argument similar to that used for k = 1
shows that

j=n+1 and t(d,)h(d,,,) = 1.

We next show that if d, is a product of two g,’s, then dj , is a product
of three g;’s. Assume d; ,; is a product of two g;/’s. First let
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-1
dk = qx_y*qzy* .

If Kk > 1, then
-1
d/\'—] = ql_v*q.\}‘*
since 1(d, _)h(d,) = 1. But then d; _, = a'k_l, a contradiction. If k =
then

-1
d2 = qZ_V*ql{V*’

If m = 2, then u = x (in order that the g;’s cancel) and therefore
dy=d;'. 1f m > 2and u # x, then

d3 = quy*q;,* and d2 = d; .
In either case we have a contradiction. In case
-1 -1
d/\’ = qx*qu*y or dk = ql},*qu*
it follows that d, , | = d; !, a contradiction. Finally if
-1
d/\’ = qx*yqx*z

we proceed as in the first case.
The final step is to show that no d, is of length three. This will complete
the proof since m = 2 and 4, and d, . are not both of length two for

any k.
If some 4, is of length three, then either 4, or dk is g .« ,qm*q ‘1 for
some x, y € X. Both g,«. and g,. y* must occur in d, .. .d,, since the

;s all cancel in the product. If

dk = qx*”qx*y*q'v*?

for example, then ‘1x* « occurs in some d; and therefore

di = qz_y*qx*y*qx*z = dk

Assume that 4, and d; in fact contain Gy and q;l*, respective-
ly, which cancel in the reduction of the q; s to 1. Also let i > k. (The
proof in the other case is similar.) Now i # k + 1sincedy ., # d . If
i =k + 2, then

-1

h(di 1) = g« and  1(dyy)) = q,,

which is impossible. Therefore i = k& + 3. Since no two factors of length
two are adjacent, there is at least one d; of length three between d) and d,.
In order for the middle element of d; to cancel in the product of g;'s, there
must be at least two d/s of length 3 between d; and d,. But then by
repeating the argument there would have to be infinitely many which is
impossible. Consequently no d, of length three occurs which completes the
proof as indicated above.
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LEMMA 5.2. Let H be the free group defined in Lemma 5.1, and let T be the
antihomomorphism of H which extends the mapping

=1 —1
X = QZx*X*qx*:’
x* = Qo3 XGxzs
qu H qj*i*u
Then 7 is an involution of H and the mapping
(0, 8,J) = (J*. g7, i*)
is an involution of T = M1, H, I; Q).

Proof. Direct calculation shows that 7 is of order two on the generators
and therefore on H. Hence 7 is a permutation of H and thus an involution.
In Lemma 2.5, let i = i* and 4, = 1 for all i € I. Then ¢ = 1 and
w = 7 whence the last assertion follows.

THEOREM 5.3. Let the notation be as at the beginning of Section 4 and in
Lemma 5.2. Let 6:H — G be the homomorphism obtained by extending i — i,
d;; = p;i. Then o is an isomorphism. Define y:T — S by

(i’ g, ]) - (l’ (qzigqu)oa j)
Then  is a *-isomorphism of T onto S.

Proof. To prove that ¢ is a semigroup homomorphism we must show, by
(1) of Lemma 2.1, that

9,0 = (4;:9)P(q.;0)-

This follows by applying o to statement (2) in the proof of Lemma 5.1. It is
clear that y is one-to-one and onto.

To show that ¢ respects involutions it is sufficient (since { (x, x, x)
|x € X} generates S as an involutorial semigroup) to show that

x x x> = (x, x, x0T
Now
(% X, T = (% g xqy s 0T
= (x*, (g Dx7)(g2, 7). x*)
= (X%, Goor QX i s X¥)
= (X*, @t X*q s X¥)
since Q is locally normalized at z, z*
= (o oW = x0T

as required.
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In the light of ([4], Theorem 2.1), we deduce the following interesting
consequence of the above result.

THEOREM 5.4. The underlying semigroup of the free involutorial
completely simple semigroup on X is the free product of two copies of
free completely simple semigroups on X.

6. Examples of identities. We consider here certain identities on
involutorial completely simple semigroups implied by the identity
a = aa*a. We find the conditions on an involutorial Rees matrix
semigroup S in standard form which are necessary and sufficient for $ to
satisfy each of these identities.

