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Abstract. In this paper, we introduce a new technique to study the distribution in residue
classes of sets of integers with digit and sum-of-digits restrictions. From our main theorem,
we derive a necessary and sufficient condition for integers with missing digits to be
uniformly distributed in arithmetic progressions, extending previous results going back to
the work of Erd6s, Mauduit and Sarkozy. Our approach uses Markov chains and does not
rely on Fourier analysis as many results of this nature do. Our results apply more generally
to the class of multiplicatively invariant sets of integers. This class, defined by Glasscock,
Moreira and Richter using symbolic dynamics, is an integer analogue to fractal sets and
includes all missing digits sets. We address uniform distribution in this setting, partially
answering an open question posed by the same authors.
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1. Introduction
In this paper, we investigate the distribution of sets of integers formed by imposing
restrictions on the digits in a given base. Throughout this paper, we denote by Ny
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2 V. Saavedra-Araya

the set of natural numbers including zero. For an integer g > 2 and a set of digits
DC{0,...,g—1},let

Cop = { Z w,-gi :me Ny, w; € Z)} (1.1)
i=0

be the set of non-negative integers that can be written in base g only using digits of D.
Such sets have been widely studied (see, for example, [18, 29, 38, 41]), and we will refer
to them as missing digits sets. A broader class of integers was introduced by Glasscock,
Moreira and Richter in [27].

Definition 1.1. Let g > 2 be an integer. The set A C Ny is said to be xg-invariant if
for every n € A with base-g expansion given by n = w,, g™ + - - - + w1 g + wo, where
m € Np and w,, # 0, it holds

wm—lgm_1+"'+w1g~|—wo€A and wmgm_1+...+w2g+w] c A.

We say a set of integers is multiplicatively invariant if it is x g-invariant for some g > 2.

Notice that the first condition in Definition 1.1 indicates that the set A is invariant under
the operation of deleting the most significant digit in base g, while the second condition
ensures that it is invariant under the operation of deleting the least significant digit. Clearly,
integers with missing digits belong to this class, but so do many other sets described
by broader digit restrictions (for example, by forbidding specific combinations of digits).
Unlike missing digits sets, much less is known about multiplicatively invariant sets.

Motivated by the study of the distribution of integers with missing digits in arithmetic
progressions by Erd6s, Mauduit and Sarkozy in [18], and by an open question posed
by Glasscock, Moreira and Richter in [27, Question 5.6] concerning the interaction
between multiplicatively invariant sets and arithmetic progressions, this paper investigates
distribution properties of multiplicatively invariant sets. A central idea is to understand
when a set of integers visits different congruence classes with the same frequency. In this
sense, A C Ny is said to be uniformly distributed mod a (or in arithmetic progressions) if

lim {neA: n=bmoda}N[0, N)| 1
i S
N—oo |[A N[0, N)| a

for every b € Z, := Z/aZ. To explore this idea in more generality, we use the notion of
g-additive functions (first considered by Bellman and Shapiro in [7]). We say f : Ng — Z
is g-additive if

m m

f( > wigl) =" flwigh)

i=0 i=0
for every wo, ..., wy, € {0,...,g—1}. Let A € Ng be x g-invariant and r € N. For all
i €{l,...,r} let f; be a g-additive function, a; € N and b; € Z,,;. The main objective in
this work is to study the limiting behaviour of

fneA: filn)=b;moda; fori =1,...,r}N[0, N)|
[ANT[O, N)|

(1.2)
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when N — 00, and determine conditions to guarantee the limitequalsto 1/(a; - a2 - - - a,)
for all b; € Z,;. When this happens, we will say that A is uniformly distributed f mod a,
where f = (f1,..., f;) and a = (ay, . . ., a,). Our main idea lies in the construction of
suitable Markov chains that capture the behaviour of (1.2), and then study it using classical
convergence results for Markov chains. Before stating our main results, we will briefly
review some previous results and introduce the context of the problem to be investigated.

1.1. History and context. The study of the distribution of sets of integers with digit
restrictions dates back to the works of Fine [20] and Gelfond [25]. For an integer g > 2,
they considered the function sum-of-digits in base g, denoted by S, and defined as follows.
Ifwy,...,w, €{0,...,g—1},

m
&(Zwigl’) =wo+ -+ W (13)
i=0

In this context, Gelfond studied the interplay between n and S, (n) for positive integers in
terms of their distribution in residue classes, providing sufficient conditions for uniform
distribution. A straightforward consequence of [25, Theorem 1] is presented as the
following corollary.

COROLLARY 1.2. Leta,a’ € N such that gcd(g — 1, a’) = 1. Then,

i l{n <N: n=bmoda, S,(n)=0>"moda'}| 1
im = —
N—o00 N aa’

Joranyb € Z, and b’ € Z.

(1.4)

It is worth mentioning that Gelfond’s result also gives quantitative information about
the convergence. Corollary 1.2 shows that the sequences n mod a and Sg(n) mod a’ are
independent; in other words, integers with a fixed sum of digits mod a’ are uniformly
distributed in arithmetic progressions (a related result can be found in [40]). As part of
our work, we provide an equivalent condition to the uniform distribution exhibited in
(1.4), thereby extending previous works. Results concerning the independence between
sum-of-digits functions in different bases can be found in [8, 30]. For an overview of
results of this type, see [46, §4.3].

In a related direction, the distribution of missing digits sets in residue classes was
initially studied by Erd6s, Mauduit and Sarkozy. Let D C {0, ..., g — 1} be a subset of
digits (with at least two elements). Regarding the set Cy o defined in (1.1), they showed
the following result in [18, Theorem 1].

THEOREM 1.3. Assume gcd(g(g —1),a)=1, 0€ D and gcdld e D: d #0} = 1.
Then, there exists c1, ca and c3 (all dependent only on g and | D) such that

{n € Cqp: n=bmoda} N0, N)| 1 c log(N)
<—exXp| —c¢3
m log(a)

|Ce,0 N[0, N)| a

for any a < exp(c1(log(N))'/?) and b € Z,,.
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Further generalization of Theorem 1.3 was provided by Konyagin [31, Corollary 1]
and Aloui [2, Corollary 2.2], with the latter also generalizing Corollary 1.2 to the case of
missing digits sets. A qualitative version of Theorem 1.3 can be presented as the following
corollary.

COROLLARY 1.4. Assume gcd(g(g —1),a) =1, 0e D and gcd{d e D: d #0} = 1.
Then, Cgq p is uniformly distributed mod a.

As a consequence of our work, we strengthen Corollary 1.4, providing an equivalent
condition to the uniform distribution when gcd(g, a) = 1.

The study of arithmetic properties for sets with digit restrictions has been an active
area in number theory and is not limited to the problems covered in this paper. Different
directions that have been explored include, for instance, studies on the number of prime
factors for elements of sets with digit restrictions [12, 13, 19, 32], as well as properties of
divisibility [6, 11]. It is also worth mentioning the breakthrough work of Mauduit and Rivat
[39] about the distribution of the function sum-of-digits for primes in residue classes and
the works of Maynard [41, 42] about primes with missing digits, showing the existence of
infinitely many primes with one missing digit. Additional references include [3, 5, 14-17,
43, 49-51, 54].

However, a famous conjecture in fractal geometry and dynamical systems was posed
by Furstenberg in [23], which stated that x pmod 1 and xgmod 1 invariant sets of
[0, 1] are transverse when log(p)/ log(q) ¢ Q. (For a given notion of dimension, the sets
A, B C [0, 1] are said to be transverse if dim(A N B) < max{0, dim(A) + dim(B) — 1}.)
This conjecture was independently proven by Shmerkin [47] and Wu [53] (see [4] for an
alternative proof). Motivated by an integer version of this conjecture, Glasscock, Moreira
and Richter introduced multiplicatively invariant sets of integers (Definition 1.1), proving
in [27, Theorem B] an analogous result to Furstenberg’s conjecture in the setting of integer
fractals. Seeking a better understanding of invariant sets and their interaction with other
sets from a fractal point of view, they raised the following question [27, Question 5.6].

