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FREE INVOLUTORIAL COMPLETELY SIMPLE 
SEMIGROUPS 

J. A. GERHARD AND MARIO PETRICH 

1. Introduction and summary. An involution x —> x* of a semigroup S is 
an antiautomorphism of S of order at most 2, that is (xy)* = y*x* and 
x** = x for all x, y e S. In such a case, S is called an involutorial 
semigroup if regarded as a universal algebra with the binary operation of 
multiplication and the unary operation *. If S is also a completely simple 
semigroup, regarded as an algebra with multiplication and the unary 
operation x —» x~ of inversion (x~ is the inverse of x in the maximal 
subgroup of S containing x), then (S, , *), or simply S, is an involutorial 
completely simple semigroup. All such S form a variety determined by the 
identities above concerning * and 

x = xx x, xx = x x, (x ) = x, x = (xyx) 

where x° = xx ~ ! . 
Involutorial semigroups satisfying the identity x = xx*x are called 

regular involutorial semigroups. Their study was essentially started by 
Nordahl and Scheiblich [5] even though they have appeared earlier in 
several places, notably in regular rings. The second author [6] initiated the 
study of regular involutorial semigroups which are also completely regular 
semigroups; this includes, in particular, regular involutorial semigroups 
which are completely simple. Involutions appear in many situations in 
semigroup theory but are usually not considered as a separate operation 
on the semigroup. 

We arrive here at a Rees matrix representation of the free involutorial 
completely simple semigroup on a set X by means of the Rees matrix 
representation of the free completely simple semigroup on a set of double 
the size of X. As a homomorphic image of this semigroup, we obtain a 
copy of the free regular involutorial completely simple semigroup on X 
(where regularity means that the identity x = xx*x is satisfied). 

Sectioa 2 contains a discussion of Rees matrix semigroups, including a 
new type of normalization of the sandwich matrix and the standard form 
for an involutorial semigroup. A construction of the free involutorial 
semigroup belonging to certain classes of semigroups is described in 
Section 3. This is applied in Section 4 to the class of completely simple 
semigroups and the corresponding involution is made explicit; the 
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standard form of this Rees matrix semigroup is also presented here. A 
different Rees matrix representation of our semigroup is constructed in 
Section 5. A family of identities on involutorial completely simple 
semigroups is characterized in Section 6 in terms of involutorial Rees 
matrix semigroups in standard form. The free regular involutorial 
completely simple semigroup is constructed in Section 7 as a quotient of 
the free involutorial completely simple semigroup by a well-determined 
congruence. The concluding Section 8 contains a review of the semigroups 
considered as well as a derivation of the word problem for several 
free-type semigroups discussed earlier. 

2. Rees matrix semigroups. The purpose of this section is to establish a 
number of statements concerning Rees matrix semigroups (over groups) 
which will be needed in the main body of the paper. They pertain to a new 
kind of normalization of the sandwich matrix and a form of involution of 
a Rees matrix semigroup. We start with a well-known result. For a proof, 
consult ( [2], Theorem 3.11). 

LEMMA 2.1. Let S = J?(I, G, A; P) and T = Jt(J, H, M\ Q). Let 

i'.I —> J, u\\ —> H, co'.G —> H, v:A —> H, TJ:A —» M be functions where co is a 
homomorphism, w.i —» ut, v:X —» v̂  satisfying 

(1) pXio) = vx<lM4Zui (i Œ J> X e A ) -

Then the mapping 

(2) x-iU g J) -> (& W/(gw)vA, ATJ) 

is a homomorphism of S into T. Conversely, every homomorphism of S into T 
can be so constructed. Moreover, x Is a bijection if and only if £, co and TJ are 
bijections. 

As a generalization of the normalization of the sandwich matrix of a 
Rees matrix semigroup, we offer the following result. 

LEMMA 2.2. Let 

S = Jf(L G, A; P),I= U /„, A = U A, 
' ' ' " a(=A «' a(=A « 

where the Ia and the Aa are pairwise disjoint. Fix K G A and for each a G A, 
fix an element in Ia and Aa and denote it by a. Define 

«u = P™lPKi&\fiP\iPrilPaaPKalPKK 0 e Ja, A e A^, a, fi Œ A), 

and T = Jt(J, G, A; Q) where Q = (q\j). Then the mapping 

*//:(/, g, X) -> (/, P~K
]pKapaJPaigP\pPKpPKV X) 

is an isomorphism of S onto T The matrix Q has the properties: 

Q«i = V\a = 1 if* e I a > X G A«> <* €= A, 
qKa = 1 for all a e A. 
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Proof. Letting 

Ui = PKKlPKaPaaPai a n d VX = P\fi PrfPW 

where /* G / a , X G A^, to show that \p is an isomorphism, it suffices to 
show that 

P\i = vXaXiur 

Indeed, 

VXaXiUi = (P\pPKpPKK)(PKjPK(lP\pP\iPmlPaaPKalPKK) 

X (PKKlPKalPaaPai) = PXi 

as required. Further, for / G Ia9 

^ai PKK PKOLP aa PaiPai P aaPKCL P KK ' 

and for À G Aa 

- 1 - l - l - l i 
aXa = PKKPKOLPXCLPXOP aa PaaP aa P KK » 

and 

^Ka P KK P KKP KK P KOP aa PaaP Ka PKK > 

as required. 

As a special case of the above lemma, we record the following 
well-known result. 

COROLLARY 2.3. Let S = Jt(l, G, A; P). Fix an element both in I and A 
and denote it by z. Define 

aXi = PXzXPXiPnXPzz 0 ^ / , X G A) , 

and T = Jt(I, G, A; Q) where Q = (q\i)- Then the mapping 

X'(U g, A) -> (/, p~z
XpzlgPxz, A) 

is an isomorphism of S onto T. The matrix Q has the property 

aXz = Qzi = 1 for att / ^ /, A G A, 

that is, Q is normalized at z. 

