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A criterion for the simple normality of frac-
tional powers of two via the Riemann zeta
function”®

Yuya Kanado and Kota Saito

Abstract. A real number is simply normal to base b if its base-b expansion has each digit appearing
with average frequency tending to 1/b. In this article, we discover a relation between the frequency
at which the digit 1 appears in the binary expansion of 2P/4 and a mean value of the Riemann zeta
function on vertical arithmetic progressions. In particular, we show that

1 2nni\ etnmirla
lim - —— =0
fel Z ¢ ( log2 ) n

o<|n|<2!

if and only if 2/ is simply normal to base 2.

1 Introduction

Let | x| denote the integer part of x € R. Fix any integer b > 2. Forallx € R, a €
{0,1,...,b— 1}, and real numbers [/ > 0, we define

Ap(la,x)=#{d €Z:0<d <1, |b%] € a+bZ}.

Ifx=29 cqb~? is the b-adic expansion of a given real number x, then A, (/; a, x)
is equal to the number of d € [0, [] such that c; = a. We say that x is simply normal to
base b if for eacha € {0,1,...,b — 1}, we have

llim Ap(la,x)/l =1/b.

Borel showed that almost all real numbers are simply normal’ to base b forall 5 > 2
in 1909 [1]; however, the simple normality for many non-artificial numbers such as
m,e,log2, and 42 is unknown. In this article, we do not determine whether 2P/9 is
simply normal, but we discover a relation between A,(/; 1, 2P / 9) and a mean value
of the Riemann zeta function on vertical arithmetic progressions. Let £ (is) denote the
Riemann zeta function.
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Precisely, he showed that almost all real numbers are normal to base b for every integer b > 2. Thus,
he obtained a much stronger result than the one we exhibit.
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Theorem 1.1  Let p and q be relatively prime integers with 1 < p < q. Then we have

[ 1
Az(l;l,zp/q)=§—r Z +o(l) (asl — o),
i

0<|n|<2!

2nmi\ e2rirla
¢ (1082)

where [ runs over positive real numbers. Especially, we have

1 2nmi\ e2n7irla
lim - — =0 1.1
e Z ¢ (logZ) n (L.1)

if and only if 2P/4 is simply normal to base 2.

It is unknown whether A,(l;1,2P/9)/I converges as [ tends to infinity.
Theorem 1.1 also reveals that the limit on the left-hand side of (1.1) exists if and only
if Ay(1; 1, 2”/4)/1 converges. Moreover, if we have

111 2nmi 2nmip/q
lim sup 75 g g( nm) e <B (1.2)
Tl

I=e0 2 0<|n|<2! log2 "

for some real number 8 € (0, 1/2], then 1/2 — B < A5(1;1,2P/9) /1 < 1/2 + 8 holds
for sufficiently large [ > 0.

It is natural to investigate a mean value of the Riemann zeta function on arith-
metic progressions to verify (1.1) or (1.2). When 0 < R(sg) < 1, there is research
on asymptotic formulas of }\o<,,<ps { (o + idn). For example, Steuding and Wegert
firstly studied the asymptotic formulas for all d = 2n/logk with k € Zs, [9,
Theorem 1.1]. Furthermore, in [6, 7], Ozbek and Steuding showed that for all 5o € C
with R(so) € (0,1)

log k>
1 otherwise,

. 1 . _
N}linm M Z { (so+ind) =
0<n<M

{(1—k—So)—1 ifd=22" reN, k € Zs),

(1.3)
When d = 2nr/log k for some k € Z>; and r € N, it is assumed that r is the smallest
integer for which such a value k exists. They also gave similar asymptotic formulas
on more general arithmetic progressions [7]. We get the following: none obtained
asymptotic formulas on R (s¢) = 0.

Theorem 1.2 Let k be an integer not less than 2. For every real number | > 2, we have

1 2nmi |\ 1
2 4( );=0k(1>. (14)

0<|n|<k! lng

The summations in (1.1) and (1.4) are slightly different from (1.3), and hence we
have to pay attention when comparing them. In Remark 2.2, we will see, essentially
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by (1.3), that for all p,q € N, k € Z»;,and 0 € (0, 1)

1 2nmi\ eXrirla
lim — + — =0. 1.5
Do 1 Z ¢ (O-O logk) n (1.5)
o<|n|<k!
Therefore, from Theorem 1.1, transferring (1.5) with k = 2 to the case 0y = 0

is equivalent to verifying the simple normality of 2P/9. Moreover, we can consider
Theorem 1.2 a successful transfer (1.5) with p = ¢ = 1 to o9 = 0.

There is also work on discrete high moments of the Riemann zeta function. Good
showed asymptotic formulas for the fourth moment on vertical arithmetic progres-
sions belonging to the right half of the critical strip [2]. Kobayashi presented the ones
for the second moments of £(1/2 + in) [4]. We do not study relations between prob-
lems on digits and the high moments of the Riemann zeta function. In the future, it
would be interesting if we discovered their connections. Further, we only focus on the
Riemann zeta function in the article. It would be attractive if we disclosed connections
between problems on digits and other zeta functions such as the Dirichlet L-function,
Hurwitz zeta function, Dedekind zeta function, multiple zeta function, etc.

Notation 1.3 LetN = {1,2,3,...}. For every m € Z, we define Z,, as the set of
integers not less than m. For x € R, let {x} denote the fractional part of x, and ||x||
denote the distance from x to the nearest integer. Let log, x be logx/log k for every
x > 0 and integer k > 2.

We say that f(x) = g(x) + o(h(x)) (as x — oo)if for all € > O there exists xog > 0
such that |f(x) — g(x)| < h(x)e for all x > xo. If x¢ depends on some parameters
€,41,...,ay, then we write f(x) = g(x) + 0g4,,....a, (h(x)). We also say that f(x) =
g(x) + O(h(x)) for all x > xg if there exists C > 0 such that |f(x) — g(x)| < Ch(x)
for all x > xo. If C depends on some parameters day, ..., d,, then we write f(x) =
8(x) + Og,.....a,(h(x)) forallx > xo. We state f(X) < g(X) and f(X) <q,,....a,
2(X) as f(X) = 0(g(X)) and f(X) = Oq,. .., (8(X)) respectively, where g(X) is
non-negative. In addition, we state f(X) < g(X) if f(X) < g(X) < f(X).