Open question 1.5. Let A € Ny be a multiplicatively invariant set and P be an arithmetic
progression. Is it true that dim(A N P) is either 0 or dim(A)?

Particularly, they used the notion of mass dimension (see Definition 2.11). The answer
to this question is only known for certain missing digits sets (those covered by previous
results about uniform distribution), but has not been explored in generality. In this paper,
we provide a negative answer to this question in the general case and describe a class of sets
where the answer is affirmative. Finally, we propose a conjecture identifying the precise
class of multiplicatively invariant sets that satisfy this property.

1.2. Overview of main results. The main contribution of this paper lies in the
introduction of a new approach to study the distribution of certain sets of integers via
Markov chains. From this technique, we can retrieve several results, some of which are
presented below.
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In the direction of the works of Fine [20], Gelfond [25], and Erdés, Mauduit and Sarkozy
[18], we study the distribution in residue classes of set of integers with digits restrictions.
A first consequence of Theorem 4.9, our main technical result, establishes conditions for
a set with missing digits to be uniformly distributed in residue classes. In contrast to
Corollary 1.4 and Aloui’s result [2, Theorem 2.9], which provide only sufficient conditions,
our result offers conditions that are both necessary and sufficient for uniform distribution.

THEOREM A. Let g >2 be an integer and a,a’ € N such that ged(g,a) =
ged(a,a’) =1. Let D=1{dy,...,d;} C{0,...,g— 1} be a subset of digits (where
dy < --- <d;)and Cyp be the missing digits set defined in (1.1). Then,

im l{n € Cqp: n=bmoda, S;(n) =>b"moda’} N[0, N)| _
N->oo ICe.0 N[0, N)| " ad

Jor every (b, b') € Z, x Zy if and only if ged(aa’, dp — dy, . . ., d; —dy) = 1.

Indeed, we provide a comprehensive description of the limiting distribution even
when gcd(aa’, dr — dy, . . .,d; —dy) # 1 (Theorem 5.4) and offer insight into the rate
of convergence. In Proposition 5.7, we also present an equivalent condition without the
assumption ged(a, a’) = 1.

By setting a’ = 1, we generalize Corollary 1.4 by providing an equivalent condition.
Furthermore, we are able to recover the same convergence speed as that obtained by Erdds,
Mauduit and Sarkozy, albeit with a difference in the constants involved.

COROLLARY A. Let g >2 be an integer and a € N such that gcd(g,a) =1. Let
D={d,....d:} <{0,...,g— 1} be a subset of digits, where d| < - -- < d;. Then,
Cg,p is uniformly distributed mod a if and only if gcd(a, dr — dy, . .., d; — dy) = 1.

For a full description of the distribution mod a, see Corollary 5.5. Our results are not
limited to the distribution of integers with missing digits, but more general digit restrictions
are allowed. In §§5.3 and 5.4, we address more general restrictions and provide examples
of sets with missing combinations of digits that exhibit uniform distribution. Additionally,
our method allows us to revisit the result of Gelfond, yielding an equivalent condition
to the uniform distribution exhibited in (1.4). In particular, this shows that the sufficient
condition ged(g — 1, a’) = 1 provided in Corollary 1.2 is not necessary.

THEOREM B. Let g > 2 be an integer and a, a’ € N. Then,
{n <N:n=bmoda, Sg(n)=>b"moda’}] 1

lim —
N—o00 N aa’

for every (b, b') € Z, x Zy if and only if there exists n € N such that n = 0 mod a and
Sg(n) =1modda’.

Notice that the existence of n € N that satisfies n =0 mod a and S,(n) =1
mod a’ can be established from an elementary construction under the condition
gcd(g — 1,a’) = 1. (The author is grateful for the useful construction provided in
https://mathoverflow.net/q/482398.)

https://doi.org/10.1017/etds.2025.10256 Published online by Cambridge University Press


https://mathoverflow.net/q/482398
https://doi.org/10.1017/etds.2025.10256
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Finally, we provide a negative answer in the general case to the open question posed
by Glasscock, Moreira and Richter [27, Question 5.6], and we provide a description
using symbolic dynamics of sets of integers satisfying affirmatively the statement. An
important idea is that every multiplicatively invariant set of integers can be characterized
by a dynamical structure known as a subshift (see Proposition 2.13). Two important classes
of subshifts are sofic subshifts and transitive subshifts (see §2.2 for details). Using these
notions, we establish the following partial answer to the Open question 1.5.

THEOREM C. Let A C Ny be a x g-invariant set that can be represented by a transitive
sofic subshift. Then, for every infinite arithmetic progression P, dimy (A N P) is either 0 or
dimpg (A). Moreover, if the subshift is only transitive, or only sofic, the result is not always
true.

Refer to Theorem 6.7 for a more general version of this result. Furthermore, we show
that the sofic and transitive setting is not optimal, as the affirmative answer can be extended
to more general classes of subshifts. Thus, using the notion of topological entropy (see
Definitions 2.3 and 6.10), we propose the following conjecture.

Conjecture 1.6. Let A C Ny be a xg-invariant set. There exists an entropy minimal
subshift that represents A if and only if, for every arithmetic progression P, dimy (A N P)
is either O or dimy(A).

1.3. Outline of the proof. We present an outline of the proof of Corollary A. Despite

being a consequence of more general results, the proof contains the key ideas of this paper

while avoiding some obstructions that arise when dealing with additional digit restrictions.

Consider an integer g > 2, an integer a € N coprime with g and a set of digits

D={d,...,d;} <{0,...,g—1}. We aim to construct Markov chains that describe
the behaviour of

{n € Cqp: n=bmoda} N[0, N)|

ICe.0 N[0, N)|

when N — oo. For a finite sequence of digits w = wowy - - - wy, (we call it a word of
length m + 1), we denote

(1.5)

(W) = wmg" + -+ wig + wo.
We identify D with the set of words of length i and we say w € 9 represents n € Ny if
(w)g = n. Clearly,
Cop ={(w)g : we D" forn e Ny},
so equivalently, we can study the behaviour of (1.5) in terms of words. For every i, we
define the measure w; on Z, as
{w e D : (w)g = b mod a}|
1D '
For simplicity, we will denote u; (b) = w;({b}). This measure represents the distribution
in Z, of elements in Cg o that can be expressed using i digits of D in base g. Our goal is

mi({b}) =
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to understand the evolution of w;, and to do this, we will study how a word of length i is
extended. (We say x’ = x - - - x; is an extension of x = xq - - - X if k > m and x;. =X
for all j < m.) For this purpose, we consider p € N such that g =1 mod a(g — 1)
(whose existence is guaranteed by the condition gcd(g, a) = 1). Let us define the sets E;
fori € Nas

Ei(b) :={we D' : g'(w), =bmod a}, (1.6)
and we also define the matrix on Z, x Z, given by

E; b —-b
M;(b,b) = M
|D|P

It is easy to see that M; is a double stochastic matrix. Let n € N and let x € D'+
such that (x), = b mod a. We can ask the following question. For b’ € Z,, how many
extensions x’ € DT HDP of x satisfy (x') ¢ = b’ mod a? The answer is the cardinality of
Ejnp(b" — D) and we can observe that E; (b — b') = E;,,(b — b') since g"7 = Imod a.
From this, we can obtain the relation

Mi+np = MlMln

If X' is a Markov chain with initial distribution i and transition matrix M;, it holds
that

P(X}, = b) = i tnp(b).

Moreover, if X! is irreducible and aperiodic, the Markov chain converges to its invariant
distribution, and hence,

(1.7)

, e DIt = bmod 1
lim POX = b) = fim () al _ 1
n—00 n—00 |_Z)|l+’117
If 0 ¢ D, there is a one-to-one correspondence between elements of Cg » and words.