THEOREM 6.1. Let S = MG, I, P, 7). Then forn = —1,0,1,2,...,
S satisfies the identity a~" = a(a*)""a if and only if

() """ =pypy=pi=1 (g€ Gijel
Proof. We first compute, for a = (i, g, j).
@ a ' =(p;'e 'pi )
3 & =ap, ")
and for n > 0, taking into account (2),
@ a"=(Ggn Y ==aGp;'s p; D)
— G (p;'g Vo L,
and on the other hand, forn = —1,0, 1, ...,
(5) a(@)'%a = (i, & ). gr. )", 8. ))

— (i, & )0 [gnpl" (g, i), g, j)
n+1

= (1, gp;l (gmpyI" " (87)Pig. J)-
Direct part. Case n = —1. By (4) and (5), we get
g8 = gp;(8T)p;i8
so that
gr =p;'g 'pi .

For g = 1 andj = z, we obtain p;, = 1 which then implies that gr = gil.
In particular,

Py = PiiT = Pj:l-
Case n = 0. By (3) and (5), we obtain

P = g (8P (gTIPig -
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For g = 1 and j = z, we get p;, = 1. Now for g = 1, it follows that
Pji = py- Forj = z, we get
2

glgr)yg =1

and thus gz(gfr)z =
Case n > 1. From (4) and (5), we have

(p;i g N'pi ' = gl (gmp)"gmpig.
For g = 1 and j = z, this gives p; = 1| and thus

(pjlflg—])n-FZ

Forj = z, we get

]n+l ]n+ -1

= p;i 1w, )" gm) = p; Lgnp )" p,

gn+2(gq_)n+2 -1

For g = p;l, we get

n+2 -1 _—1

L=p,; T oo py " =0 'py
so that p;p; = 1.
Converse. Case n = —1. Since g7 = g, then
aa*a = (i, g j)(J, g7 )i, &, J)
= (i, gp;8 'piug.J) = (i 8. J) = a.
Case n = 0. We compute
aa*a*a = (i, g j)(J, g7, I)(J, &7 i)i. & J)
= (i, gp;(g7)p;(&8T)P;; 8 J) = (i, 8(8p;;g)7g. J)-
By hypothesis,
(pym)gpig)T = [(gp)r) = [ (&) 'V = pyi '(gpug) "
= py(epi®) " = (pm)ep;g)
which implies that
(gp;8) = (2p,8) "

Hence
) _ . R 0
aa*a*a = (i, g(gp;8) " '8.J) = (i.p; . Jj) = a’.
Case n > 0. We calculate

gl (gp, 1" '(gng = gl gnp,)" p; g

= gl ()" p, ! $

+2)
= g(pﬂg) (" pl/
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= g(pi®) (i) "(pig) 'py '8

=p;i ¢ i '8 pi g

_ (pﬂflgﬂ)npl:l
which in view of (4) and (5) implies that a

no_ a(a*)n-ﬁ-za.

The special case n = —1 in the above theorem is of particular
interest.

Definition 6.2. An involution * of a semigroup S is a regular involution
if S satisfies the identity a = aa*a; in such a case, S is a regular involuto-
rial semigroup.

COROLLARY 6.3. The involution 7 of MG, I; P, 1) is regular if and only
if
g(gn) = pypj =piy =1 Jorallg € G,i,j € I

PropOSITION 6.4. The following conditions on S = MG, I, P, T) are
equivalent.
() pjp;i = p; = Vforalli,j € I
(ii) S satisfies the identity a®a*’ = (aa*)".
(iii) S satisfies the identity a° = (aa*)’(a*a)".
(iv) S satisfies the identity a° = a’a"*d°.
(V) The restriction of * to the subsemigroup of S generated by the
idempotents is a regular involution.

Proof. The proof of the equivalence of item (i) and each of (ii), (iii) and
(iv) consists of a simple verification and is omitted. Also item (v) trivially
implies item (iv). It remains to prove that (i) implies (v).

Assume that (i) holds. Let i, j, € I fork = 1,2,..., n and let

o —1 -1
! = PjiiPhiy Psiy =+ Pj, i, P

Then

. -1 .\, -1 . . 1. . .
(llv pjli]7jl)(l2’ pj2i2>12)- . '(lnspj jnyfn) = (ll’ t’]n)

and using p;T = p,-;l and p;; = 1, we get

n

Gy 6, )y 8 g, s 8 gy) = s G ) B, D3 8 )
= (i, wp;,; TP; il Jn)

= (i, ’(Pj:i:T)(Pjn.‘linT) - (PJ;JT)(PJ,,J)(PJT,-;T)L Jn)

= (i, ’Pjni,,[’j:,l,i,, e ‘pjzizpf;zlpjlilt’ Jn)

= (i} &, Ju)s

as required.
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7. Free regular involutorial completely simple semigroups. In order to
describe the semigroups in the title of this section, we will characterize the
least congruence p on V = (G, I; R, w), introduced in Theorem 4.2, for
which V/p is a regular involutorial completely simple semigroup. A
simplified version of this characterization will also yield the least
congruence A on V for which V/A satisfies the identities in Proposition
6.4.