Observe that the Rees matrix representation of the free product of Rees 
matrix semigroups with normalized sandwich matrices within the class of 
completely simple semigroups constructed by Jones [4] is of the general 
form described in Lemma 2.2. 

If the Rees matrix semigroup Jt(I, G, A; P) admits an antiautomor-
phism, then one can see easily that / and A must have the same 
cardinality. Thus there is no loss of generality if we assume that / = A, 
which we will do throughout the paper. Antiautomorphisms of a Rees 
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matrix semigroup are described in the next result; for a proof, consult 
( [6], Theorem 3.2). 

LEMMA 2.4. Let S = Jf{f G, I; P), £ and 7] be permutations of I, u:i —> uh 

v.i —» Vj be functions mapping I into G and co be an antiautomorphism of G 
satisfying 

(1) Pjiù) = UjPxjyVj (ij e / ) . 

Then the mapping 

(2) e:(i,gJ)^(Mvj(g^)ui9iQ 

is an antiautomorphism of S. Conversely, every antiautomorphism oj S can be 
so constructed. 

Based on the above lemma, the next result describes the form of an 
arbitrary involution on a Rees matrix semigroup with normalized 
sandwich matrix. For g an element of a group G, let 

eg:x-> g~]xg (x e G). 

LEMMA 2.5. Let S = Jf(I, G, / ; P) where P is normalized at z, i~ be a 
permutation of 1, i —» ui be a function mapping I into G and to be an 
antiautomorphism of G. Let u = uz, c = u~ (uco) and assume that 

(1) co2 = c,.,/yo = UiPi^-iciu^ut) (ij <E I). 

Then the mapping 

(2) 9:(i, g, j) -> OC1, c(uM '.«)(£«)«„ H) 

is an involution of S. Conversely, every involution of S can be so 
constructed. 

Proof (Direct part.) We put TJ = £ _ 1 and vz = c(u^lcc) in Lemma 2.4 
and see that 0 in the statement of the lemma is indeed an antiautomor­
phism of S. We compute 

(i, gj)00 = (jr\ c(u^o)(ga)ui9 i06 

= (z, c{u~X^[ciuf^^g^u^u^ 1,7) 

= (/', c(w~1co)(wzw)(gco2)(w7r^(o2)(cco)w7f 1,7) 

= 0\ c(c~xgc)(c~xuft-\c)(cu)Ujt-\J) 

which together with 

c(ca>) = c(w(o )(w_ co) = c(c~ wc)(w_1io) = uu~l(uco)(u~lco) = 1 

proves that 6Z is the identity mapping. 
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(Converse.) Let 6 be an involution of S given as in Lemma 2.4. Since d is 
of order at most 2, we compute 

(/,g,y)W = (/ij,vy(g(o)ï//,/ôtf 

= (#i> vdvj(g^i}^u
nj^) = 0", g,y) 

which implies TJ = £ _ 1 and 

(3) v^(w/(o)(gco2)(vyco)w/| -1 = g. 

For g = 1, we obtain 

where the left hand side depends only upon i and the right hand side 
depends only upony, so we have that 

(4) c = v^up) = uM
l\(v~lo)) 

is a constant. It follows that v^ = c{u~ co) and writing / for /*£, this 
gives 

(5) v, = C(U$\Ù>). 

Now formula (1) of Lemma 2.4 gives 

Pjf* = uiPitjflc(ujrlù))-

For / = z andy = z£, this gives 1 = uc(u~lco) and thus c = u~ (w<o). Now 
(4) substituted in (3) gives 

c(gco")c = g whence io = ec. 

Taking into account (5), we see that Lemma 2.4 implies the assertion of 
the present lemma. 

If an involution is given on a Rees matrix semigroup, we can change the 
Rees matrix representation in such a way that the involution takes on a 
very simple form. This we do in the next result. 

THEOREM 2.6. Let S = J((I, G, I; P) with P normalized at z. Ifr is an 
involution of G satisfying 

0 ) PjiT =Pij (*>J G 7)> 

then the mapping 

(2) r:(i,g,j)->(j,gT,i) ((i,g,j) G S) 

is an involution of S. 
Conversely, let 0 be an involution of S with parameters as in Lemma 2.5. 

Let Q = (g z) where 

(3) qji = PjuPzU VJ G J)-
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and let 

(4) T = co€w. 

Then T is an involution of G, Q is normalized at z and q-r = q-- for all 
ij <E /. Let 

T = Jf(I, G, /; Q) 

and define r on T by (2) so that f is an involution of T Then the mapping 

(5) X-(i, g, J) -* (/, PziJg, jC') ( (*, g,7) e 5) 

w AH isomorphism of S onto T such that Ox = XT-

Proof. The proof of the direct part consists of a straightforward 
verification. 

For the converse, let 6 be an involution of S given by the parameters as 
in Lemma 2.5. Letting r be as in (4), we obtain 

gr = g(0£wco€w = u (u (gco)u)œu = u (uu)(gu )(u o))u 

= c(g<o2)c-1 = g 

and T is an antiautomorphism and so an involution. Clearly Q is 
normalized at z. From (1) of Lemma 2.5, we get 

(6) pjtU = UipitJj:-\U~\uu)(uf^\U>). 

Writing z for i and y for j£~ in (6), we get 

1 = upz£jU (uco)(u to) 

which gives 

(7) Pzij = u~\ujù))(u~la)u. 