However, since (w0 ---0)g = (w)g, every element of C;p can be represented by
infinitely many words when 0 € 9. By making this distinction and under the assumption

that X!, ..., X? are irreducible and aperiodic, we can elucidate (1.7) in terms of the set
of integers with missing digits.
e If0eD,

i {n € Cop: n=bmoda}N[0,g") 1

im —

N—>co |Ce.0 N[0, g™ a
o If0¢ D,
. HneCep:n=bmoda}nigh= gV 1
lim = —.
N—o0 ICep N[gV=L, g™ a

For an arbitrary set of integers, this does not guarantee the existence of the limit when
considering intervals of the form [0, N). However, as we will prove in §4, in this case, it
happens. Therefore, we can show that
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lim {n € Cgp: n=>bmoda} N[0, N)| _1 (18)
N—>00 |Ce.0 N[0, N)| T a ’

for every b € Z,. Certainly, we must still ensure that each Markov chain X’ converges
to the equilibrium. This property will hold if we choose p as above and gcd(a, d» —

di,...,d; —dy) = 1, where d; is the smallest digit of D.
Alternatively, if gcd(a, d» — dy, . . ., dy — d1) # 1, itis possible to show that there exist
beZgsand j € {1,..., p}such that
P(X) =b) =0

for every n € N. From this fact, we will conclude that (1.8) does not hold for such a .
Some difficulties arise when dealing with additional constraints on the digits, but we

will extend the construction presented above to more general cases by leveraging ideas

from symbolic dynamics. We are going to discuss this in detail in the following sections.

2. Preliminaries
In this section, we introduce some concepts of Markov chains, symbolic dynamics and
integer fractals that will be used throughout this paper.

2.1. Markov chains. Let S be a finite set and let M be a square matrix indexed by S x S
with entries in [0, 1]. The matrix M is called stochastic if the sum of each row is 1, that is,

for every s € S,

> Mi.sh=1

s'eS
Given a stochastic matrix M and a probability measure u on S, a discrete-time Markov
chain with state space S, transition matrix M and initial distribution w is a sequence
of random variables (X,),cn, on a probability space (with probability IP) such that

P(Xo = s) = n({s}) =: pu(s), and

]P(Xn—i-l = Sn+1 |Xn =58, ..., X0=250) = ]P(Xl = Sn+1 |XO = 8p) = M(sp, sn+1)
for every n € Ng and s9, . . . , 5,41 € S. In this case,
P(Xy =s) = p-M"(.s") =) u()M" (s, ).
seS

For s,s’ € S, we say that s is accessible from s if M"(s,s’) > 0 for some n € N.
The matrix M is called irreducible if for every s, s’ € S, there exists n € N such that
M"(s,s’) > 0 (that is, all states are accessible from each other). We define the period
of the state s as

Per(s) := gcd{n € N: M" (s, s) > O}.

If every state has period 1, we say M is aperiodic. When M is irreducible, all states share
the same period, so aperiodicity can be checked by finding one state with period 1.

The following classical result on the convergence of Markov chains will be a key tool in
this paper.
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THEOREM 2.1. [35, Theorem 4.9] Let X be a Markov chain with state space S (not
necessarily finite), transition matrix M and initial distribution (1. Suppose M is irreducible
and aperiodic, and there exists an invariant distribution A for M (that is, . = MM ). Then,
there exist p € (0, 1) and C > 0 such that

IP(Xy =5) — A(s)| < Cp"
foreveryn e Nands € S.

Notice that the invariant distribution for an irreducible and aperiodic transition matrix
with a finite state space always exists (and it is unique) as a consequence of the
Perron—Frobenius theorem. In addition, Theorem 2.1 is only dependent on the transition
matrix, so that A, C and p are independent of the initial distribution. A particularly
interesting case occurs when the sum of each column of M is also 1, in which case,
M is called doubly stochastic. In this case, the distribution A(s) = 1/|S| is invariant
for M. For further discussion on the convergence of Markov chains, see [44, §1.8]
and [45, §3].

2.2. Elements of symbolic dynamics. Let D be a finite set (in this paper, we assume
DC{O,...,g— 1} for some g € N) and consider the left-shift operator o over Z)NO,
defined by

0 (Wy)neNy P (Wht1)neN,-

Endowing D with the discrete topology and considering the product topology on DN0,
o is a continuous function, and the topological system (DN, o) is called a full shift. If
¥ € DY s closed and o(X) C ¥, the dynamical system (X, o) is called a subshift.
Although a subshift is a set of infinite sequences of symbols, it can be fully characterized
by the finite sequences that appear in X, referred to as words.

We define the language of %, denoted by L(X), as the set of all the words in X,

L(X) :={wo---wu—1 : n €Ny,

there exists x € X such that xo = wo, x| = Wy, ..., Xp—1 = Wy—1}.

When there is no confusion, we will simply denote the language by £. For any word
w=wq - wy—1 € L(X), we say w has length n (and we denote the length by |w]).
The set £"(X) denotes all words in the language of length n. Also, we will commonly
use the notions of concatenation of words and subwords. For u = ug - - - u,,—; and

v=1g- - Vy_1,the concatenation of u with v is written as uv = uqg - - - U;—1v0 * - * Vp—_1
and we say that uv is an extension of u. For a given word u and k € N, we also denote by
u¥ = u - - - u the concatenation k-times of u. We say w is a subword of x if the sequence

of x contains w.

A subshift is a particular case of a topological dynamical system and some classical
notions of topological dynamics have a special characterization in the context of symbolic
systems.
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Definition 2.2. The topological dynamical system (X, o) is said to be transitive (or
irreducible) if for every u, v € L(X), there exists w € L(X) such that uwv € L(X). Also,
the system is said to be mixing if for every u, v in the language, there exists n € N such
that for every m > n, there exists w € L™ (Z) such that uwv € L(X).

However, the notion of fopological entropy is a measure of the complexity of a
dynamical system. In symbolic systems, it quantifies the complexity of the language.

Definition 2.3. The (topological) entropy of the subshift X is defined as

N
h(E) = lim M'

See [36, Ch. 4] for further discussion. Regarding the classification of subshifts, we will
consider two important classes, shifts of finite type and sofic shifts.

Definition 2.4. Consider the full shift X = DNo and let .Z C L(X) be a finite set of
forbidden words. We define the subshift

X 7 :={x € X : x does not contain any w € .% as a subword}.

We say that X C X is a shift of finite type (SFT for short) if there exists a finite set .# such
that ¥ = X #.

If the longest forbidden word has length M + 1, we say that X & is an M-step shift of
finite type. In a 1-step SFT, all forbidden words have length 2, so it can be described by a
matrix indexed by D x D with values in {0, 1}. In this sense, X is a 1-step SFT if and only
if there exists a matrix 7" such that

Y ={x e DY T(x;, xip1) = 1 forall i}.

A more general way to construct subshifts is by reading infinite sequences in a labelled
directed multi-graph. A labelled multi-graph is a triple G = (V, E, ), where V is a finite
set of nodes, E is a set of edges and A : E — A is a labelling function for some finite
alphabet A. Each edge e € E has an associated starting node s(e) € V and a terminal
node 7(e) € V. A sequence of edges m = eq - - - ¢, is called a path in G if t(e;) = s(ej+1)
foreveryi € {0, ..., n — 1}, and we say that 7 has length || := n + 1. Note that multiple
edges may share the same starting and terminal nodes while having different labels.

Definition 2.5. Let G = (V, E, A) be a labelled directed multi-graph. If D is the finite
alphabet associated with the labelling function, we define the subshift £5 C D0 as

%6 = {(h(e)))jen, € DV : s(eji1) = t(e;) forall j € No}.