Let us fix p and ¢ as relatively prime integers with 1 < p < g. Let k be an integer
greater than or equal to 2 which is not a g-th power of an integer if g > 2. We con-
sider the parameters p, ¢, and k as constants. Thus, we omit the dependencies of these
parameters.

2 A Preliminary discussion and proof of Theorem 1.1

In this section, we will observe that the following theorem implies Theorem 1.1. In
addition, we will introduce a certain arithmetic function which plays a key role in the
proof.
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Theorem 2.1 Let p and q be relatively prime positive integers with 1 < p < q. Let k > 2
be an integer which is not a g-th power of an integer. Then we have

1 2nmi\ e2nmirla
2, Wy =Sm o D ¢ ( )T”""”"(Z) (sl =)

log k
0<d<l o<|n|<k! &

N |~

(2.1)
where [ runs over positive real numbers.

We aim to give a proof of Theorem 2.1. Roughly speaking, by substituting p =
g = 1 in Theorem 2.1, the first term //2 on the right-hand side of (2.1) vanishes
and we obtain Theorem 1.2. In Section 6, we will prove Theorem 1.2 by verifying the
substitution. In Section 7, we will prove Theorem 2.1.

Remark 2.2 To compare our results with (1.3), let us give a proof of (1.5). We define
C4(so) as the right-hand side of (1.3) for 0 < R(sg) < 1. Then, for all / € N, we have

1 2nmi\ enmirla 1 S 2nmi\ 1

— oo + =) erirla 0o + —.

27i Z éV( 0 logk) n 2mi Z ¢ logk | n
0<|n|<k! a=0 0<|n|<k!
n=a mod g

Letd = 2n/logk. We take a € {0, 1,...,q — 1}. Then, by (1.3), partial summation,
and £(5) = £(s), for each sufficiently large M € N, we have

{(0’0+ind)

o<|n|<M
n=a mod g
_ Z {(oo +i(gn+a)d) Z (oo —i(gn — a)d)

P o, ana

<n< Mo <ns< M

——— \logM

= (qu((ro +iad) — Cgqa(0o —iad)) 08 + 04,(log M)

= 04,(logM),
and hence we conclude (1.5).

Lemma 2.3 Foralll € N, we have

Z {2m*Pl9}y = A,(1;1,2P/9) + O(1).

0<m<l

Proof Let Y} c42~? be the binary expansion of 2P/4. Then, for all m > 0, we have

{2mlay = (2m2P/1) = {chzm_d} = 2, a2 =) a2,

d=0 d=m+1 d=1
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and hence
) k ) k )
Doy = N N a2 = Y a2 Y o Y2
0<m<l 0<m<ld=1 1<k<l Jj=1 I+1<k Jj=k-1
= Z cr(1=27%) + Z cp2 k(1 — 27
1<k<l I+1<k
= Z ek +0(1) = Ay(1;1,2P/9) + 0(1).
0<k<l

Proof of Theorem 1.1 assuming Theorem 2.1 Fix arbitrary integers 1 < p < g with
gcd(p,q) = 1. By combining Theorem 2.1 with k = 2 and Lemma 2.3, we obtain
Theorem 1.1. [ ]

For every positive real number /, we define

A(l) = Z {kd+play,

0<d<l

The goal of proving Theorem 2.1 is to obtain an asymptotic formula of A(/). For all
a > 1and R(s) > 0, we define

- —ns 1
p(a,s) = Za =T (2.2)

n=0

We set
1-k ifk|n,
b = b =
() k(m) {1 otherwise.

Furthermore, for all R (s) > 1, we define

= by(n) 1—s

n(s) = ni(s) = Z; = (=),
n=

Remark that 774 () is coincident with the eta function (1 — 2!7%)Z(s) if k = 2. Then
for every R(s) > 1/q, it follows that

e 1 b)) (o S [ gld)
¢(k,qs)n(qs) = (Z kqm) (Z a5 ) = (Z 7 Z |
n=0 n=1 n=1 n=1
where
1 if3n€Zsost.d=kI" b if In € Zogs.t.d = n4
F(d) = 1 ne. 50 S Co(d) = (n) i ne. -0 S n4,
0 otherwise, 0 otherwise.
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For every n € N, we define (n) = ¥4, f(d)g(n/d). Then the Dirichlet multiplica-
tion leads to

0o

h(n)
w(k,qs)n(gqs) = Z TR (2.3)
n=1
Lemma 2.4  For every x > 2, we have
dohm=t-1 > M+ o). (2.4)
1<n<x 0<d<q~!log; x

Proof By the definition of f(-) and g(-), it follows that

h(n) = 3" f(d)g(nfd) = ) g(n/k?%),

d|n d=0
k44|n
and hence
DUhm= Y Y /Ky = Y > e,
1<n<x 1<n<x d>0 0<d<q~'log; x 1<n<x/kad
k94\n

In addition, the definitions of g(-) and b(-) yield
dogm= > b= DL b() =M kY — kxR

1<n<x/kad 1<j9<x/kad 1<j<xla/kd

= —{x9 kY + kfx 49 K
Therefore, we conclude (2.4). ]

By applying Lemma 2.4 with x = k9/*P and | € N, we observe that

Dk =(k=1) Y (kU DHrly 4 0(1)

1<n<x 0<d<l

= (k=1) >, {k¥PM)+0(1) = (k= DAQ) +0(1),

0<d<l

(2.5)

and hence, the mean value of /(n) is directly connected to A(l).

3 Outline of the proof of Theorem 2.1

For simplicity, we do not consider the case ¢ = 1 in this section. Thus, the integers p
and g are relatively prime with 1 < p < g, and k is an integer larger than or equal to 2
which is not a g-th power of an integer. Let/ € Nbe a sufficiently large parameter, and
let x = k9"*P. We will first apply Perron’s formula to obtain an asymptotic formula of

2 h(n).