Now 
ajiT = (PJUP^Ù^U 

by (3) and (4) 

= u~l(Pz&<*)~\Pjti<*)u 

= U~ [UjPj^U- (UC0)(U~1C0) ] _ 1 [ W 7 / 7 ^ 7 W _ 1 ( w 6 0 ) ( W y
_ 1 C o ) ]u 

by (6) 

= PièjU~\u<*)(Uj7la)u 

= PiijPTij = 4ij 

by (7) and (3) 
which verifies (1) for qjt. 
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To see that x is an isomorphism, in Lemma 2.1, we let £ be the identity 
mapping, TJ = £~ \ ut• = pz^t, co the identity mapping and v = 1. In view of 
(6), we see that (1) in Lemma 2.1 is satisfied and thus x is a 

homomorphism, and hence an isomorphism. 
It remains to verify that x respects the involutions. On the one hand, 

(8) (/, g, j)Xr = 0', Pztjg, jCl)r = Ur\ ( ^ ) T , i) 

= U£~\ (Pztjg)™* 0 = OT"1 ' ^ ' ( ^ ( ^ w ) ^ /) 

and on the other hand, 

(9) (/, gj)0x = (jr\ u-\uœ)(u^œ)(gù))ui9 i£)x 

by (2) of Lemma 2.5 

= (jè~\ u~\ujç-*a)(u~lw)uu~\uu)(u^-\œ)(gœ)ui, i) 

by (7) 

= Ur\u-\ga)ui9i). 

Further 

PzUœ = t w _ (M/£0)(M_ <*>)w]co 

by (7) 
1 7 7 1 

= (UOJ)(U co )(w/-co )(w co) 

= (i/co)[ (w~ oS)uu~ u~ (uco) ][ (u~ o))uutu~ (wio) ](w~ co) 

= u-uT 

which implies that the expressions in (8) and (9) are equal. Consequently 
Ox = x^-

This result suggests the following concept. 

Definition 2.7. For S = Ji(I, G, / ; P) and T an involution of G, the 
involution 

T:(/, g J) "> <J, gr, i) ( (/', g, y) G '5) 

is said to be in standard form. The pair (S, 7) will be denoted by 
Jt{G, I\ P, T) and will be said to be in standard form. If gr = g _ 1 for all 
g e G, we write ^ ( G , /; P). 

As a consequence of the above theorem, we have 

COROLLARY 2.8. Every involutorial completely simple semigroup is 
isomorphic to one in standard form. 
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The following lemma will be useful. 

LEMMA 2.9. If a is an element of an involutorial completely simple 
semigroup, then letting a = aa , 

(a~x)* = (tf*)"1, (a0)* = (a*)0. 

Proof This follows by simple verification in a Rees matrix semigroup in 
standard form. 

3. Free involutorial semigroups. Let C be a semigroup. The opposite of 
C, C°p, is the semigroup Cop = (C, o) where a o b = ba for all a, b e C. 
Let ^ be a class of semigroups such that C e ^implies C°p G <€. Assume 
also that ^contains free objects (that is Ftf(X) exists for all X). Let X 
¥= 0, let X* be a set disjoint from X and in a one-to-one correspondence 
with X, the correspondence being given by x —» JC*. Let / = X U X*. 
Since F#( / ) exists, and i ^ ( / ) o p G «; the map / -> FV(I)op obtained by 
x —> x* and x* —» JC extends (uniquely) to an isomorphism of F^(I) onto 
F^(I)op. The extended map is thus an antiautomorphism of F^(I) which 
is clearly of order 2 and so an involution of F^(I). 

The class ^ * of involutorial ^-semigroups is defined by 

^* = { (C, *) |C e ^ a n d * is an involution of C}. 

The class ^ * is therefore a class of universal algebras with a binary and a 
unary operation. The binary operation is associative and the unary 
operation satisfies x** = x and (xy)* = y*x*. 

THEOREM 3.1. The involutorial semigroup (Ftë(I), *) with * defined above 
is free on X in %?*. In symbols 

FV*(X) = (FV(I)9 *). 

Proof Let (C, *) G #*. We will show that the diagram: 

X • (FV(I\ *) 
i 

\ e | v 
V \ i 

^ (C, *) 
can be completed with a homomorphism <p which respects both • and *. 
Since X clearly generates F&(I) (as an involutorial semigroup) this will 
prove that (Ftf(I\ *) is free in #* on X. 

Consider the diagram: 
/ = X U X* > F<if(I) 

c 
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where the map cp*:X* —» C is given by JC* —> (x<p)*. Since F^(I) is free on 
/ in #, there is a homomorphism ^ which completes the diagram. This 
construction provides us only with a semigroup homomorphism but we 
will prove that it also respects *. We show that u*^ = {u$)* f° r a ^ 
w G F^(I). It is enough to show that 

XxP = Xq> = ( (x<p)*)* = (x *<p*)* = (**l//)*. 

Therefore \p respects * and we can take <p = \p. 

4. Free involutorial completely simple semigroups. A matrix representa­
tion of the free completely simple semigroup on / = I U P , F^^(l), 
was given by Clifford [1] and Rasin [7] as follows. Let z <E /, let G be the 
free group on 

/ U {PlJ\Uj e I,i* z ^j) 

where this is a disjoint union, and let/? = (/?,) wherepzi = /?•, = 1 <E G. 
Then 

5 = Jt{f G,I',P) = FVSf(I). 

The isomorphism is given by extending i —» (/, /, /) for / e /. The 
involution of F¥>6f{I) given in Section 3 can be transported by the 
isomorphism to an involution of S. On the generators of S this involution 
is given by 

(/, /, /) —» (/*, /'*, /*). 