Thus, X are all infinite sequences that we can read in some infinite path of G. It is well
known that X is a subshift.

Definition 2.6. The subshift ¥ C Do s said to be sofic if there exists a labelled directed
multi-graph such that ¥ = . The graph G is called a cover of Z.
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Note that the cover of a sofic shift is not unique. Additionally, every shift of finite type
is sofic.

Remark 2.7. Let & C DN be a 1-step shift of finite type, and consider a matrix T that
represents X, that is, T(d, d’) = 1 if and only if dd' € L(X). We create a node V(d)
for every d € D, and place an edge from V(d) to V(d’) labelled by d’ if and only if
T(d,d’) = 1. The resulting labelled graph is a cover for ¥ and we denote it by Gr.

To construct a cover for a sofic shift, we can rely on the notion of follower sets
[36, Ch. 3].

Definition 2.8. Let ¥ be a subshift of DN, For any w € £L(X), the follower set of w,
denoted Fyx (w), is the set of all words that can extend w, that is,

Fy(w):={ve LX) : wvel(D))l]

We denote by Fx := {Fx(w) : w € L(X)} the collection of all follower sets. When the
underlying subshift ¥ is clear from the context, we will simply write F(w) and 7.

While each word has its own follower set, a folklore result states that X is sofic if
and only if there are finitely many distinct follower sets [36, Theorem 3.2.10], that is,
|Fx| <oo. If d € F(u) = F(v), it follows that F(ud) = F(vd). Using these ideas, a
cover can be constructed for X.

Definition 2.9. Let X C DNo be a sofic shift. Consider the finite set of nodes V = F¥,and
place an edge labelled by d € D from F € Fx to F' € Fy ifd € F, and F(wd) = F’ for
any word w such that F = F(w). The labelled multi-graph generated is called the follower
set graph of Z.

The follower set graph is a cover of X [36, Proposition 3.2.9]. Notice that the follower set
graph is right-resolving, meaning that for any node, all the edges going out have different
labels. When the sofic shift is transitive, we would expect the cover to be an irreducible
graph (that is, there is a path between each pair of vertices), but this is not always true
for the follower set graph. To address this problem, a subgraph can be extracted, which
remains a cover and is irreducible.

Definition 2.10. A word w € L(X) is said to be synchronizing if for every u, v € L(X),
the condition that both uv and wv are in the language implies that uwv € L(X).

While not every subshift has synchronizing words, it is well known that transitive sofic
shifts do. Moreover, every word can be extended to be synchronizing and any extension of
a synchronizing word is also synchronizing. In the case of an M-step SFT, every word with
length at least M + 1 is synchronizing.

An important result due to Fischer [21, 22] establishes the existence and uniqueness
(up to isomorphism) of a minimal (in terms of the number of nodes), right-resolving
and irreducible cover for a transitive sofic shift. This unique representation is known as
the Fischer cover and plays an important role in this paper. The following outlines the
construction of this cover.
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2.3. Construction of the Fischer cover. LetX C DNo be a transitive sofic shift. For each
follower set F' € Fx, we create a node associated to F if there exists a synchronizing word
w such that F(w) = F'; in other words, we consider the set of nodes

Vy :={F(w) : w e L(X) is synchronizing} € Fy.

Let F, F' € Vs and d € . Then, there exists w € L(X) such that F = F(w). We
create an edge with starting node F, terminal node F’ and labelled by d if and only if
F’ = F(wd). The resulting graph, denoted by G, = (Vyx, Ex, Ax), is the Fischer cover
for ¥ (see [36, Ch. 3] and [48, Lemma 6.11] for more details).

Thus, the Fischer cover is a subgraph of the follower set graph, constructed by
considering only the nodes corresponding to follower sets of synchronizing words. Notice
that for any synchronizing word w € L(X), every path in Gy labelled by w must end at the
node associated with F(w). In the case where ¥ is a mixing sofic subshift, it is possible
to find n € N such that for every pair of nodes F, F’ € V and m > n, there exists a path
of length m from F to F’. In such a case, for every pair of words u and v in the language,
there exists w € L™ (X) such that uwv € L(X).

2.4. Fractal sets of integers. 1In [27], Glasscock, Moreira and Richter introduced the
notion of multiplicatively invariant sets of integers (recall Definition 1.1), and studied
them from a fractal perspective. Here, we focus on the notion of mass dimension, which is
analogous to the box dimension in fractal geometry, but adapted to the setting of integers.

Definition 2.11. Let A € Ng be non-empty. We define the lower mass dimension and the

upper mass dimension of A as

log |[AN[O, N)|
log N

- log |AN[0, N
dimp(A) := lim sup M
N—oo 10g N

. .. . . |ANT0, N)|
dimy,(A) := lllvm inf minf ——— > 0¢,
— 00

li
N—00 NY
AN[O, N
=supyy >0: limsupL)| >0¢.
N—o0 NY
If dimy(A) = dimy(A), we denote this value by dimy(A) and say that the mass
dimension of A exists.

=sup{y20:

From [27, Proposition 3.6], the mass dimension exists for any multiplicatively invariant
set of integers. A natural way to generate x g-invariant sets is by considering subshifts of
X={0,...,g—1}No,

Definition 2.12. The g-language set associated with a subshift £ C {0, ..., g — 1} ig
the set Ay C Ny defined by

Ag = {(W)g == wo+wig+ -+ wum1g" w=wp - wn € LB QD)

In general, the expansion of a number in a certain base is read from left to right, where
the leftmost digit represents the most significant digit. For a given word w, in this paper,
we will consider the rightmost digit to be the most significant digit of the integer (w),, this
to be consistent with the theory of subshifts. However, when it comes to applications, this
does not make a major distinction.
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From the definition of x g-invariant sets and the shift-invariance of X, it is evident that
Ay is x g-invariant. It is also possible to see that every multiplicatively invariant set can
be written as Ay for some subshift ¥ and the mass dimension is related to the entropy of
the subshift. This is summarized in the following proposition (see [27, Proposition 3.10]).

PROPOSITION 2.13. The g-language set Ay, € No corresponding to any non-empty

subshift £ € {0, ..., g — 1}N0 is a xg-invariant set and the mass dimension of As is
equal to the normalized topological entropy of the subshift (X, o), that is,

dimpv(Ax) = h(X)/ log(g). (22)
Moreover, for any X g-invariant set A C Ny, there exists a subshift ¥ € {0, ..., g — I}NO

such that A = Ax. In such a case, we say that A is represented by X.

COROLLARY 2.14. Let g > 2 be an integer and let D C {0, . .., g — 1}. If we consider
the full shift ® = DY, Co p = As. In addition,

dimy (Cg,p) = log(|D])/ log(g).

Finally, the following result allows us to simplify the calculation of the dimension to
simpler intervals.

LEMMA 2.15. [27, Lemma 3.2. (IV)]. Forr e N, r > 2,

— log [ANTO0, rV
dimpi(A) = lim sup 0g|—[r)|'

2.3
N—00 Nlogr @3

Analogously, we can compute dimy;(A) by using lim inf instead of lim sup in (2.3).
3. Construction of Markov chains

In §1.3, we provided an overview of the construction of Markov chains in the context
of integers with missing digits and their distribution in residue classes, but now we

extend this approach to a more general framework. Let fi, . . ., f; be g-additive functions,
ai,...,ar € Nand A C Ny a x g-invariant set. We aim to find conditions to ensure

. {neA: fi(n) =b; moda; fori =1,...,r}N[0, N)| 1

lim = 3.1

N—oo |[A N[0, N)| I_,a
forany (b1, ...,by) € Zgy X -+ - X Ly, .
Notation. Throughout this paper, we denote a:=(ai,...,a;), |a| =124 x -+ X
Zg,| =;_ja; and f:= (f1,..., fr). Forany b € Za := Zg, X - - - X Z,, and n € Ny,
we will write f(n) =bmod aif fj(n) =b; moda; forevery j € {1,...,r}.
From Proposition 2.13, there exists a subshift ¥ € {0,..., g — 1}NO such that

A=Ag ={w),: we L)

Therefore, we will focus on studying the distribution of words of a certain length and then
extend the result to the set of integers A. Similarly to §1.3, we need to find an analogue
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to the value p for periodicity and properly understand the concatenation of words in the
language.