Lemma 3.1 (Perron’s formula) Let a(s) be the Dirichlet series of the form a(s) =
Y anh 5. Let 0 be the abscissa of absolute convergence of a(s). If ¢ > max(0, o),
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x> 0,and T > 0O, then we have

1 c+iT s
Z’an = —/ a'(s)x—ds+R
270 JeiT s

-1

and

X 4+ x¢ X |an]
R « a,| min , 1)+ R
Z lanl (TIx—nI ) T ; n¢

x/2<n<2x
n#X

where 3| < indicates that if x is an integer, then the last term is to be counted with weight
1/2.

Proof See [5, Theorem 5.2, Corollary 5.3]. ]

Recall that the corresponding Dirichlet series of h(n) is ¢(k, gs)n(gs) from (2.3).
Therefore, for ¢ > 1/q and T > 0, Lemma 3.1 with a,, = h(n) implies

c+iT

1
Z h(n):z—m,/_T

N
o(k, gs)n(gqs)=ds + (errors). G.1)
1<n<x et $
The summation ;<< should be writtenas )| _, _ ., but we ignore the gaps between
these sums. Let us also skip to evaluate all the errors. In Section 4, we will do a precise
discussion on (3.1). By the definitions of ¢ and 7,

s 1-gs

X x*
go(k,qs)n(qs)? = 1_—](,‘”5(125)?(—- D(s;x)).
Letc = ¢({) > 1/gand T = T(I) > O be suitable parameters. By substituting x =
k9'*P the equations (2.5) and (3.1) yield that

c+iT
(k—1)A() = Z h(n)+0(1)=%‘/‘. @ (s5; k9*P)ds + (errors).

1<n<kal+p c—iT

We shall apply the residues theorem similarly to the analytic proof of the prime num-
ber theorem (see [5, Chapter 6]). We move the vertical integral from /C C_J:ITT to :_:lTT
for some fixed o < 0, where we will take oo = —1/(2¢q) in Section 6. The residues of

®(s; k91*P) are

2nmi\ eXrirla 2nni
_ forn #£0,

1-k t s=
( ){( 2nmi a g qlogk

log k (3.2)

(k—1)§+0(1) at s=0.
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We will observe (3.2) in Section 4 (Lemma 4.1) and Section 5. Therefore, by applying
the residue theorem,

1 c+iT
Al = m/ . DO (s; kq1+p)ds + (errors)
c—1

l 1 2nmi\ e¥7ipla
- _ R 33
2 2nmi Z ¢ (log k ) n (3.3)

log k
0<|n|<4E=T

l o+iT
+3 = )/ @(s; k9*P)ds + (errors).
i

We will calculate the errors in Section 5 (Lemma 5.2, Lemma 5.5, Proposition 5.6).
We now recall the functional equation of the Riemann zeta function, since we will
apply it to £ (gs) which appears as a factor of ®.

Lemma 3.2 For every s € C\ {1}, we have {(s) = x(5){(1 — s), where x(s) =
257115 sec(ms/2) /T'(s). Further, for any fixed o € R and fort > 1, we have

x(s) = 2m[t) T2 iRl (1 +0 (%))

Proof See[10,(2.1.8),(4.12.3)]. ]

By applying Lemma 3.2, we see that

o+iT .
D(s; k9" P)d
27rl(k -1) / (s )ds

o+iT 1-gs
1-k ds
1= ks(ql+p) )
27{1(]( -1) / —k-as ——x(g9)¢( qs) —S

In addition, for every R (s) < 0, we observe that

1= kl-as k4s k)
Tope ~ KD = 1>(Z kq"”) G4
m=1
— Z(kl—qs _ 1)  fdms — Z k- k(m—l)qs _ Z kdms — Z A k™S
m=1 m=1 m=1 m=0

whereag = k,and a,, = k—1foreverym > 1. Therefore, by choosingo = —1/(2g) <
0,

1 o+iT ;
- o ;kq Py
27ri(k—1)/0. It )ds

o+iT 1 s(qlep)
kams pas=1ps(ql+p =
Z Z Zm(k -1) / )((qs)
m=0 n=1

ZZ e (m+L+p/g)/2,-3/2 / (km+taplayyia XEL2 ¥ 9D
27r(k -1/(2q) +it

m=0 n=1
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In Section 6, we will apply the following lemmas to calculate exponential integrals to
find an asymptotic formula of the above integral.

Lemma 3.3 (the first derivative test) Let F(x) be a real differentiable function defined on
[a, b] such that F’(x) is monotonic throughout the interval [a, b). Suppose that there exists
M > O such that for every x € [a, b], we have |F’(x)| > M. Then

Proof See [10, Lemma 4.2]. |

Lemma 3.4 (the second derivative test) Let F(x) be a twice differentiable real function
defined on [a, b]. Suppose that there exists r > 0 such that for every x € [a, b], we have

|F""(x)| = r. Then
b
/ eiF(x)dx

Proof See [10, Lemma 4.4]. ]

8
< —.
= 12

Lemma 3.5 (the stationary phase method) Let F(x) be a real-valued function defined on
[a, b] which is differentiable up to the third order. Suppose that there exist A, 13 > 0 and
A > 0 such that for every x € [a, b], we have

0<A; < —F"(x) < Ay (3.5)
IF” ()| < Ads. (3.6)

Let F'(c) = 0, where ¢ € [a, b]. Then

b iF(x) 1/2€
e NYdx = 2n) N —/74 4/ —
/ R T

+0 (min (|F'(a)|_1,/l;1/2)) +0 (min(|F’(b)|_1,/12_1/2)),

—ni/4+iF(c) 4/5,1/5
+0(4,777457)

Proof See [10, Lemma 4.6]. ]

By applying Lemmas 3.3 to 3.5 in Section 6, we will show that

1 o+iT (q _ 1)[
W=D / O(s; k1HP)ds = L2 — Z (k"14P1a) 1 (errors).
- o

o 2 0<m<(g-1)I
(3.7)
Here the errors on the right-hand side contain
2, mi ( ; ¢ ) (3.8)
min | =
’ -1)i- I .
0<m<(g-1)I 27 [kla=Di=m| gm+l . kpla]|

for some constant C > 0. The error (3.8) comes from the following partial Fourier
sums of the saw-tooth function.