THEOREM 4.1. Let co be the antihomomorphism of G defined by extending 
the following map on the free generators of G: 

• _> •* ~ ] 

/ * p^*i*i p:*^*p^*^*^ 
Pij ~* Pz*z*Pj*z*Pj*i*P7*i*' 

Then to is an antiautomorphism of G and the involution of S described above 
is given by 

(hgJY = U*> P7*j*(g<*)Pz*z*Pw> **)-

Proof We will apply Lemma 2.5 to show that (/, g, j) —» (/, g,j)* is an 
involution of S. In the notation of Lemma 2.5 let 

ui = Pz*z*Pi*z* 

and let 

i£ = i* for all i e / ; 

then u = uz = \ and therefore c = 1. Then 
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yp^*^*p j*z*Pj*;*P rr*j*)CC 

(pz*i*œ) (Pj*j*w)(Pj*z*(S) (/?z*z*co) 

(Pz*z*Piz*PizPz*z ) ~ (Pz*z*Piz*PijPz*j ) 

/ - 1 - K - l / - 1 - K 
(Pz*z*Pzz*PzjPz*j ) (Pz*z*Pzz*PzzPz*z) 

Pij. 

A similar calculation shows that /co = i. Therefore co = Cj, the identity 
map on G. In particular, co is a permutation of G. We can also show that 
w-*to = pz*,*. Therefore 

These are the conditions necessary to apply Lemma 2.5. 

It is also straightforward to check that 

(z, z, /')* = (/*, z'*, / * ) . 

Since the involution of the theorem agrees with the involution inherited 
from (FVSf(I)9 *) on { (z, z, z) |z e / } , and FVSf(I) is free, the involutions 
coincide. 

THEOREM 4.2. (Standardization). Let S be defined as above, let 

rij =Pi*jP7*} (}J G 7 ) 

and let V = J?(G, I; R, co) where R = (rt). Then 

X'-0> g J) -^(Upz*ig,j*) 

is a *-isomorphism of S onto V. 

In addition, the set I U {rJz ¥= z i^ j} freely generates G, the involution of 
V has the form 

(h g J) -* U> g", i) 

and co is the involution of G whose action on generators is given by 

. - l .* 
i —> rz*j i riz*, 

y V 

Proof The isomorphism x is obtained by specializing Theorem 2.6 and 
using the parameters in the proof of Theorem 4.1. It is also straightfoward 
to show that 

Pij = ri*jrz*j * 

In particular, the set / U {rJi ¥* z ¥= j} generates G. 

280 
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To show that the set / U [rJi ¥> z ¥* j) freely generates G let 

rk = r)j for some i,j e A ( Z } a n d c G { —1, 1}. 

We show that if rx . . . rn = 1, then 

rkrk + \ = 1 f° r s o m e 1 = k < n. 

Assume that n is the smallest integer such that 

rx . . . rn = 1 and rkrk + x ¥= 1 for all 1 ta k < n. 

Of course n ^ 2 since ^ ^ 1. Assume 

r\ =Pj*iP7*i-
(The proof in the other case is similar.) Since rx . . . rn = \,pz*t must occur 
in r2 . . . rn which means by inspection that 

rk = pz*jP~*] for some k ^ 2 and some w. 

If r^ contains the pz*t which occurs in the reduction of rx . . . rn to 1 using 
the freeness of the /?•'s, then r2 . . . rk_x = 1. This is impossible since 
rx . . . rn is the shortest product with the stated properties. Therefore 
k = 2. If n = 2, then w* = y* and rx = r2\ again a contradiction. If 
n > 2 then 

r3 = Pu*iPz*i* 

(by the same kind of argument which showed that r2 = pz*ipu*i ). But 
then r2 = r^ . This contradiction completes the proof by showing that 
rx . . . rn = 1 and rkrk + x ¥= 1 for all 1 ^ k < n is impossible. Using 
Theorem 4.1, we obtain 

liO = = p^*:*l pj*z*P?*7* = = r7.*A*_*.*Z t"-*r^*v*yF--*I'7*-*) 

_ - 1 .* 

•̂CO = (piyp~y)0) = (pz*jO))~l(Pj*jO)) 

= (Pz*z*Pj*z*Pj*zPz*z) '(Pz*z*Pj*z*Pj*iPz*i) 

1 
A * ^ z * ' ; = ' • 

and thus to has the form as in the statement of the theorem. 

5. Another Rees matrix representation of F&Sf *(X). Lemma 2.2 asserts 
that every Rees matrix semigroup has a representation in which the matrix 
is "normalized" in a special way. The particular "normalization", which 
may be termed "local" in view of its form, appears in the Rees matrix 
representation of the Tree product of Rees matrix semigroups in the 
category of completely simple semigroups constructed by Jones [4]. 
Recalling that I = X U X* and z e X is fixed, we say that the Rees 
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matrix semigroup Jt(I, G, /; Q) has a matrix locally normalized at z, z* 
if 

qxz = gzx = qx*z* = qz*x* = qzz* = 1 for all x e X. 

We provide here such a representation for 77(^7^,*(Ar). The corresponding 
involution is similar to that given in Theorem 4.1. The copy of F<é'Sf*(X) 
so obtained seems a natural one as it exhibits the interchange of x and x* 
under the involution better than the standard representation and retains 
the simplicity of its group mapping. Our approach consists of first 
producing such a semigroup and then proving that it is isomorphic to S of 
Theorem 4.1. 

LEMMA 5.1. Let Q = (g/y), i,j Œ I = X U X* be locally normalized at 
z, z*. Let H be the free group on the set 

1 u ( {qij\i,j G I}\{qzx> 4xz> 4x*z*i 1z*x*> 9zz*\x G x) )• 

Set 

(!) dij = 9rz
]9i/lzJ1' 

Then H is the free group on I U {dt\i ^ z ¥= j}. 

Proof Note that dzl = dJZ = 1. We first show that the set 

/ U {dy\i * z ^j) 

generates H by showing the q- can be written as a product of dtfs for all 
i,j. Equation (1) can be rewritten to give 

(2) % = Qizdifizj-

It is therefore enough to express qiz and q • in terms of the dty's. By direct 
substitution in (1) we can show that 

qx*z = dx*z*. 