Definition 3.1. Let fi, ..., f be g-additive functions and a € N". We say f is eventually
periodic with respect to a if there exists £ € Ny and p € N such that

f(dg' ") = f(dg') mod a

foreveryd € {0,...,g — 1},n € Nandi > £. Any pair (p, £) satisfying this condition is
called an eventual period.

When ¢ > £ and p | p/, the pair (p’, £) is also an eventual period. Notice that f is
eventually periodic if each f; is eventually periodic. Clearly, the function sum-of-digits in
base g satisfies this condition with p = 1 and £ = 0. Also, the identity is always g-invariant
and eventually periodic.

PROPOSITION 3.2. Foranya, g € N, there exist p € Nand £ < a — 1 such that
dg' =dg'™*™ mod a

foreveryd €{0,...,g— 1}, neNandi > ¢.

Proof. At least two elements of {g/ mod a : j € {0, ...,a}} agree. Then, there exist
jo < j1 <a such that g/o =g/t mod a. We conclude by considering ¢ = j, and
p=Jj1— Jjo O

If A is a missing digits set, then A = Ay for © = DN, where D is the respective set of
digits. In this context, the concatenation of two words is in £(¥) if and only if both words
are in £(X). Unlike full shifts, this property generally does not hold. Nevertheless, it is
possible to adapt the construction when concatenation is governed by a suitable rule, as
occurs in transitive sofic shifts through the notions of follower sets and the Fischer cover.

As discussed in §2.2, we can identify the nodes of the Fischer cover Gy =
(Vyx, Ex, Ax) with the collection of follower sets associated to synchronizing words
of the language. Thus, we can identify

Vs ={F1, F2,..., F;} ={F(w): we L(X) is a synchronizing word}.
The concatenation of words can be understood from Gy,. For x, y € L(X),
xy € L(¥) <= y € F(x) <= there exists a path of Gy, labelled by xy.

When F(x) € Vx, it is also equivalent to the existence of a path 7 in the Fischer cover
starting at the node associated to F'(x) and it is labelled by y.

Notation. Foraword w € L(X) and F, F' € Vy, we write F X F'if there is a path
in Gy, from F to F’ labelled by w. Since Gy, is right-resolving, any other path from F to
F’ has a different label.

Notice that F - F’ if and only if w € F, and for every word u such that F = F(u),
Fuw) = F'.
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Remark 3.3. For the rest of this paper, we will consider a base g > 2, r e N, ae N,
a collection of g-additive functions f = (f1, ..., f) eventually periodic with respect
to a, and an eventual period (p, £). In addition, we consider a transitive sofic subshift
xC{0,...,g— I}No, and Gy = (Vg, Ex, Ay) its Fischer cover (if there is no confu-
sion, we omit the subscript). For technical reasons, we will assume that £ is large enough
such that there exists some synchronizing word of length equal to .

3.1. Transition matrix. To define the transition matrix, we will group the elements of
L(X) according to how they extend other words. Recalling that (wg - - - wy)g := wo +
wig + - - -+ w,g", we introduce the following subsets of L7 (X).

Definition 3.4. Leti e N.Forany b € Zy = Zg, X - - - X Zq, and F, F' € V, we define
the set

Ei(b, F, F') := {w € LP() : f(g' (w),) =bmod a, F > F'}.

Notice that E; depends on g, f, a, ¥ and p, but as in Remark 3.3, we set these elements,
but we will not make the dependency explicit to lighten the notation. The following lemma
clarifies the motivation for defining these sets.

LEMMA 3.5. Let x € LI(X) and w € E;(b, F(x), F'). Then, xw € £(X), F(xw) = F’
and f((xw),) =£((x)g) +bmod a. Ifi > £, it also holds that E; = E;,p foralln € N.

Proof. Since F(x) = F/,xw € £(X) and F(xw) = F’. Also,
i—1 o itp—d ‘ '
f((xw),) = f( Z xjg! + Z wjg]> =f((x),) +f(g' (w)g) = f((x),) + b mod a.
j=0 j=i
If i >¢, f(g' Mg = f(gi“'"p(y)g) for every n € N and y € £LP(Z), concluding that
E; = Ei+np- O

Despite that the collection of sets E; is not a partition of £? (since a word might be read
along different paths in G), we still can understand it as a partition of the paths of length p
inG.

PROPOSITION 3.6. Leti € N. For every F € V,

Z |E;(b, F, F))| =|{m = (g - - - Tp—1) is a path of G and s(w) = F}|. (3.2)
(b,F")eZaxV

Similarly, for every F' € V,

Z |Ei(b, F, F')| = {r = (o - - - p—1) is a path of G and t (w) = F'}|. (3.3)
(b,F)eZaxV
Proof. Let F, F' € V. Notice that the sets E;(b, F, F’) and E;(b’, F, F’) are disjoint
when b # b’ € Z,. For any b € Z,, if w € E;(b, F, F’), there exists a path 7 in G of
length p such that A () = w from F to F’. However, any path 7= of length p from F to F’
represents a word x := A(xr) of E;(b, F, F’), where b := f(gi (x)g). Since F and F' are
fixed, each of these paths represents a different word. Then,
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J Ei®. F.F)

beZy

=Y |Eib, F, ).

beZa

{7 = (o - - - mp—1) isapathin G from F to F'| =

By summing over F’, the equality (3.2) is obtained and similarly, (3.3) follows by summing
over F. O

Usually, (3.2) and (3.3) do not agree. For this work, we require an extra regularity of
G to ensure that the number of paths of length p starting at some F € V is equal to the
number of paths of length p with terminal node F’ € V. From graph theory, a directed
multi-graph is said to be k-regular if each vertex has k edges going in and k edges going
out (two edges are different if they differ in the starting node, terminal node or label). We
can pose this definition in subshifts.

Definition 3.7. We say a transitive sofic shift is k-regular if the graph representation given
by the Fischer cover is a k-regular graph. We say that a transitive sofic shift is regular if it
is k-regular for some k > 2.

If a graph is 1-regular, it must represent a full shift in one symbol. Thus, we are
interested in the case k > 2, so we include it directly in the definition. Trivially, any full
shift satisfies this condition, with k being the number of symbols. When X is k-regular and
F € V, there are k? paths of length p starting from F and k? paths of length p ending at
F. From this idea, we can define a transition matrix for the Markov chains.

Definition 3.8. In the framework of Remark 3.3 and assuming ¥ is k-regular, we define
the state space S := Z, x V and the matrix M; indexed by S x S as

M;((b, F), W, F)) ==k ?.|E;( —b, F, F)|
for any (b, F), (b', F') € S.

Clearly, the matrix M; depends on several elements, including the choice of p, but we
will not make the dependence explicit. The regularity condition allows us to show that this
matrix M; is suitable for defining a Markov chain.

PROPOSITION 3.9. Foranyi € N, the matrix M; is a doubly stochastic matrix.
Proof. Let (b, F) € S. From (3.2),
Y Mi((b, F),s) =k Y |Eb —b,F, F)

seS (b, F)eS
=k” Y |Eib, F,F)|
(b,F)eS
=k P|{mr = (momy - - - Tp—1)isapathin G and s(m) = F}|.

We conclude that ZS es Mi((b, F), s) = 1 from k-regularity. Analogously, from (3.3), we
obtain ) ¢ M;(s, (b, F)) = 1. =
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Note that the regularity is important to ensure that the normalization factor to make the
matrix stochastic is the same for all rows. Without this, while a stochastic matrix could still
be defined, the link between M; and the distribution of integers becomes unclear, and our
method no longer seems to work.