2025/04/29 15:29
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Lemma 3.6  Let y(y) be the saw-tooth function, that is,

_Jr-1/2 ity ¢Z,
w(”_{o ifyez

Then for every K € N and y € R, we have

K .
2rk 1 1
ST L) Smin(_, ).
= nk 2" (2K + 1)z sinmy|
Proof See[5, Lemma D.1]. ]

To investigate lower bounds for ||k”*! - kP/9|| in (3.8), we will apply Ridout’s
theorem in Section 7. Let y be an arbitrarily small positive real number. By the
theorem, for everya € Zand 0 < m < (g — 1)/, we have

‘kp/q - %‘ > kpad e~ (1) (m+l) (3.9)

where the implicit constant is ineffective. By applying (3.9), we will show that (3.8) is
small enough. Therefore, combining (3.3) and (3.7) presents

[ 1 2nmi\ e 7irla
kmrrlay — a1 _—
Z { ) 2 2mi Z ¢ log k n

0<m<l 0<|n‘Sq1207§kT
- Z {k™**+Pla} 4 (errors),
0<m<(g-1)I

which completes

ql
2 2mi

: 2nnip/
A(ql) = Z 4 (an) e + (errors).

ik log k n
0<|H|STT

Interestingly, we discover a relation between

Z {(k™*Play  and - Z {kmHrrlay

0<m<l 0<m<(g-1)I

through the functional equation £(gs) = x(gs){(1 — gs), one of the key ingredients
of the proof.

We organize the remainder of the article as follows. In Section 4, we apply Perron’s
formula and calculate the residues of ®(s). In Section 5, we move the vertical integral
from /L L_J:ITT to /::TT for some fixed o= < 0 and provide (3.3). Section 6 shows (3.7)
using the functional equation, and Lemmas 3.3 to 3.5. At last, in Section 7, we complete
the proof of Theorem 2.1.

4 Applying Perron’s formula and the residue theorem

From this section, we also consider the case ¢ = 1. Recall that we fix arbitrary integers
k € Zs,, p, and g with gcd(p,g) = 1and 1 < p < g. Assume that k is not a ¢-th
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power of an integer if g > 2. From here on / will always denote a sufficiently large
positive integer, and let x = k7/*P_ Let T > 2 be a sufficiently large parameter. We
will choose T < 1k9!. Let ¢ > 1/¢ be a parameter that depends on x. We will choose
¢ =1+ 1/logx later. By Lemma 3.1 (Perron’s formula) and the definition of i (n), we

obtain
1 c+iT xS
Y =5 [ etkasman) Sds + & @
1<n<x Tt JeiT $
where
X 4 4 x¢ O |h(n)]
R < Z |h(n)|min( ,1)+ Z . (4.2)
x/2<n<2x Tlx_nl r n=1 ne
n#x

To transfer the vertical line of the integral, we should investigate the poles and residues
of ¢(k, gs)n(gs)x®/s. Recall that ®(s) = D(s;x) = @(k, gs)n(gs)x®/s.

Lemma 4.1 Let s, = 2nni/(qlogk) for every n € Z. The function ®(s) has a pole at
s = sy, for every n € Z. In addition, for every n € Z, the residue of ®(s) at s = s, is

1 n(qsn) Sn
—_— X

if 0
glogk s, it #0,
logx
k-1 1) ifn=0.
(k=15 v o) i

Proof By recalling (2.2), we have

= 1 1
n=

Thus, the function ¢(k, gs) has a simple pole at s = s, for every n € Z. For every
0 < |s — s,| < €, we have

1
1-— k_(I(S_sn)
1 1

q(logk)(s —sn) 1 — LK (s ) 4 O(]s - 5,2)

p(k,qs) =

1 qlogk R
= 1 _ _
2ozl (s s \L T 72 (5= sn) +Ols =sal)
1 1
= Zog)s sy T2+ OUs D,

which implies that the residue of ¢(k, gs) at s = s, is equal to 1/(q log k). Therefore,
for every n € Z \ {0}, the residue of ®(s) at s = s, is equal to
1 n(qsn)

qlogk Sn

x5,

2025/04/29 15:29

https://doi.org/10.4153/S0008414X25101077 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101077

12 Y. Kanado and K. Saito

When n = 0, for every 0 < |s| < €, we have

00) = (o + 5+ 0UsD | (0 + (0 + 05§ + g + 001

gk)s 2
0) 1 0)1 (0 0)\1
_n© 1 (n(0)logx+4gn’(0)  1(0) Lo,
qlogk s? qlogk 2 Js
Since 7(0) = (1 — k)£(0) = (k — 1)/2, the residue of @(s) at s = so(= 0) is
logx
k-1 o(1).
( )2q log k (1)
]
Let 0 be a negative constant depending only on g. We will choose o9 = —1/(2¢q)
later. Let ¢ be a sufficiently small absolute constant belonging to (0, 1/2), and we

define

« 2nm 2nm
T =95 := -0, +0]).
° ,|;|)(qlogk qlogk )
To avoid the poles of ®(s), if necessary, we assume that T € [2,c0) \ 7. Then, by
applying the residue theorem and (4.1), we obtain

1 1 n) <
Z "h(n) = (k—l)2 olgxk + ook st" +R+So+S1+0(1), (4.3)
n<x q'08 q108 0<|sn|<T Sn
where

1 oo+iT 1 c+iT c—iT
Som g [0 si= 5 ( [ - )cb(s)ds.
2700 J go—iT 2ri \Joorit  Joomit

5 Evaluation of upper bounds for R and §

Lemma 5.1 For every n € N and real number ¢ > 1/q, we have

|h(n)| < (k—1) (q_llogkn+ 1), (5.1)
SO (k- 1gk eactea). 5.2
n=1

Proof We have (5.1) immediately since the definition of 4(n) implies

i< Y k-1 Y (k-1 < k- 1)(q—110gkn+ 1). (5.3)
d>0 0<d<q~'log; n
ka4 |n
We also obtain (5.2) easily since for every real number ¢ > 1/g¢,

i Ihr(l?)' - i ni 3 f(d)gnfd)| < (i kql) (i kn;

n=1 n=1 dln n=0
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Lemma 5.2 We have

l C
xlogx N X
T (cq—1T

uniformlyinl e N T > 2,1/g <c < 2.