LEMMA 7.1. Let V = MG, I; R, w) and N be the normal subgroup of G
generated by the set

(1) {ris 1y raspei*rizeili, j € 1},

Then the relation p defined on V by

Q) G gk hl)esi=kgh'eN =I

is the least *-congruence on V for which the involution on V/p is regular.

Proof. We let p be the least *-congruence on V with the property that the
involution on V/p is regular; we will show that p may be described as in
the statement of the lemma. By hypothesis, p is the least *-congruence on
V for which apaa*a. Hence, in view of Theorem 4.2, p must be idempotent
separating. Every idempotent separating congruence on the Rees matrix
semigroup V is determined by a normal subgroup N of G according to
formula (2). It remains to prove that N is generated, qua normal subgroup,
by the set in (1).

We first observe that

G, & J)e(i, g, /), & )*(, 8 J) = (i, gri(gw)r;g. J)
and by (2) this is equivalent to

gri(gw)r; € N.
This is, in particular, true for g = 1 and j = z, which then gives r; € N.
But then

gri(gw) € N,

and since N is a normal subgroup, we deduce that (gw)g € N. For g = i
and g = r; respectively, by Theorem 4.2, we get

,1.* .
o T ipnd, Tty € N.

Conversely, if
P
Figs Vifljis Toxpel*Tiosl € N

for all i, j € I, then since I U {rijli # z # j} generates G, it follows by
Theorem 4.2 that
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gri(gwir; € N.
Furthermore, from Theorem 4.2 we get

Fa® = Tips

(rijfje = (r@)(r©w) = ryf;.
(rohi*r e = (i)(r ) (i*)(rw) '
LN L VA Py ToN

= o it
which gives Nw = N. This implies that p respects the *-operation.

We aim next at a suitable Rees matrix representation of V/p in Lemma
7.1.

LEMMA 7.2. Let I be linearly ordered by <. Let N be the normal subgroup
of G defined in Lemma 7.1. Then G/N is freely generated by

{xNlx € X} U {r,Nli >j.i # z #j}.

Proof. 1t is clear that G/ N is generated by this set since the generators of
G can be expressed modulo N in terms of these elements. Consider the
following diagram:

0
XU lrjli>ji#z+#j}—>G/Ne——G «—1 U {rli #z +#j}

|
® :
Y : ¢
c :
v
F

where F is the free group on X U {rli > j. i # z # j}.

gl U {rli# 2+ )} —>F
is defined by

X =X,

* —i =1 -1 i
X* = (P xXFoxyx) = Faes X Fox
ry e > g0 #Fz#
ri — 1,

=i :p - PR .
rig =g i >0 #F oz #
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and

0:X U {rjli>ji#z#j}—>G/N

is defined by ¢ — ¢N for all ¢.

The map ¢ is the unique extension of ¢ to G. To prove that G/N is free it
is sufficient to prove that § is one-to-one and to define a homomorphism
Y:G/N — F rendering the left part of the above diagram commutative.

The elements of N are of the form

-1
a;

=

i=1

where w; or wf] is a generator of N. To show that 6 is one-to-one, it is
enough to show that if ¥ and v are distinct elements in the domain of 4,
then uv ™' & N, that is uv ' cannot be expressed in the above way. There
are several cases. If x, y € X. x # y, and if xy“] = n, then in » there is
an occurrence of x not matched with some x . At the same time all
occurrences of x* must be matched with some occurrence of (x*) ' Since
all occurrences of x in g; can be matched with x ™' in a; ! and similarly
for x*, and since in w,, x* and x (or their inverses) both occur once or
neither occurs then xy ' # n € N. The other cases, that is xry; bg N
and ryrk, & N require similar arguments.

It is a routine calculation to show that ng = 1 for the generators of N
and therefore that (N)g = 1. It follows that the required ¥ can be defined
by

(aN) =
since the resulting mapping is well-defined.
THEOREM 7.3. Let K be the free group on the set

XU A{wyli>ji#z+#j}

Let w; lifi<jis#z # jandletw,, = w.; = 1 foralli,j € I. Then
Z = ///(K W) is a free regular involutorial completely simple semigroup
on X.

Proof. This follows immediately from the above two lemmas and their
proofs.

The arguments above for the treatment of a regular involution simplify
in an obvious way giving the following results which we state without
proof.

LEMMA 7.4. Let V = MG, I; R, w) and M be the normal subgroup G
generated by the set
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n A{ri r,,-r,-,-li,j e l}.

Then the relation \ defined on V by

Q) (g Nk, hl)yesi=kgh'eM =1

is the least *-congruence on V for which V/\ satisfies the identity
a4 = (aa*).