3.2. Initial distribution. In our attempt to study Ay, the idea is to extend all the ¢-long
words that have a follower set in V, as we can fully describe those extensions using the
Fischer cover. However, for some w € £¢, it might be that F(w) ¢ V. This leads to the
following definition.

Definition 3.10. Let X be a transitive sofic shift. We define the £-restricted language of =
as all words of £(X) that are extensions of a word of length ¢ with follower set in V,

LyyE):={we L(Z): |w|>Land F(wg - - - we—1) € V}.
For every i > ¢, we also define LfV’E(E) ={w e Ly(X): |w| =i}
The reason for considering ¢ large enough in Remark 3.3 is to ensure that this set is
not empty. If ¥ is an M-step shift of finite type, any word w such that |w| > M + 1 is
synchronizing; therefore, Liq,’Z(E) = LI(X) for all i > M + 1. Under the condition of

regularity, it is easy to describe the cardinality of Liv ;- For the upcoming results, if w =
wo - - - wy is a word, we will identify it with a pair of words (x, y) such that w = xy.

PROPOSITION 3.11. Let X be a transitive sofic shift and k-regular. Then,
1L, (D) =1Ly (D) -k
for everyi > ¢.
Proof. Notice x € Lﬁv,z if and only if F := F(xp ---x¢—1) € V and there is a path &

in the Fischer cover of length i — £ from the vertex associated to F, and r is labelled by
X¢ + - - xj—1. Using the identification,

Lfm = U {w eLfV’E Fw)=F}x{Am): m=my---mi_¢_1€G, s(w)=F}.
FeV
(3.4)

Since the Fischer cover is right-resolving, all paths in {m =mg-- - wi_¢—1 €G,
s(m) = F} have different labels. Then, the conclusion follows by using the k-regularity in
(3.4). O

We introduce a probability measure on S.
Definition 3.12. For every i > £, the distribution p; on S = Z, x V is defined as

{w e L, () : f((w)g) =bmoda, F(w) = F}|

(b, F))) 1= .
ilh. 1) £, (D)

for any (b, F) € S.
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We will denote w; (b, F) := p; ({(b, F)}). By understanding the powers of the matrix
M;, we can describe the evolution of the measure ;1) With respect ton € N.
PROPOSITION 3.13. Foranyi,n € Nands = (b, F),s’ = (b, F') € S,

M (s, s") =k P"|{w € LP"(Z) : f(gi(w)g) =b —bmoda, F-> F'}. (3.5)
Moreover, for everyi > £ andn € N,
Witnp = WiM{. (3.6)

Proof. We proceed by induction to show (3.5). Let s = (b, F), s’ = (b, F’) € S. The
case n = 1 holds by definition. Suppose that the result holds for some n € N, so we have
to prove the result for n 4 1. Since

M (s, 5"y =) M (s, HIMi S, 5'),
seS
from the induction hypotheses, it will be sufficient to prove that
fwe LPMD (D) : f(g' (w)y,) =b —bmoda, F > F'}

U (xeLr®): g0y =b—bmoda, F > F) 3.7)
(b,F)es |

x {y € LP(Z): f(g'(w),) =b —bmoda, F > F'}).

Letw € £P7D in the left-hand side of (3.7) and consider the decomposition w = (x, y),
Wh§re X=wo- - Wpp—1 and y = Wpy - - - Wy(p+1)—1. Since £(g'(w)g) = £(g' (x)g) +
f(g' 7" (y),), the eventual periodicity leads to

f(g'(w)g) =a b’ — b if and only if f(g' (x)) =a b — b and f(g' (y)) =a b’ — b,
where b := =f(g' (x) ¢) +b mod a. In addition, F 5 Flis equivalent to the existence of a
path 7w in G of length (n + 1) p from F to F’ labelled by w. If we denote by F the terminal

node for the subpath g - - - 7pp—1, F 5 F’ifand only if F X Fand F > F. Thus, we
conclude (3.7). However,

(M) (s) = ) i )M (s, 9).
s'eS

By Proposition 3.11, k””|£(vz(2)| = |.£l+np(2)| Hence, using (3.5), we can conclude
(3.6) by showing that

(w e £1+(n+1)p(2) : f((w)g) =bmoda, F(w) = F}

- U (fx € £,,(2): f(w)g) =b' moda, F(w)= F'} (3.8)
s'eS

X {y € LP"(2): f(g'(y)g) =b—b moda, F' > F}).

Ifwe £'+("+l)p(2), it is straightforward that wg - - - w;_1 € [i'V,E(Z). The rest of the
proof follows by replicating the argument used to prove (3.7). O

From the previous results, we can characterize the distribution using Markov chains.
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Definition 3.14. Let g, a, f, p, £ and X be as defined in Remark 3.3, and assume that the
subshift ¥ is k-regular (where k > 2). For i > £, we denote by X/ = (X,’;),,eN0 a Markov
chain on the state space S with transition matrix M; (Definition 3.8) and initial distribution
ui (Definition 3.12). We denote by P the probability measure associated to the process.
Notice that X! = X i(g, a, f, p, ¢, ¥), but we omit this dependency in the notation for
simplicity.

Remark 3.15. Let ¥ C DN be a 1-step shift of finite type. For any w = wy - - - w, €
L(X), F(w) = F(wy,). Thus, Vy = {F(d) : d € D}. Note that the cover presented in
Remark 2.7 is the Fischer cover for X, except if there exist d # d’ € D such that
F(d) = F(d’). In such a case, the symbols d and d’ are associated to the same node in
the Fischer cover.

If the graph of Remark 2.7 is irreducible and regular, we can use this cover to make
the construction of the Markov chains instead of the Fischer cover. The only distinction is
that different symbols are forced to be associated with different nodes, but the rest of the
construction follows immediately. It is easy to see that the results that we will present in
§4 also hold when using this cover.

4. From Markov chains to uniform distribution

Throughout this section, we will work within the framework outlined in Remark 3.3 and
assume that ¥ is a k-regular subshift for some k > 2. The connection between the Markov
chains introduced in Definition 3.14 and the distribution of words in the f-restricted
language L ¢(X) is straightforward from Proposition 3.13.

COROLLARY 4.1. Foranyi > ¢, (b, F) € Sandn €N,
l{w e L5} (2) : f((w)e) =bmoda, F(w)= F}|
1L (2)] '

P(X!, = (b, F)) =

Proof. Given the Markov chain X’ with initial distribution x; and transition matrix M;,
forevery (b, F) e Sandn € N,

P(X}, = (b, F)) = Y wi(s)Mis, (b, F)).
seS

The conclusion follows from Definition 3.12 and (3.6) of Proposition 3.13. O

Since we are restricted to words in L ¢(¥) € L(X), it is natural to consider the subset
of Ay defined by

n
Asy = { Z wig tn>0—1, wp---wy € £(v,e(2)}~
i=0

Through X fl, the distribution of integers represented by words in ng le can be understood.
By running different Markov chains fori = ¢, ¢+ 1, ..., £+ (p — 1), we can recover the
distribution in residue classes for Ay ¢. Furthermore, as £ increases, the set difference
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As \ Ax ¢ becomes negligible in terms of relative density, allowing us to recover the
distribution for Ay.
To ensure the convergence of the Markov chains, we introduce the following definition.

Definition 4.2. Let g, a, f, p, £ and X be as defined in Remark 3.3, and assume that the
subshift ¥ is regular. We say that the Markov condition holds if M; (Definition 3.8) is
irreducible and aperiodic for every i > £.