It is also easy to show from (1) that 

q^x*
 == a ̂ *x*ct^*z*. 

Since qx^ = q,x = 1 we have all possibilities for qr and <? • needed 
in (2). 

For each 1 ^ k ^ m, let 

dk = d)j for some i,j G /, e e {1, — 1}. 

In order to show that H is freely generated by / U {dtj\i ¥= z ¥= j}, it is 
sufficient to show that if dx . . . dn = 1, then 

dk = dk + x for some k. 

We can assume that m is the least integer such that dx . . . dm = 1, dk ^ 1 
for 1 ^ k ^ m and <4 ^ ^T+i for all 1 ^ Â: < m. Note that m ^ 2 since 
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dx ¥= 1. The following is a list of the possibilities for dx and dx- . For 
JC, y G X, 

du du 

i = X,J=y <lxy Ixy 

i = XJ = y* qxy*q7v* <lzy*<lxy* 

i = x * 7 j = y q^\qx*y 1x*y<lx*z 

* = X*J = y* 1x*Ux*y*<l7V* Rzy*Qx~*y*Qx*z 

We first show that q does not occur in dx . . . dm. If qxy did occur, 
then 

dx...dm = AqxyBq'xy}C = 1, 

where A, B, C are possibly empty products of <^'s. The displayed pair 
q , q~ is a pair which is cancelled in a reduction of dx . . . dm to 1 using 
the freeness of the qi 's. Therefore B is the empty word and 

dx...dm = Aqxyq;y
]C 

which contradicts the assumption that dk ¥= dk + \ for all 1 = k < m. 
Let h(dk) be the first qt- or q~: to occur in dk and let t(dk) be the last 

qtj or q~- to occur. We show that 

t(dk)h(dk+x) = 1 for 1 ^ /c < m. 

The proof is by induction on k. Notice that, from the form of these 
elements, (t(dk) ) ~ can only occur as h{dl) and that (t(dk) ) _ does not 
occur in dk. By the freeness of the #--'s, it follows that 

dx...dm = At(dx)B(t(dx)y
lC =- 1. 

The displayed pair t(dx) and (t(dx) ) _ 1 cancel in the reduction of the q^s 
to 1. These remarks show that B is a product of dks and therefore is the 
empty word. Consequently t(dx) = h(d2)^ 

Assume now that 

t(dk)h(dk+x) = 1 for 1 ^ k < n < m - 1. 

To reduce dx . . . dn to 1 as a product of q^s we can cancel the pairs 
t(dk), h(dk + x) for 1 ^ k < n. In the resulting product t(dn) must cancel 
h(dj) for some 7 ^ n + 1. An argument similar to that used for k = 1 
shows that 

y = » + 1 and t(dn)h(dn + x) = 1. 

We next show that if dk is a product of two q^s, then <4+1 is a product 
of three gy's. Assume dk + x is a product of two q^s. First let 
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dk - ?xy*9zy*-

If k > 1, then 

dk-\ = <lzy*<l7y* 

since t(dk_])h(dk) = 1. But then dk_x = dk
x, a contradiction. If k = 1, 

then 

^2 = 4zv*^V' 

It m = 2, then w = x (in order that the qtjs cancel) and therefore 
d2 = d^x. If m > 2 and u ¥= x, then 

d3 = 9uy*<l7y* a n d 2̂ = d^\ 

In either case we have a contradiction. In case 

dk = l7*\<lx*y 0 r 4 t = <lzy*Qw* 

it follows that dk + l = dk , a contradiction. Finally if 

we proceed as in the first case. 
The final step is to show that no dk is of length three. This will complete 

the proof since m ^ 2 and dk and dk+x are not both of length two for 
any k. 

If some dk is of length three, then either dk or dk is qx*zqx*Y*q7v* for 
some x, y <E X Both ^*v* and q~*v* must occur in dx . . . dm, since the 
^y's all cancel in the product. If 

dk = Qx*z(lx*v*Qzy*> 

for example, then q~*y* occurs in some d{ and therefore 

di = (lzy*Clx*y*(lx*z = dk • 

Assume that dk and dz in fact contain qx*y* and g ^ * , respective­
ly, which cancel in the reduction of the qt's to 1. Also let i > k. (The 
proof in the other case is similar.) Now i ¥= k + I since dk + x i*= dk . If 
/ = k + 2, then 

M ^ + i) = ^ * and / ( ^ + 1) = ?~J 

which is impossible. Therefore / ^ H 3. Since no two factors of length 
two are adjacent, there is at least one d- of length three between dk and dt. 
In order for the middle element of J to cancel in the product of qt.'s, there 
must be at least two djs of length 3 between dk and dt. But then by 
repeating the argument there would have to be infinitely many which is 
impossible. Consequently no dk of length three occurs which completes the 
proof as indicated above. 
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LEMMA 5.2. Let H be the free group defined in Lemma 5.1, and let r be the 
antihomomorphism of H which extends the mapping 

- l * - l x —» qzx*x qx*z, 

x * ~ > az*xXQxz*' 

Qij ~^ Qj*i*-

Then r is an involution of H and the mapping 

£:(/, gj)^> 0'*, gr, /*) 

is an involution of T = Jt{I, H, J; Q). 

Proof Direct calculation shows that T is of order two on the generators 
and therefore on H. Hence T is a permutation of H and thus an involution. 
In Lemma 2.5, let /*£ = /* and u{ = 1 for all i e I. Then c = 1 and 
co = T whence the last assertion follows. 