LEMMA 7.5. Let I be linearly ordered by =. Let M be the normal subgroup
of G defined in Lemma 7.4. Then G/M is freely generated by

{iNli e I} U {ryNli > j, i # z # j}.
THEOREM 7.6. Let L be the free group on the set
LU {Ifi > i+ z+j)

Letly = 17 ifi <ji#z#jandletl, = [;=1l, = 1forallij € I
Then J(L, I, W) is a free involutorial completely simple semigroup satisfying
the identity

a’a*’ = (aa*)u.

8. Word problems. We discuss here the word problem for the free
involutorial completely simple semigroup, relative to the free involutorial
unary semigroup and for the free regular involutorial completely simple
semigroup relative to the free involutorial semigroup on a fixed nonempty
set.

In order to keep track of various semigroups and mappings,
we illustrate the situation by the diagram below. As usual, we write
I = XU X%

I is the free semigroup on / thought of as the set of all words over the
alphabet I with concatenation as product.

(I, *) is the free involutorial semigroup on X as constructed by Wagner
[8]; the involution is defined by x <> x* on I and then extended to all of I
by the requirement that it be an antihomomorphism.

U(I) is the free unary semigroup on I as constructed by Clifford [1];
it may be defined as the smallest subset of the free semigroup on
I U { (,)"}, where (and )~ ! are two extra symbols satisfying the
properties:

()1 < U,
()w e UJ) = (w)" ! € UI),
(i) u,v € UU) = uv € U(]).
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(U, *), where U = U(1), is the free involutorial unary semigroup on X;
the involution is defined by x <> x* on [ and then extended to all of U by
the requirement that it be an antihomomorphism (this is an obvious
analogue of Theorem 3.1).

A1, G, I; P) is the free completely simple semigroup on [ as specified
by Clifford [1] and Rasin [7].

(S, *), where S = (I, G, I, P), is the free involutorial completely
simple semigroup on X; the matrix P is normalized.

(T, *), where T = A1, G, I; Q), is a *-isomorphic copy of (S, *) with
the matrix Q locally normalized at (z, z*).

V = MG, I, R, w) is a *-isomorphic copy of (S, *) in standard form.

JG/M, I, R/M, &) is the (relatively) free involutorial completely
simple semigroup on X in the variety determined by the identity

da’® = (aa*)O.

AMG/N, I, R/N) is the free regular involutorial completely simple
semigroup on X.

The signatures of the algebras depicted in the diagram are by columns:

O N O W CRE S WY G

I'— (I, %) > (U, *) « U= Ul

(T =41, G, I; Q). %) l
\
(S, ¥)e—S =11, G, I; P)
v
V = MG, I; R, )
{r 4—”” ¢

MG/N, I, R/IN) < MG/M, I; R/IM, &)

Diagram 8.1

In [3] we solved the word problem for FE¥(I). We defined two maps
h, t:U(I) — I and the map m:U(l) — G where G is the free group on

TU {pli #z # j}
as follows. Let p,, = p,; = 1. Let w € U(J); then
h(w) is the first element of I to occur in w,
t(w) is the last element of / to occur in w,
m(i) = iforalli € I,
m(uv) = m(u)pt(u)h(v)m(v)’

-1 -1 -1 -1
m(() ) = Piuwnm[Mm@) 1 P
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We showed that if w ~ w’ is defined by A(w) = h(w’), m(w) = m(w’) and
t(w) = r(w), then

U/~ = Fes (),

solving the word problem for F€%(I) in terms of U([).
The involution defined on U(/) by extending i — i* gives rise to an
involution on U(/)/~ and

(U(1)/ ~, *) = Fes<().

Thus the word problem for FE¥*(I) relative to U(I) is the same as the
word problem for FE¥ (1) relative to U(I).

The word problem for the free objects in the variety determined by the
identity a’a*’ (aa*)’ and in the variety of regular involutorial
completely simple semigroups can be described in a similar way. For the
former we simply modify m to

m'(w) = m(w)M (w € U(X)).

For the variety of regular involutorial completely simple semigroups we
modify m to

m’(w) = m(w)N (w € U(X)).

In the case of the free regular involutorial completely simple semigroup,
FR€S*(X), we can also give a solution of the word problem in terms of
I7. In fact I € U(I) and we can restrict the maps A, t and m” defined
above to 17, If = is the congruence on I so induced we will show that

(IT/=.*) = FRECS*(X).

The congruence = can be obtained from the maps given in Diagram 8.1
through U. That the resulting map is onto #(G/N, I; R/N) follows from
the fact that in a regular involutorial completely simple semigroup

a ' = aa*a*a*a.
Using Corollary 6.3, this formula can be immediately verified in a Rees
matrix semigroup with regular involution in standard form.
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