Ifi > ¢, M; = My for all n € N, so the Markov condition it is equivalent to shows
that M; is irreducible and aperiodic fori € {¢, ..., £ 4+ (p — 1)}. Notice that the Markov
condition implicitly assumes that ¥ is mixing (while the construction only requires
transitivity). Assuming the convergence of the Markov chains and using Corollary 4.1, we
devote the rest of the section to obtain the uniform distribution f mod a for the x g-invariant
set Ay.

LEMMA 4.3. If the Markov condition holds, there exist C > 0 and p € (0, 1) such that
Hw e L£5,,(2) : f((w)g) =bmoda, F(w) = F}| 1

L5, (2] TS
foreveryn > € and (b, F) € S. In addition,

Hw € .[J"V’Z(E) : f((w)g) =bmod a, F(w) = F}| B i
Hw e L5,,(2): F(w) = F}| |a]

<Cp" .1

<Cp". (42

Proof. Notice that the uniform measure 1/|S]| is invariant for M; by Proposition 3.9. From
Theorem 2.1, for every i € {{,..., ¢+ p — 1}, there exist C; > 0 and p; € (0, 1) such
that

1
P(X, =M F)— —| <C; 4.3
‘( (b, F)) S| o} (4.3)

forevery (b, F) € Sandn € N. By choosing C := max,-{C,-pl._i/p} and p = maxi{pil/p},

1
‘]P’(X’ = (b, F)) — SIE C'p"t 4.4)
foreveryi € {¢,..., ¢+ (p — 1)}. From Corollary 4.1, we can write

—| < C/pnp-H.
|£np+t(2)| |S|

‘|{w e LYT(2) 1 f((w)g) =bmoda; F(w)= F}| 1

Since it holds for every i € {¢,..., £+ (p — 1)} and n € N, (4.1) is obtained. Equiva-
lently, for every n € N,

|1:q,z(2)|<|8| C’p") < l{we LY (D) : f(w)y) =bmoda; F(w) = F}|

=< ILW(E)I(E +C’ ") (4.5)
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By summing (4.5) over all b € Z,, we obtain

1
Iﬂm(ﬁ)l(m - C/IaI,O") < Hwe Ly () : Fw) = F}. (4.6)

Let ng € N be large enough such that 1 — C’|S|p"0 > 1/2. Combining (4.5) and (4.6),

Hw e £5,,(2) : f((w)g) =bmoda; F(w) = F}|

1 1 !
<\t C’ﬂ") (— - C/IaI,O") Hw e Ly, ,(2): F(w) = F}| 4.7
(|S| VI Wt
for every n > ng. A quick computation leads to
n

1 1 -1 0 1
— 4+ Cp" )= — Calp") = — +2CV|—E < — 4+ 4C|V|p".
(|5| p)(m "p> al Vs STl Ve

Using the previous estimation in (4.7),

w e £,,(5): f(w)) =ab; Fw)=F} 1
: — 4| V)p"
(w e L5, (%) : F(w) = F)| = fap THCIV

for every n > ng. With the obvious modifications, we can obtain in an analogous way that

[w e £, (8): fw)) =ab F)=FIl _ 1 20 1Vlp" _ 1
{we Ly, () Fw) = FJ] “lal T+ CISe" T al

4C |V p".

The conclusion follows by choosing C > 0 large enough. O

When 0 ¢ L(X), each element of Ay, has a unique representation in the language,
which is no longer true if 0 € £(X). This lack of uniqueness can introduce complications
when analysing the distribution of integers, as multiple representations may correspond to
the same integer. We deal with this situation in the following result by using follower sets
and the estimation (4.2).

LEMMA 4.4. If the Markov condition holds, there exist C > 0 and p € (0, 1) such that

. — m
{n € As: f(n) =bmoda}n[0,g")| 1 o
[As.e N[0, g™)] |a]

foreverym > £ and (b, F) € S.
Proof. Forb € Z,, F € V andt > £, we denote

Lf”(b, F)={we LfV’Z(E) : f((w)g) =bmoda, F(w) = F},
iv,e(b) = {w e L,,(X) : f((w)g) = b mod a} and
o (F) :={we L, (L): Fw)=F}.
If two different words represent the same integer, they must have different lengths.

Additionally, any word of length ¢ ending with the digit O represents an integer that can
also be represented by a word of length ¢ — 1. Therefore,
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22 V. Saavedra-Araya
{n € Ax ¢ : f(n) = b mod a} N[0, g™)|
m
= ILfWZ(b)I + Z Hw e Lfm : f((w)g) =bmod a, w,_; # 0}]. (4.8)

t=(+1

Any word of length 7 that ends at O must be an extension by O of a word w of length  — 1.
Recalling that f(0) = 0, and since 0 can extend w if and only if 0 € F(w), it follows that

{w e Ly, : f(w)e) =bmoda; w,_; # 0} =Ly, ()| — > | Ly, (b, F)| - 1£(0).
FeV
4.9)

Let C > 0 and p € (0, 1) be given by Lemma 4.3. From (4.1),

1Ll ()] < ILW< + C|V|p" ) (4.10)
From (4.9), (4.10) and the estimation provided by (4.2) of Lemma 4.3 for |.££;’ é (b, F)|,
Hw € ~£(Ve f((w)g) =bmoda; w,—| # 0}

(u:w - |1:2;}<F)|11F<0>>+C|(V|p’|£zv,@|+CZp’—l| v (F)I1F(0)

= Jal F
S4% FevV

1
ﬂl{w €Ly, w1 # 0} +C'p'|1 Ly,

for some constant C’ > C. Using the previous estimation and (4.10) in (4.8),

[{n € As ¢ : f(n) = bmod a} N[0, g")]

ﬁ<|1:w|+ Z lwe L, : w— 1#0}|)+Cp 1Ly +C" Y p'ILy,l
1=0+1 t=0+1
= —|Azeﬂ[0 g'")|+C’Zp’|£’W|. 4.11)

Since |Ax ¢ N[0, g™)| > IL(”f,’el, Proposition 3.11 leads to

m m

|1:W| o

|Axe N[0, g™~ 1} p|.£w|<§ p <Y Pk < mp™,
=20 ’Vﬂ =10

where in the last inequality, we assumed that k~! < p (otherwise, we change p by k™ 1).
Hence, it follows from (4.11) that

lin € As,: f(n) =bmoda} N[0, g")| 1
- — < C'mp™
[As ¢ N[0, g™)] |a]

Following the same approach, the analogue lower inequality can be obtained. If r = p!/2
and C” > 0 is large enough, it holds that C’'mp™ < C”r™ for all m € N, concluding the
result. O
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Let N € N and consider its expansion in base g, N = dp + d1g + - - - + w,, g™, where
wy, # 0. We can write [0, N) = [0, g™) U [¢™, N) and using Lemma 4.4, the distribution
can be recovered when restricted to the interval [0, g”). The next lemma focuses on
addressing the distribution in the interval [g™, N).

LEMMA 4.5. If the Markov condition holds, there exist C > 0 and p € (0, 1) such
that for all t,m € N (with t < m) and for any sequence of digits d;,di+1,...,dn €
{0,...,g—1} where d, #0, defining M :=dpug" +---+d118'"" and assuming
As ¢ N[M, M +d,g") # &, the following estimation holds for everyb € Z, :

{n e Agy: f(n) =bmoda) N[M, M +dig")| 1

<Cp'.
[AseN[M, M +dig")] |a]
Proof. Let C and p be as given by Lemma 4.3, and letd € {0, ..., g — 1}. Let
xe€f{neAsy: f(n)=bmoda}N[M +dg", M+ (d+ 1)g"). (4.12)

Since x € [M +dg',M + (d + 1)g"), the representation of x can be written as
X =(x0---Xm)g, where x, =d and x;41--- Xy =d;y1 - - - dy,. Therefore, using the
g-additivity, we can see that f(x) = b mod a is equivalent to

f((xo - xi-1)g) =b—f(dg' +dip18"™ +- - + dng™) mod a =: b(d).
Additionally, as d,, # 0, x = (xo - - - x;—1ddsy1 - - - diy)g € As g is equivalent to
X0 x—1 € Ly(X) and ddiq1---dy € F(xo-- - xi—1).
Therefore, (4.12) is equivalent to
X0 x—1 €{we Liw(Z) : f((w),) = f)(d) mod a} and
ddiyy---dy € F(xg - - - Xxi—1).
Using this equivalence and the estimation (4.2) of Lemma 4.5,
l{n € As ¢ : f(n) =bmoda}N[M +dg', M + (d + 1)g")|
= > l{we Ly,(): f(w)y) =b(d) moda; F(w) = F}|-Lp(ddiy1 -+ - dy)
FeV
< Z (ri' + Cp’)“w € LfV’Z(E) : F(w) = F}|-1p(ddi41 - - - dim). (4.13)
FeV
With an analogous argument as above, we can obtain that

Z {w e waé(E) cF(w) = F}| - 1p(ddiy1 - - - dy)
Fev

=|Ax¢N[M+dg', M+ (d+1)g")|.