R <«

Proof Let
: x x¢ O |h(n)]
Ry = E h — 1), Ry:=— E .
1 | (")|mln(T|x_n| ) 2 T <
x/2<n<2x n=1
n#x

Then, by (4.2), we have R < R; + R;,. We first evaluate the upper bounds for R,.
Lemma 5.1 leads to

c

Ry < (k- 1)%¢(k,cq)§(6f1) < (cqu)T'

For evaluating upper bounds for Ry, we see that

1
— =] = = 1+ T_l =: Ui.
T - n/x| n=x( )
Thus, by setting
xh(n xh(n
Ry = Z () , Rp= Z () , Riz= Z |h(n)],
xX—n xX—n _
x/2<n<U- U*<n<2x U~ <n<U%;
n#EXx

we have Ry = (R + R13)/T + Ry3. The first inequality of (5.3) leads to

Ry <(k-Tx ﬁZlS(k—l)xzxinZL
d>0

x/2<n<U~ > 1<n<x d>0
k94 |n k94 |n

In addition, by recalling x = k4*P € 7, we obtain

1 1
DIl IR D Y

X
1<n<x d=>0 1<n<x-1 d>0 d>0,m>1
k9%\n k94|n 1<mkd4<x—1

1 1
kad Z x/kad —m

0<d<qg~'log; (x-1) 1<m< ;‘;

1 1
kad Z x/kad —m’
1Smshq¢d -1

[
.‘H

0<d<q~'log; (x-1)

where we apply the property x/k9¢ = k(=D)a+P ¢ 7 for every 0 < d < [ at the last
equation. Therefore, we have

Z log(x/k24)

R <«x
11 ad

< xlogx.
0<d<q~'log; (x-1)
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Similarly, we also obtain

Ry <x Z ﬁ21

x+1<n<2x d>0
k9%\n

1 1
- Z kad Z m — x/kad
0<d<q~"log; (2x) x+1<mkad<2x
Z log(x/k24)

<X
kad

< xlogx.
0<d<q~'log; (2x)

Furthermore, Lemma 5.1 implies

Riy= > |h(m| < (k=1)(g  ogex+1) > 1.
U~ <n<U"* U~ <n<U"*
n#*Xx n#*Xx
Recall that x € Z; hence if U* — U™ < 1, the above sum on the most right-hand side
is 0. Therefore, we have

1<UY—U =x((1+TH-(1-T) < %
U~ <n<U™*
n#EX

Combining the upper bounds for Ry1, Ry, Ry3, we have Ry < (xlogx)/T, and hence

xlogx x¢

R< R +Ryx + .
! g T (cq - 1)T

]
Corollary 5.3 By choosingc = 1 + 1/logx and T > x logx, we have R < 1.
Let us next give an upper bound for S;.

Lemma 5.4 Forevery t > to > O uniformly in o € R,

1 (00 22),

flo+in) < ?fgj")/z logt E(l) i Z i ?;:

t12=7 Jogt (o <0).

Proof See [3, Theorem 1.9]. ]

Lemma 5.5 Let 0 be a constant depending only on q satisfying —m < 09 < 0, where

we define _2(q+1) =—coifqg=1Letx 22, T € [2,00) \ T5,and c = 1 + 1/logx.
Assume that T =< x log x. Then, we have S; << 1 uniformly in such x and T.
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Proof By the definition of Sy, it follows that

c o+iT
S = — k, T T d
V= o ¢(k,q(o +iT))n(q(o +i ))(TH.T o
1 c xo‘—iT
~ 5 o(k,q(o =iT))n(q(c —iT)) —do.
7 J o o—il

Since p(k, q(o +iT)), ¢(k,q(o —iT)) < 1forevery (o,T) € [00p,c] X R\ T, the
Schwarz reflection principle of £ (s) and n(s) = (1 — k'=%)Z(s) imply

1 qc
S < = / |¢(o +igT)|x"/do. (5.4)
q00

Further, we decompose the right-hand side of (5.4) into three integrals as

1
—(/ +/ +/ )l{(0'+iqT)|x‘T/qd0' =S +S+ S
T [qo0,0] [0,1] [1.gc]

Lemma 5.4 implies that

0

St <</ T_‘T_l/zx‘r/qlogTdO',
q00
1

Sz <</ T-12-0l2 olq logTdo,
0
qc

S13 <</ T 1xo/4 logTdo.
1

For S;3, by the choices of T and ¢, we have Sj3 < T~ x¢log T < 1. For S;1, by using
T = xlogx, we see that

Sll < T_l/z IOgT/

q00

0
(xl/qT_l)(r do

0 _
< x_l/z(logx)l/Z/ (xl_l/q logx) " do

q00
2 x—(q—l)o'o(logx)—q(ro
logx
=x_l/z_(q_l)""’(logx)‘l/Z—qo'O_

< x‘l/z(logx)l/

The most right-hand side is < 1 since —ﬁ < 09. For S13, in a similar manner,

] -
Siy < x*(logx)'/? / (611214 log.x) ') dr
0

In the case ¢ = 1, since 1/2 — 1/q = —1/2, we have
)1/2X1/2(10gx)_1/2

< 1.
logx

S < xil/z(logx
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16 Y. Kanado and K. Saito