THEOREM 5.3. Le/ //je notation be as at the beginning of Section 4 and in 
Lemma 5.2. Let a:H ^> G be the homomorphism obtained by extending i —» /, 
d}. ~^Pi,- Then o is an isomorphism. Define \p:T —» 5 Z>y 

0"> g»7) -^ 0'> (<lziZ<ljz)0J)-

Then $ is a * -isomorphism of T onto S. 

Proof. To prove that \p is a semigroup homomorphism we must show, by 
(1) of Lemma 2.1, that 

aij° = (Qiz°)PiMzf)-

This follows by applying o to statement (2) in the proof of Lemma 5.1. It is 
clear that xp is one-to-one and onto. 

To show that \p respects involutions it is sufficient (since { (x, x, x) 
\x e X} generates S as an involutorial semigroup) to show that 

(x, X, X)*\p~ = (x, X, X)\p T. 

Now 

(x, x, x)xp T = (x, qzx xqxz , X)T 

= (x*, (« -^XJCTX^V) , x*) 

= (**> az*x*Qzx*X*Qx*zax*z*> X ) 

= ( x *> Qzx*X*Clx*z> x*) 

since Q is locally normalized at z, z* 

= (x*, x*, x * ) ^ - 1 = (x, x, x ) * ^ _ 1 , 

as required. 
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In the light of ( [4], Theorem 2.1), we deduce the following interesting 
consequence of the above result. 

THEOREM 5.4. The underlying semigroup of the free involutorial 
completely simple semigroup on X is the free product of two copies of 
free completely simple semigroups on X. 

6. Examples of identities. We consider here certain identities on 
involutorial completely simple semigroups implied by the identity 
a = aa*a. We find the conditions on an involutorial Rees matrix 
semigroup S in standard form which are necessary and sufficient for S to 
satisfy each of these identities. 

THEOREM 6.1. Let S = Jf(G, I; P, T). Then for n = -1, 0, 1, 2, . . . , 
S satisfies the identity a'" = a(a*)n+2a if and only if 

(1) g" + V)" + 2 = PijPji = p„ = 1 (g G G, ij e /). 

Proof. We first compute, for a = (/, g,j), 

(2) a~] =(i,Pjïlg-]Pjï\j), 

(3) a0 = (i,p-\j), 

and for n > 0, taking into account (2), 

(4) a-" = ((i,g,j)-])" = (l,p^]g-]pj;\jy 

= (i,(PJ^g~i)"pj;\j), 

and on the other hand, for n = —1,0, 1, . . . , 

(5) a(a*f + 2a = (/, gjyj, gr, i)n + 2(i, gJ) 

= 0", gJXh [ (gT)Pij\n+l(gr), 00', gJ) 

= (ugPjjiigT)Pij\n+\gT)Pugjy 

Direct part. Case n = — 1. By (4) and (5), we get 

g = gPjj<gT)Pug 

so that 

For g = 1 and j = z, we obtain pu = 1 which then implies that gr = g - 1 . 
In particular, 

Pij =PjiT =PpX' 

Case n = 0. By (3) and (5), we obtain 

Pp ] = gP/gr)Pij{gr)pug . 
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For g = 1 and j = z, we get pjt = 1. Now for g = 1, it follows that 

Pji] = Pij- FoTJ = z, we get 

gigrfg = 1 
and thus g (gr) = 1. 

Case n > 1. From (4) and (5), we have 

For g = 1 and j = z, this gives /?/7 = 1 and thus 

(Pj^g-])" + 2 =Pj;i[(gr)plJ\"
 + ](gr) =Pji '[(gT)p,y]" + V -

For 7 = z, we get 

g"+V)"+2 = i. 
For g = p^], we get 

1 = Pp\(pJi'^)P^ + 1P^ =PJilP^ 
so that PjjPjj = 1. 

Converse. Case « = — 1. Since gT = g~ , then 

aa*a = (/, gj)(j, gr, /)(/, g,y) 

= 0", gPjjg~XPugJ) = (*> £>» = *• 

Case « = 0. We compute 

00*0*0 = (z, g,7)0 ' , gT, / )(7, gT, / ) ( / , g,7) 

= (*, gPjj{&)Pij{&)PiiZJ) = ('> gigPjig^gJ)-

By hypothesis, 

(PjiT)(gPjig)T = [(gPji)r]2 = [ ( g / ^ r 1 ] 2 = p]iX{gPjig)~X 

= PijigPjigV1 = (PjiT)(gPjig)~] 

which implies that 

(gP/i-g)T = (gPjgV1-

Hence 

00*0*0 = (/', gigPpgV^gJ) = (Up]~i\j) = a0. 

Case n > 0. We calculate 

g[(gT)/>/+l(gT)g = g[(gT)/>y]"
 + Vg 

= s[(/>7,g)T]"+Vs 

= s(/>„sr("+V* 
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= g(Pjig) \PjiS) "(PjiS) ]Pij '# 

= Pp\s~xP~i')"g~xP~i]p^s 

which in view of (4) and (5) implies that a~n = a(a*)"^ a. 

The special case n = — 1 in the above theorem is of particular 
interest. 

Definition 6.2. An involution * of a semigroup S is a regular involution 
if S satisfies the identity a = aa*a; in such a case, S is a regular involuto-
rial semigroup. 

COROLLARY 6.3. The involution r ofJt(G, I; P, r) is regular if and only 

if 

S(&) = PijPji = Pa = 1 for all g e G, ij e /. 

PROPOSITION 6.4. The following conditions on S = Jt(G, I\ P, T) are 
equivalent. 

([)PijPji = Pu = Xf°r al1 Uj ^ I-
(ii) S satisfies the identity a°a*° = (aa*)°. 

(iii) S satisfies the identity a° = (aa*)°(a*a)°. 
(iv) S satisfies the identity a0 = a0a0*a . 
(v) The restriction of * to the subsemigroup of S generated by the 

idempotents is a regular involution. 

