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TWO REMARKS ON AMALGAMS OF LOCALLY FINITE GROUPS

BERTHOLD J. MAIER

R
We construct 2 0 non amalgamation bases in the class of locally

finite groups, and we present necessary and sufficient conditions
for the embeddability of an amalgam into a locally finite group in
the case that the common subgroup has finite index in both

constituents.

Recall that an amalgam of groups consists of two groups G,H with
a common subgroup U . Such an amalgam can be realized in a class K of
groups if there exists a group F ¢ K and embeddings g: G - F and
h: H » F which coincide on U . In the classes of all groups, of abelian
groups, or of finite groups any amalgam can be realized. However, this
appears to be a rare property for a class of groups. Thus, a group U € X
is called an amalgamation base for X , if all amalgams with constituents
G,H € K and common subgroup U can be realized in X . For example, the
amalgamation bases in the class of finite p-groups are the cyclic
p-groups ([2], [3]) and the amalgamation bases in the class of torsion-
free nilpotent groups are the subgroups of the additive rationals
([6], satz 2). see [5], [9] for results in the class of nilpotent groups
of class two.
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B.H. Neumann showed that the finite groups are amalgamation bases
in the class LF of locally finite groups ({7, Theorem 5.2]), but that
the countably infinite elementary abelian 2-group is not an amalgamation
base ([7, Section 2]). By the same argument it follows that no infinite
elementary abelian p-group, p a prime, is an amalgamation base in LF .

N
In the first part we show that there are 2 © abelian groups of the form

& C_, p. asequence of primes, which are not amalgamation bases in

. D 7
el F1
LF . 1In contrast to the fact that existentially closed groups in a first-
order axiomatizable class are amalgamation bases of the class, Grossberg
and Shelah [7] showed that P. Hall's countable universal locally finite
group is not an amalgamation base in [F . In view of these results we

ask the following

QUESTION: Are the finite groups the amalgamation bases in [LF ? The

next interesting test case would be a Prilifer group wa .

In the second part we refine the idea behind the example in the first
part to get conditions for the realizability of an amalgam in [LF if the
common subgroup U has countable index in ¢ and H and also locally
finite index in ¢ and F . By the latter we mean that |[<4,U> : U] < =
for any finite subgroup 4 in (¢ or in H . 1In particular, this yields
conditions for the case that U has finite index in both ¢ and H .

The amalgams will be realized by means of permutational products [§].

1. Consider a sequence p., 1 €N in IV with pé = kipi +1,

. P . . v
1s ki ¢ W , and p if p; is odd, and Pip1 = pi/z if p; is

- 14

i+1 = P
R

even. By Dirichlet's theorem there exist 2 © such sequences with all

pi prime.

For any such sequence we construct permutation groups G and H
with common subgroup @C such that the amalgam cannot be realized in a
1
locally finite group. Thus no such &a, is an amalgamation base in [LF .
1

. Lo 7 i 1 7
For 1 even we choose disjoint sets {Mi = ml,...,m !,nl,...,n /} . We

pP; p;
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consider the following permutations of M = UMi .

= H{(mg,n}) | =1,....p}s i evenl,

©-
|

v = Dllme, smg, 41! | k= Loky, i even),
(2 K2

_ i 7 Z _ .
a, = H{kapi+ﬂ,mkpi+2,...,m(k+1)pi) | & = 0""’ki -1} 1 even,

aq = ¢(ai¢)2¢ , 1 even.

It is easy to see that for <7 even a. acts non-trivially only

1+1

Z A
on {nl"'°’npé} , and o(ai+1) =DPiq Furthermore [ai,aj] =1, and
<a; |2 e N> = ®<a,> with <a,>=(, . Now consider the group

Pi
G = <¢¥,a, | £ € W> . We claim that G ¢ LF . To see this it suffices

to show that the transitivity systems of any subgroup Gn = <¢,w,a0,...,an>

are bounded ([7, Lemma 5.3]). This holds because (G stabilizes each

Mi’ 1 even, and the transitivity systems in Mi’ i >n , consist of 2 or

4 elements due to the action of ¢ and ¢ and the trivial action of

ao,...,an in these Mi . The crucial property of G 1is that
a2i+1 € <¢,w,a2i>, 7 ¢ IN . Similarly we can construct a group

H= <¢”w"bi | 1 e m> ¢ LF such that <bi | 2 e > = $<bi> '