In the case ¢ > 2, since 1/2 — 1/g > 0, we also obtain S, < x~/2logx < 1,
completing the proof of Lemma 5.5. [ ]
Proposition 5.6  Let 0 be as in Lemma 5.5. Then, we have
1 2nmi\ e2nmiplg
D, k=A== Y ¢ —
27i : log k n
O=dsl 0<|n|< 4Rk T
ifp=q=1,

0
+S5,(1,T)+0(1) +
oo (. T) M {1/2 otherwise

uniformly inl € Nand T > 2 with T < 1k9', where
oo+iT

1
So (I.,T) = ———— ®(s; k9*P)ds.
D = 500G Sy T

Proof By Collorary 5.3 and Lemma 5.5, the equation (4.3) implies that

I 1
k) = (k=12 4 > 1sn) s, 5o+ 0(1)  (5.5)
2qlogk qlogk o<ll<T Sn

n<x

forT € [2,00) \ T and T = x log x. The equation (2.5) leads to

I+ I+
Z "h(n) = Z h(n) — w = (k-1)A() - @ +0(1).

n<x n<x
If ¢ = 1, then p = 1 and we obtain
h(kql+p) — h(kl+l) — Z g(k(l—d)+1)
d>0
kdlkl+1

= Z (kD = (1= k)1 + 1) + 1.
0<d<l+1

When g > 2, we recall that gcd(p, g) = 1, and k is not a g-th power. Therefore, by
combining the definitions of 4(n) and g(n), we obtain

h(k9+PY) = Z g(k1-D+py = Z g(k1=D+ry = ¢,

d>0 0<d<l
kqd |kql+p

Thus, the left-hand side of (5.5) is

(k= DAWD) +0(1) + {(()" -Dij2 ifp=q=1,

otherwise.

Further, recalling that s,, = 2n7i/(glog k) and x = k9/*P, we have

1=k =1 —k, x% = fsn(@l+p) = G2nmiplq
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A criterion for the simple normality of 2P/9 via the Riemann zeta function 17

and hence

1 n(gsn) k-1 Z 2nmi'\ e27irla
B — - .
qlogk Sn 2mi log k n

0<|Sn|ST 0<|n\S%T

Therefore, we have

1 2nmi\ e27iPla S, 0 ifp=q=1,
A(l) = —— + +0(1)+
@ Z ¢ (logk) n k-1 m 1/2 otherwise

0<|n|< %T
forT € [2,00) \ 7 and T = xlogx. We can remove the condition 7' ¢ 7. Indeed, for
sufficiently large T > 2, we observe that

n(asn) s, _ lgsal'*

qSn

< T_1/2+E.

T<|sp|<T+1
In addition, if T satisfies T < x log x, then

oo+i(T+1) x5 T+1
Ji olkegon(as) ds <x [
oo+iT s T

{(qoo +iqt)
oo + it

dt

T+1
< x° / 17127490 gt « xOoT 712740 x=127(a71) 0 (Jog x)T1/27000
T

where —m < 09 leads to the last inequality. Therefore, we conclude Proposi-

tion 5.6. |

6 Applying the functional equation to S and the proof of
Theorem 1.2

This section gives proofs of Theorem 1.2 and the following theorem.

Theorem 6.1 Suppose 1 < p < q and gcd(p,q) = 1. For every integer | > 2 and real
number T < 1k9!, we have

. 2nmip/
R - T I - B Y MO )

2 2mi ouk log k n .
0<|n|<L2ET 0<m<log, (Tk~)

where E,, (1) satisfies

(1 B
|Em(D)] < min (E’ Lk(a=1)l-m| Sin(nkm+l+”/")|) oy

for some constant B > 0 depending only on k, p, and q.

Lemma 6.2 Lets = o +it. Fixany o < 0. Fort > 1, we have

-1/2 o0 it
{(gs) = e 74, (z_ﬂ)q(r L V2-qo antrfl (%)ql +0(t73a7),
s q qt

n=1
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Proof Lemma 3.2 implies that for 7 > 1,

l(gs) 1 1 2\ 1A i(qi+m/4) - 1
s "‘r(lw/(ir))’(%) o 5(1_‘1‘7_"”)(”0(?))

o0 qo+qit—1/2
it (5)

— e—i7r/4 . (2_7T
q

~

| —

. 1
NN 1 (1 = go — gir) (1 +0 (?))
o qit
S o)
n=1 qt !

0 qit
. t—l/quO' Z nq(r—l (21171’8) + 0(t73/27q0').
- qt

~.

)q(T—l/Z

— e*l‘ﬂ/4 . (2_7T

qgo-1/2
/)

n=1

We take any integer [ > 2 and any real number 7' =< [k7’.

Lemma 6.3 Let (a,)m>0 be the sequence in (3.4). For every m € Zsgand n € N, let
Aon = (1) = k+m+plang. For every t € [1,T), we define

2k'”+l+p/‘1n7re) (2am,ne)
— | =gtlog .

F(t) = Fyn(t) = qt log(
qt qt

Then we have

(k=1)S_1/2¢) (L, T)

1 S ~ ) T )
= Z Z n_lama'm},/,zq R (e_”’/“/ elF'"'"(t)dt) +0(1).
1

n=1 m=0

(6.2)

Proof Forevery R(s) < 0, by (3.4), we recall that

-k S
T = 2 k"
m=0

We now choose o = —1/(2q). Then for s = o + it (t € [—1, 1]), we have

f(gs) 1- k-

- klatps < k7 < 1.
s Z
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By applying Lemma 6.2, for s = o + it (t € [1,T]), we have
é’(qs) . 1- k'~ k(ql+p)s

s 1-k-as
© 1 qit
2 2
— Z Z am kmqsk(ql+p)a —in/4 ( ﬂ) —3/2 ( I’lﬂ'@) + O(k_l/zl_l)
n=1 m=0 qt