Proof. The proof of the equivalence of item (i) and each of (ii), (iii) and 
(iv) consists of a simple verification and is omitted. Also item (v) trivially 
implies item (iv). It remains to prove that (i) implies (v). 

Assume that (i) holds. Let ik,jk ^ I for k = 1, 2, . . . , n and let 

Then 

OuPiïljÙih'Pjïijl) • • • (in>Pj7
nilJn) = 0l> t'Jn) 

and usingp-r = p~- andp i t = 1, we get 

0'l> t>Jn)(h> *Jn)*(h> tJn) = 0*1» tJnKJw tT> 'l)0'l> tJn) 

= (i\,tpjJn(tT)pixitJn) 

= 0*1* '(PMj)(Pjn-linT) ' • « ( ^ ^ X ^ . z / X ^ V ^ ) ^ ^ ) 

= ('"I' tPjjfL-xin ' ' -Pjl^APj^Jn) 

= 0"l> UJn)i 

as required. 
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7. Free regular involutorial completely simple semigroups. In order to 
describe the semigroups in the title of this section, we will characterize the 
least congruence p on V = Jt(G, I; R, to), introduced in Theorem 4.2, for 
which K/p is a regular involutorial completely simple semigroup. A 
simplified version of this characterization will also yield the least 
congruence À on F for which V/X satisfies the identities in Proposition 
6.4. 

LEMMA 7.1. Let V = Jt(G, I\ R, co) and N be the normal subgroup of G 
generated by the set 

0 ) {rw rifjv rz*ï*i*riz*i\ij <E / } . 

Then the relation p defined on V by 

(2) (/, gJ)p{K K / )«* / = k, gh'] G NJ = I 

is the least *-congruence on V for which the involution on V/p is regular. 

Proof We let p be the least *-congruence on F with the property that the 
involution on V/p is regular; we will show that p may be described as in 
the statement of the lemma. By hypothesis, p is the least *-congruence on 
V for which apaa*a. Hence, in view of Theorem 4.2, p must be idempotent 
separating. Every idempotent separating congruence on the Rees matrix 
semigroup V is determined by a normal subgroup N oî G according to 
formula (2). It remains to prove that N is generated, qua normal subgroup, 
by the set in (1). 

We first observe that 

(h g,j)p(i, gj)(i, gj)*(i, g J) = (i, gr/guy^j) 

and by (2) this is equivalent to 

grjj{g<*)ru G N-

This is, in particular, true for g = 1 and j = z, which then gives ru G N. 
But then 

grjjigu) G N, 

and since N is a normal subgroup, we deduce that (goi)g ^ N. For g = i 
and g = rtj respectively, by Theorem 4.2, we get 

r~.}i*riz*U n/jj G N. 

Conversely, if 

for all i,j G /, then since / U {rJi ¥= z ¥= j} generates G, it follows by 
Theorem 4.2 that 
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Furthermore, from Theorem 4.2 we get 

(rifji)<* = (rjiUXSijU) = n/jh 

(r7*j*i*riz*i)œ = (/co)(r/J*co)(/*co)(rr*/:(:co)~ 

_ / ] • * v ( x \ x 

which gives Nco = N. This implies that p respects the *-operation. 

We aim next at a suitable Rees matrix representation of VI p in Lemma 
7.1. 

LEMMA 7.2. Let I be linearly ordered by < . Let N be the normal subgroup 
of G defined in Lemma 7.1. Then G/N is freely generated by 

[xN\x G X) U {riJN\i > y , / * z * j). 

Proof It is clear that G/N is generated by this set since the generators of 
G can be expressed modulo N in terms of these elements. Consider the 
following diagram: 

0 
X U {rM >j\ i * z ^ j} >G/N< G <—/ U {rt\i ^ z ^ j} 

where F is the free group on X U {rt\i > j , i ¥- z ¥= j}, 

<p:I U {rtJ\i * z # 7 } - > F 

is defined by 

x —-» A, 

A* - ^ ( r ^ x r ^ O " 1 = ^ v * * " 1 ^ 

rij -* rij i f ' > f l ' ^ z * f 

rtj -> rjil i f ' >f* * z * h 
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and 

6\X U {rtJ\i > j , i ¥= z ± j) -> G/N 

is defined by t —» tN for all /. 
The map <p is the unique extension of <p to G. To prove that G/N is free it 

is sufficient to prove that 0 is one-to-one and to define a homomorphism 
\p:G/N —> F rendering the left part of the above diagram commutative. 

The elements of N are of the form 

k 

n = I I a~Xwlal 
i=\ 

where wt or wz~ is a generator of N. To show that 9 is one-to-one, it is 
enough to show that if u and v are distinct elements in the domain of #, 
then uv~x £ N, that is uv~~] cannot be expressed in the above way. There 
are several cases. I f x j G X I ^ J , and if xy~] = «, then in n there is 
an occurrence of x not matched with some x~\ At the same time all 
occurrences of x* must be matched with some occurrence of (x*)~ . Since 
all occurrences of x in ai can be matched with x~ in a~ and similarly 
for x*, and since in wt, x* and x (or their inverses) both occur once or 
neither occurs then xy~x ^ n G N. The other cases, that is xr~- £ N 
and rt r^ £ N require similar arguments. 

It is a routine calculation to show that ny = 1 for the generators of TV 
and therefore that (N)<p = 1. It follows that the required \p can be defined 
by 

(aN)\p = dq> 

since the resulting mapping is well-defined. 

THEOREM 7.3. Let K be the free group on the set 

X U {wyli >j9i ¥= z *j). 

Let wtj = w~t ifi <j,iiLziL j and let wjz = wzi = 1 for all i,j G /. Then 
Z = Jt(K, I\ W) is a free regular involutorial completely simple semigroup 
on X. 