. o ! ! :
<bi> o Cbi and 52i+2 € <’ ¢ ’b2i+1>’ i € IN . Thus we have ecpi as
a common subgroup in ¢ and H . However any realization F of this

amalgam is not locally finite. For the subgroup F, = <¢,¢,¢',¢',ao>

contains the infinite group QCb , because Qg; € Fo implies
1

boit1 = Fgip1 € <Gs¥say;> S Fy s and

Foira = boppp € <0's¥lby > S E, L . 0

2. Suppose U < G ¢ LF . We say that U has locally finite index
in ¢, if |<4,U> : U| < » for all finite subgroups 4 of G . Here is
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an example of a locally finite group G = <4,U> such that 4 is finite
but U is not of finite index in (¢ . Let Mi be disjoint sets of 2¢

elements, < 2 2 , and choose permutations a,ai on 'Mi of order two that
generate a dihedral group D4i . The group @G = <a’ai | 1 2 2> permutes
M= UMi and is locally finite as the transitivity systems of the subgroups
<a,a2,...,an> in the sets Mi’ i >n consist of two elements according

to the action of the involution ¢ and the trivial action of Agseeesy -

The elementary abelian subgroup <ai | 7 2 2> has infinite index as

l<a,a.> : <a.>l =2i, i 2 2.
i 7 ?

The hypothesis of locally finite index will be used as follows.

Suppose subgroups AO,U of (G € LF are given such that |<A0,U> : U| < ®
Then we find a finite subgroup 4 < § such that <A0’U> = AU = UA, and we

set ! = A Ny . We define an operation of 4 on the right cosets
U\U by U'ua = U'u' if ua = a'u', a’ ¢ 4,u' ¢ U . To show that this is

well defined let v € U' and wvua =a"u', a” € A, u" ¢ U . Then

zu%'=a%",ar%m’=uW"1€AnU=U',mﬁhmw U'u' = U'u" .

Now suppose ua = a'u' and u'b = b'u” with w,u’,u" € U,a,b,a’',b’' ¢ 4 .
Then (U'ua)b = U'u'b = U'u" and also U'u(ab) = U'u" since uf(ab) = a'u'd
= a'b'u” with a'b’ € A . Thus we have an operation of the group 4 on
U'\U . The orbits of the finite group A give rise to a partition of U'\U
into finite subsets. Assume that an action of another finite group B on
U'\U is given. We may form the finest partition of U'\U which is
coarser than both the orbit partitions of 4 and B on U'\U . The sets
in this new partition are unions of orbits of A4 and B with nontrivial
intersection. We say that the orbits of 4 and B generate a bounded
partition if this new partition consists of finite subsets of bounded

order. B.H. Neumann's example [7, Section 2] shows that in general this
new partition may contain infinite subsets, and it is also easy to construct
an example where the new partition consists of finite subsets only, but

the orders of those subsets are not bounded. Since this example illustrates
the necessity of the second condition of our main result we include it

here. Consider an elementary abelian 2Z-group U = OUi , where
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, = . e . o i i b of U b
Ui <czo> X X <c$’21> , and define automorphisms a and o y

c.a=c¢c, , C. ) b =

io 10° ©4,24-1% T %¢,05° Ci,25% T ©i,25-1° ©i,25-2
b = b=

°i,25-1°

ci,sz C; 25-20 %324 c;, 24° J=1y...52, 7 2 1. Let G,H be the
semidirect product of U by A = <a> and B = <b> , respectively. Then
G=AU=UA, H=BU=UB, and AnU=<I>=BnlU . BAs above 4 and B
operate on U = <I>\U , which is clearly the same as the action of A4 and

B as automorphisms on U . Since A and B stabilize the subgroups Ui
of U , the new partition of U consists of finite subsets only. But it

contains the subsets {¢. ,...,¢. ..}, © 2 1 and thus is not bounded.
1,0 1,27

THEQREM. Suppose U 1is a common subgroup of countable, locally
finite index in the locally finite groupe G and H . Then the following
are equivalent.

1. The amalgam U < G,H can be realized in a locally finite group.
2. ‘a) For all finite subgroups A, < G and B, s H there exist
finite subgroups A, <A <G and B,<B<H such that AnU=Bn U,

and AU = UA, BU = UB.

b) For all finite subgroups A < G and B <H with U'=A4n U
=B n U, AU=UA, BU = UB the orbits of the action of A and B on
U\U generate a bounded partition.

In the examples in part 1 condition 2.a) is not satisfied, whereas in the
example preceding the theorem 2.a) holds but 2.b) is violated.