1 0 ) 2kmH+r/a qit
_ Z 032, k=PI 2 | p=im/4 (—’W) + Ok

2n n=1m=0 C]t
- = i i namay i - e/ Zmne " + Ok~
2ﬂ1/2 n=1 m=0 B qt

and hence the Schwarz reflection principle leads to the following:

iT 1-
(k= DS (LT) = / A LA

270 ) it s 1— k=95
~ (%] o) % _”r/4 T ZQ'm,ne qit
_ZHS/ZZZn amamnq 1 T dt].
n=1m=0
T
+0(1)+0 (k‘l/Z/ z-ldt).
1
Since T < [k?', it follows that
T
k‘l/z/ 17 ldr < k7 logT < 1.
1
By the definitions of @y, , and F, ,(f), we obtain Lemma 6.3. ]

Letm € Zsgandn € N.Let ¢ = Cpn = 2amn/q = 2k™*P/nz/q. Since
F'(t) = qlog(2amn/(gt)), we have F'(t) = Oifand only if = c. Letd > Obe a
sufficiently small absolute constant. It is enough to choose § = 1/4. We define

U = Up.p = min(1/2, @, [ (m + 1)*0n%).
Then, we have

i i nlap Uyl < 1. (6.3)

=1 m=0

Let us decompose the sum on the right-hand side of (6.2) into three sums as follows:

S

Ms
Ms
i
HMS
MS
Ms

= So1 + Soz2 + So3.
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Lemma 6.4 We have So; < 1.

Proof Take any (m,n) € Zso X NwithT < ¢p.n(1 — Up.n). Then, each t € [1,7]
satisfies

[F’ (1) quog(l

Therefore, by Lemma 3.3, we obtain

T
/ i gy
1
and hence (6.3) implies that

0 0o T
So1 = Z Z namaniiq - R (e_i”/4/ eiFm*"(’)dt) < 1.
1

n=1m=0
TSCm,n (1 _Um,n)

1
> U.
7)

< U™,

Lemma 6.5 We have Sp, < 1.

Proof We discuss the case c(1 - U) <T < c¢(1+U). Let
J={(m,n) € Zoo xN: T/(1 + Um,n) < Cmn < T/(1- Um,n)}-
Take any (m, n) € J. Then, the following inequalities hold:

(1 Cm,n = T;

(20 0<m<(g-1)l+log, l+0(1) = logk(Tk’l) +0(1);
(3) n =< Tk~ {+m);

4 amn =<T.

Indeed, (1) is trivial by U < 1/2 and the choice of (m, n). Also, (2) immediately follows
from k" « Cmn X TandT = 1k In addition, (1) and the definition of Cm,n iIMply
(3) and (4).

By the choice of Uy, », (2), (3), and (4), we obtain

Um n = mln(1/2, T71/2+6ll+6k76(m+l))‘
Further, by the definition of J, n satisfies

qT <n< qT
2km+l+plag (1 +U) ~ 2km++plag(1 - U)

(6.4)

The number of n’s satisfying (6.4) is at most
< 1+ UTk ™ « 1 + T8 1+6 = (1+6) (m+])

Since F,, ,,(t) = —q/t, Lemma 3.4 with [a, b] := [1,T] implies that

T
/ eFmn gy < T2,
1
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Therefore, by (2), (3), and (4), we have

(o] (o] T
So2 = Z Zn_lama;n}r/lzq -R (e_i”/4/ eiF'”v"(t)dt)
1

n=1 m=0
(m,n)eJ

< Z T73/2km+l Z T1/2

0<m<(g—1)l+log, 1+O(1) neN with (6.4)
(m,n)eJ

< Z T—lkm+l(1 +T1/2+5l1+6k_(1+5)(m+l)).
0<m<(g-1)l+log, I+O(1)

By simple calculation and 7' =< [k?!, the above is < T~!T + T~1/2+5[1+6 « 1, [

Lemma 6.6 We have

So3 _ Z Z sin(2am,n)

YD am p +0(1).

0<m<log, (Tk~1)+0O(1) neN
k Cmn (14U )<T

Proof Take any (m,n) € Zso X Nwith T > ¢y, 0 (1 4+ Upy.pn). We have F’'(¢p.) = 0
and ¢, € [1,T]. Further, we also get

0<m<(qg—1)l+log, [ +0(1) =log, (Tk™") + 0(1) (6.5)
since k! « Cmn < 1k, To apply Lemma 3.5, check (3.5) and (3.6). It follows that
F"(t) = —q/t, and F' (1) = q/t*.

Therefore, for every t € [c(1 — U), c(1 + U)], we obtain
|[F"(t)| < c¢™!, and |F"(1)] < c 2.

In addition, |[F’(c(1 = U))|, |F’(c(1 + U))| > U. Thus, by U > ¢~'/?, Lemma 3.5
leads to

- (1+U) —ni/4+iF (c¢)
/L eiF(l)dt: (271-)1/26 i +L1 ;‘
c(1-U) [F(e)|V/

= 22T amn )2 1 + O(PP) + O(U™Y). (6.6)

+0(cMc Y+ 0 (min (Uﬁl, 01/2))

By Lemma 3.3, we obtain

T
/ e gy < U™ 6.7)
c(1+U)

< U‘l,

(1-U)
/c e F ) gy
1
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Combining (6.3), (6.6) and (6.7), we have

So3 3 1 o 1 —-1/2 —in/4 ’ iFpn (1)
2B = 22, M lamenn’a-R|e o

n=1m=0
Cm,n (1+Um,n)<T

1 o O _ ~1)2 2ntl? 172
Py Z Z n 1ama,m,r/L q-R (Té’zmm‘"am/,n/q +0(1)

n=1 m=0
Cmn (14U ) <T

am Z M +0(1),

nri

0<m<log, (Tk~1)+O(1 neN
8 ( )+0(1) crn (14U ) <T

where we apply (6.5) to restrict the range of the summation. [ ]

Proof of Theorem 1.2 Let k be an integer not less than 2 and let p = g = 1. Take an
arbitrary real number [’ > 2. Let / be the integer satisfying/ < [’ —log, I’ < + 1.
Choose T = %kl/. Then it follows that T =< k! = I’k""~1°#8c"" < [k!. By combining
Proposition 5.6 with op = —1/2 and Lemmas 6.3 to 6.6, we obtain