Proof. This follows immediately from the above two lemmas and their 
proofs. 

The arguments above for the treatment of a regular involution simplify 
in an obvious way giving the following results which we state without 
proof. 

LEMMA 7.4. Let V = J((G, I\ R, co) and M be the normal subgroup G 
generated by the set 
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(1) K , r / / / ; | / , 7 G / } . 

Then the relation X defined on V by 

(2) (/, gJ)X(k, h, / ) « * / = k, gh-] e M,j = / 

z's z7ze /eas/1 * -congruence on V for which V/X satisfies the identity 

a°a° = (aa*)°. 

LEMMA 7.5. Let I be linearly ordered by =. Let M be the normal subgroup 
of G defined in Lemma 1 A. Then G/M is freely generated by 

{iN\i G / } U {njN\i >j,i * z ¥=j). 

THEOREM 7.6. Let L be the free group on the set 

I U {lfi>j,i * z *j}. 

Let I- = l~{
 X if i < j \ i ¥= z ¥= j and let liz = lzi = l{i = 1 for all /', j e /. 

ThenJt(L, I; W) is a free involutorial completely simple semigroup satisfying 
the identity 

8. Word problems. We discuss here the word problem for the free 
involutorial completely simple semigroup, relative to the free involutorial 
unary semigroup and for the free regular involutorial completely simple 
semigroup relative to the free involutorial semigroup on a fixed nonempty 
set. 

In order to keep track of various semigroups and mappings, 
we illustrate the situation by the diagram below. As usual, we write 
/ = X U X*. 

/ is the free semigroup on / thought of as the set of all words over the 
alphabet / with concatenation as product. 

(7 , *) is the free involutorial semigroup on X as constructed by Wagner 
[8]; the involution is defined by x <-> x* on / and then extended to all of I+ 

by the requirement that it be an antihomomorphism. 
U(I) is the free unary semigroup on / as constructed by Clifford [1]; 

it may be defined as the smallest subset of the free semigroup on 
/ U {( ,)"}> where ( a n d ) - are two extra symbols satisfying the 
properties: 

(i) / ç ! / ( / ) , 

(ii) w G u(i) =>(wy] G u(i), 

(iii) u9 v G U(I) ^ w v e U(I). 
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(U, *), where U = U(I), is the free involutorial unary semigroup on X; 
the involution is defined by x <H> x* on / and then extended to all of U by 
the requirement that it be an antihomomorphism (this is an obvious 
analogue of Theorem 3.1). 

J((I, G, I\ P) is the free completely simple semigroup on / as specified 
by Clifford [1] and Rasin [7]. 

(S, *), where S = Jt(I, G, /; P), is the free involutorial completely 
simple semigroup on X; the matrix P is normalized. 

(T, *), where T = Jt(I, G, /; Q), is a ^-isomorphic copy of (S, *) with 
the matrix Q locally normalized at (z, z*). 

V = Jf(G, I\ R, to) is a *-isomorphic copy of (S, *) in standard form. 
Jt(GIM, I\ R/M, <o') is the (relatively) free involutorial completely 

simple semigroup on X in the variety determined by the identity 

a°a° = (aa*f. 

JflfilN, I; R/N) is the free regular involutorial completely simple 
semigroup on X. 

The signatures of the algebras depicted in the diagram are by columns: 

I+ > (/+, *) » (U, *)< U = [/(/) 

(T = Jt{I, G, I; Q), *) 

\ * 
(S, *) < S = M{1, G, I; P) 
\ 

V = Ji(G, I; R, co) 

J?(G/N, I; R/N)*-Jf(G/M, I; R/M, to') 

Diagram 8.1 

In [3] we solved the word problem for F^^(I). We defined two maps 
h, t\ U(I) —» / and the map m:U(I) —» G where G is the free group on 

/ U {PlJ\i * z *j) 

as follows. Let/?/z = pzi = 1. Let w e U(I); then 
h(w) is the first element of / to occur in w, 
t(w) is the last element of / to occur in w, 
m(i) = i for all /* e /, 
m(uv) = m(u)pt{u)h(v)m(y), 

m((u) X) = pt{])h{v)[m(u)] Xpt{u)h{vy 
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We showed that it w ~ w' is defined by h(w) = h(w'), m(w) = m(w') and 
t(w) = t{w'), then 

U(I)/~~ = F « ^ ( / ) , 

solving the word problem for F^^(I) in terms of U(I). 
The involution defined on U(I) by extending /' —» /* gives rise to an 

involution on U(I)/~ and 

(£/(/)/ — , *) = F^y(l). 

Thus the word problem for Ftf^d) relative to U(I) is the same as the 
word problem for F^^(F) relative to U(I). 

The word problem for the free objects in the variety determined by the 
identity a0a*0 = (aa*f and in the variety of regular involutorial 
completely simple semigroups can be described in a similar way. For the 
former we simply modify m to 

m\w) = m(w)M (w e U(X)). 

For the variety of regular involutorial completely simple semigroups we 
modify m to 

m"(w) = m(w)N (w e U(X) ) . 

In the case of the free regular involutorial completely simple semigroup, 
F0tc€^f{X), we can also give a solution of the word problem in terms of 
7 + . In fact 7 + Q U(I) and we can restrict the maps h, t and m" defined 
above to 7 + . If » is the congruence on I+ so induced we will show that 

( 7 + / « , *) = FM^S^iX). 

The congruence « can be obtained from the maps given in Diagram 8.1 
through U. That the resulting map is onto^#(G/7V, / ; R/N) follows from 
the fact that in a regular involutorial completely simple semigroup 

a = aa*a*a*a. 

Using Corollary 6.3, this formula can be immediately verified in a Rees 
matrix semigroup with regular involution in standard form. 
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