Proof. 1 = 2. Let the amalgam be realized in the locally finite
group F . We may assume that G,H < F and F = <G,H> . We first show

that U has locally finite index in F . Let Co be a finite subgroup
of F . Thus Co < <4,B> with A < (G, B<H finite. We may assume that
AU =UA and BU =UB , as U has locally finite index in G and FH .
This implies that <A4,B>U = U<4,B>1, and hence the index

|<CO,U> : Ul < 1<A,B,U> : U}l < |<4,B>| is finite as <4,B> < F ¢ LF .

a) Let Ao < G, Bo < H be finite subgroups. Now <A0,Bo> e F is
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finite and there exists a finite group ( such that <Ao’Bo> < C < F and
CU=UC . Weset A=CnG and B=CnH . Then U s G,H vyields
AnU=CnU=BnU and AU=(CnG)U=CUNnG=UCnG=UnG)
= UA by Dedekind's modular law, and similarly BU = UB .

b) Suppose A4 < G, B < H finite and U'=AnU=Bn U, and AU = UA,
BU =UB . Then ( = <A,B> < F 1is finite and satisfies (U = UC . set

U = CnU=2U'", and we have an action of (¢ on UMU , whose orbits

are bounded by |C] . Now the sets of the new partition generated by

the orbits of 4 and B on U'\U are bounded by |C|-|U" ; U'| , since
the projections of any two orbits of A4 or B in U'\U which intersect
nontrivially to U\U are contained in a single orbit of C and hence
the projections of the sets of the new partition of U'\U to UMNU are

contained in single orbits of ( , and the bound for those sets follows.

2 =1, As U has countable, locally finite index in ( , we find an

ascending chain of finite subgroups An’ ne W , in G such that

G = uAnU, AnU = UAn, Ao = <1> ., We choose a left transversal of U in

G as follows. Set Un=A n U . Then AnUn+

n = A?’LU n An+

1 g T VA, AL

Un+1An . where the first and last equality are instances of Dedekind's

modular law. Choose a left transversal Sn of AnUn+1 in An+1’ ne N ,

with 1 ¢ Sn' Then Sn is also a left transversal of AnU in An+1U ,

as An+1U n An+1 =4 and AnU n An+1 =AU . Therefore

n+1 n n+l
SnSn-l' . .Slso is a left transversal of U = AOU in An+1U , and hence
S = uS,. "So is a left transversal of U in G . Similarly, we have

H = UBnU and a left transversal T = UTn"'To of U in H , where Tn

is a left transversal of Bn(Bn+1 nU in Bn+1 . Now let F be the

permutational product [§] of G and H with respect to the transversals
S and T of U in G and H , respectively. F is the subgroup of
pexrmutations on M = S x T x U , generated by the following actions of &
and H on M. For g e G we have (s,t,ulg= (s',t,u’) if sug = sg'u’
with 8" ¢ S, u' e U , and for h e H we have (s,t,u) h = (s,t',u') if
tuh = t'u' with t' € T, u' € U. These two actions coincide on the common

subgroup U , and therefore F is arealization of the amalgamof G with H over
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U. We now show that F is locally finite. It suffices to show that the
transitivity systems of any finitely generated subgroup of F on M are
finite of bounded order. A finitely generated subgroup of F 1is contained

in a subgroup <GO,H0> with finite subgroups Go < G and Ho < H . By
2.a) there exist finite subgroups G, < A <G and Ho < B £ H such that
U'=AnU=BanlU, and AU = UA, BU =UB . Let 4<AU and BanU
then the orbit of (s,t,u) under <4,B> is contained in 84, x tB, x ur

where U" is the union of the cosets in the orbit of U'u under the
action of 4 and B on U'\U . But the number of cosets in U'\U

reached from any U'u’, u' ¢ U 1is uniformly bounded, by m say, by
2.b) and hence the transitivity systems of <4,B> on M are uniformly

- . . ’
bounded by IAn| anl m- U . O

COROLLARY. Suppose U <ig a common subgroup of finite index in the
locally finite groups G and H . Then the following are equivalent.

1. The amalgem of G with H over U can be realized in a locally
finite group.

2, Suppose G = AU, H = BU with finite subgroups A and B .
a) PFor any finite subgroups A <A <G, B < B,<H there exist

o
finite subgroups Ao <4, s G and Bo < Bl < H such that AU

=Ban.

b) For any finite subgroups A s A, <G, B £ B, < H with

1 1

U= A nU=B, 0l the orbits of the actions of A, and B, on

U'\U generate a bounded partition.

This follows immediately from the theorem as A < A, S G and G = AU
imply G = AU .
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