0= Z (k™) = A(D)

0<m<l
1 2nmi |\ 1
<

log k
0<[n|<3=T

+
0<m<log; (Tk~1)+O(1)

am Z sin(2a,.,)
nm

+0(1).
neN
Cmn (14U n)<T

We have sin(2a,,,,) = 0 since @,,,, = 7k!*™*n € #Z for all integers m > 0 and
n > 1. Therefore, we obtain

1 2nmi | 1
=T il -+ 0(1)7
2mi ,  \logk | n
0<|n|<k!
which completes the proof of Theorem 1.2. [ ]

Proof of Theorem 6.1 Take arbitrary integers k, p, and ¢ satisfyingk > 2,1 < p < ¢,
and ged(p, g¢) = 1. By Lemmas 6.3 to 6.6, we obtain

sin(2,.n)

(k=1)S_1/2q)(1,T) = Z am Z SR om.n)

m<log, (Tk=1)+O(1)

+0(1).
neN nn
Cmn (14U n)<T

Lemma 3.6 with y = k”*/*P/4 implies that

S ) netentay o g,
nm

neN
Cmn (14U n ) <T

2025/04/29 15:29

https://doi.org/10.4153/S0008414X25101077 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101077

A criterion for the simple normality of 2P/9 via the Riemann zeta function 23

where E,;, ([) satisfies

2" (2K, + 1)| sin(wkmti+r/a))|
K =max{n e N: ¢y n(1 + Up,.n) <T}.

|En ()] < min (l ! ),

Since ¢y = 2kImHrlapn g, T < k9, and U < 1/2, we get Ky, > 1k@=Di-m
leading to (6.1). Therefore, (k — 1)S_1/(24) (1, T) is

1
Y =[5 gym) <o)
0<m<log, (Tk~1)+O(1)
log, (Tk™1)

(k=1) 3

emteelay N Eu(D) |+ 0(1).

0<m<log; (Tk~!) 0<m<log; (Tk~!)

By Proposition 5.6 with oy = —1/(2¢), we have

[ 1 2nmi\ e2"7iPla log, (Tk™)
A(l)= - - —
® 2 2nmi Z ¢ (logk) n 2

log k
0<|n|S%T

- DL el N B, (1) + 0(1),

0<m<log, (Tk!) 0<m<log; (Tk~!)
which completes the proof of Theorem 6.1 since

A(l) + Z (k™+play = A(log, T) + O(1).
0<m<log; (Tk™1)

||
7 Ridout’s theorem and the completion of the proof of
Theorem 2.1
Theorem 7.1 (Ridout’s theorem) Let « be any algebraic number other than 0; let Py, . . ., P,
01, ...,0; be distinct primes; and let (1, v, and ¢ be real numbers satisfying

O0<pu<l, 0<Lv<l1l, c¢>0.
Let a and b be restricted to integers of the form
a=a'P---P>, b=bQ7" -0/,
where p1,...,pPs 01, ..., 0 are non-negative integers and a”, b* are integers satisfying
O0<a*<ca", 0<b"<ch.
Thenif k > pu + v, the inequality 0 < |@ — a/b| < b™" has only a finite number of solutions
in a and b.

Proof See [8]. ]

We have the following corollary by substituting 4 = 1,v = 0,and ¢ = 1.
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Corollary 7.2 Let « be any algebraic irrational number. Let Q1, . . ., Q; be distinct primes.
Let b be an integer of the form

b=07" -0/, (7.1)
where 071, . . ., 0y are non-negative integers. Then for any € > 0, there exists C > O such that

|@ —a/b| > Cb™'~€ for every a € Z and b of the form (7.1).

Proof of Theorem 2.1 Let y > 0 be an arbitrarily small constant. Let I’ be a suffi-
ciently large real number. Take a positive integer / such that g/ < I’ —log, I’ < gl +g4.

Choose T = 12” k". Then we obtain
qlogk

2 2 2

T = k' = e
qlogk qlogk

Since we have I’ = log, T + O(1), Theorem 6.1 leads to
A(l") = A(log, T) + O(1)

: 2nnip/
:long_L Z é,(an)ﬂ_'_ Z E, (1) +0(1),

2 2mi log k n
0<|n|< L8k T 0<m<log, (Tk~!)

where E,;, (1) satisfies (6.1). By the choice of T, we observe that %T = k" and
log, (Tk™") = (¢ = 1)l + O(log ) = log, (Tk™") = (g — 1)l + O(log!").
By E,,,(l) < 1, we obtain

I 1 2nmi\ e2nrirla

A(l) = = - — —_— E(l) + O(logl’).

@) 2 2mi Z ,g(logk) n * Z m(D) +O(logl’)
0<|n|<k! 0<m<(g-1)I1

Since | sin x| > ||x||, for every 0 < m < (g — 1)/, we have

(1 ¢
E,; (1) < min (5, 1k (q=D)1=m|| fom+1 . kp/qn)

for some constant C > 0. By substituting @ := kP/9, b := k"* and € := y in
Corollary 7.2, we obtain

| kP17 D), (7.2)
Therefore, the inequality (7.2) yields that
Z En(l) <, Z [T Fme @t

(g-1-y)l (g-1-y)1
0<m< Try 0<m< Ty

Also, we obtain

En(l) < yql,

—1-y)L
4 l-l+yy> <m<(q-1)l

where the implicit constant does not depend on y. Therefore, we have

En(l) =0,(1) + O(yl).

0<m<(g-1)1
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By combining the above estimates, we obtain

’ nrwi 2nmip/q
an=t-L % 4( nm) T L 0(1) +0,(1) + O(logl'),
n

2 2mi , " \logk
0<|n|<k!

which implies that

li 1 Al U N 1 Z ¢ 2nmi\ e¥7iPla <

im — -—+ — — .

I'—co I’ 2 2mi ,” \logk n Y

0<|n|<k!

By choosing y — 0, we conclude Theorem 2.1. [ ]
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