From the assumption Ax ¢ N [M, M + d,g") # ¥, itis clear that d; > 1. Thus, we can use
the previous identity in (4.13), and then sum from d = 0 to d; — 1, obtaining
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24 V. Saavedra-Araya

1
[{n € Az f(n) =a DYN[M, M +d;g")| < (E + Cﬁ)lz“z,z NIM, M +d;g").

With a similar argument, the lower inequality can be obtained, concluding the result. [

Putting the previous results together, the distribution for the set Ax ¢ can be estimated
for an arbitrary interval [0, N).

PROPOSITION 4.6. Let g > 2, a€ N andf = (fi, ..., fr) be a collection of g-additive
functions eventually periodic with respect to a. Let £ C {0, ..., g — 1} be a mixing,
sofic and regular subshift, and (p, £) be an eventual period such that £ is at least the
length of the shortest synchronizing word.

If the Markov condition holds, there exists y > O such that

l{n € Az : £n) =bmoda} N[0, N)|

+ONTY)
[As¢ N[0, N)| ai-ar---a

for every b € Z,.

Proof. Since the Markov condition holds, we can apply Lemma 4.4 and Lemma 4.5 with
constants C > O and p € (0, 1). Let N € N and its base-g expansion N = d,,g" + - - - +
dig + do, where d,, # 0. For every t € {0, ..., m}, we define N(¢t) :=d,,g" + - -+
d,g'. Noting

m—1

[0, N) = [0, g") U [g", dmg™) U ( U [N(+ D), N(t))>, (4.14)
=0

we aim to estimate [{n € Ax ¢ : f(n) = b mod a} N I| for each interval / in the previous
decomposition of [0, N). The interval [0, g”) can be estimated from Lemma 4.4 and
[N+ 1), N(t)) from Lemma 4.5 as N(t) = N(t + 1) + d,g'. However, the interval
[¢™, dng™) can be handled in the same way as Lemma 4.5 by writing [g", g +
(dyn — 1)g™). Putting these estimates together, we can obtain the upper bound

[{n € Az ¢ : f(n) = b mod a} N[0, N)| - 1

— +CR s 4.15
As.e N0, V)] < TERM (+15)

where

mlAxe N[0, g™ mlAs e N[g™, dng™)|

R(m) :=p P
[Axe N[0, N)| [Axe N[0, N)|

m—1

Nz NING + D, N©)|
NP DY v T T

IfAs ¢ N[N(t 4+ 1), N(t)) # 9 (in particular, d; # 0), each elementof Ay, N[N(t 4 1),
N(t)) has a base-g expansion of length m + 1, where the (m — t) most significant digits
ared;1 - - - dj,. Then, they may differ only in the (¢ 4 1) least significant digits. Therefore,

|As ¢ NN+ 1), N0 < 1L, (D).
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Let k € N be the regularity of ¥. Since [Ax ¢ N[0, N)| > |.£”(f,’e(2)|, we can get from the
above estimation and Proposition 3.11 that

Az NINGCH D NO) _ Ly DK
|As,¢ N[0, N)| TLY (D)l

where we assumed that k~! < p (otherwise, replace p by k~1). Therefore, using the
previous estimation in (4.15),

{n € Ax ¢ : f(n) =bmod a} N[0, N)| < CQ4p

1 1
|As,e N[0, N)| |al

m)p™.

The lower inequality can be obtained following the same argument. Considering r = p!/2
and C' large enough, C'r" > C(2 + p~'m)p™ for all m € N. The conclusion follows as
m log(g) < log(N) = (m + 1) log(g). O

Remark 4.7. When X is a shift of finite type, |[Ax \ Ax | is finite for all £ large enough.
In such a case, we can replace Ax ¢ by Ay in Proposition 4.6. Moreover, while the
choice of the initial distribution for the Markov chains is important to recover Ay ¢ in
Proposition 4.6, the convergence of the Markov chains remains independent of this choice.
Therefore, different sets of integers can be considered by adjusting the initial distribution.

The next step is to transfer the distribution from Ay, ¢ to the multiplicatively invariant set
Ay. To achieve this, it suffices to show that the difference between these two sets becomes
asymptotically negligible in size. The main ingredient to conclude that is the following
proposition.

PROPOSITION 4.8. Let X be a transitive, sofic and regular subshift. Then,

|L5(2)\ Ly (D)
im 7 =0
t=oo | L, (D)

(4.16)

Proof. Let k > 2 be the regularity of ¥. For any y € L(X) such that F(y) € V, every
extension y € L(X) of y satisfies F(y) € V. Then, for every £ € N and i > ¢, Lﬁw -
ﬁv ;- From Proposition 3.11, it follows that

1L5, 1 > 1Ly | = 1L5, K (4.17)

Since ¥ is transitive, the Fischer cover is an irreducible graph, so we can find ¢ € N large
enough such that, for every node F' € V, there is a path 7 of length g starting at F, where
A(mr) is a synchronizing word. To see this, notice that every word can be extended to a
synchronizing word and we can choose a ¢ common for every node as any extension of a
synchronizing word is synchronizing.

Let n € N and x € £ \LH"q Then, x is in the language, but F(x) ¢ V. In

VA+ng*
particular, F(xg - - - x¢—1) ¢ V and the word xg - - - X¢ g1 is not synchronizing. Thus,

| Lt \Lﬁj Vingl < 1L\ L5, ,] x |{w € £L™(Z) : w is not synchronizing}|. (4.18)
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For each node F' € V, there are k9" paths of length gn in G starting at F. From those paths,
there are at most (k9 — 1)" paths labelled by non-synchronizing words, as for every node
F, we can find at least one path starting at F' of length ¢ that represents a synchronizing
word. From this idea and (4.18),

L
LA\ LT < 1L\ L ] x [VIRT = 1) (4.19)
By defining
1L\ L), |
C:=|V| max —
Jj=t.ot+(g—1) |£!Vj|
and combining (4.17) with (4.19),

LN Ly, | ke = Dlifa)
|'££V'| - kali/ql
i

The result follows by taking i — oo. U

‘We can now state the main result of this section.

THEOREM 4.9. Let g >2, a=(aj,...,a;) € N andf= (f1,..., fr) be a collection
of g-additive functions eventually periodic with respect to a. Let ¥ C {0, . .., g — 1}70 pe
a mixing, sofic and regular subshift, and p be an eventual period. If the Markov condition
holds,
lim [{n € Ay : f(n) =bmod a} N[0, N)| _ 1
N—oo |[As N[0, N)| a-ax---ay

foreveryb = (by,...,b;) € Zy.

Proof. Let (p, £) be an eventual period and N € N. For every b € Z,, define
|(Az \ As ) N[0, N)|

a(l, N) := , L(b, ¢, N)
[Ase N[0, N)|
__H{neAs: f(n) =bmoda} N[0, N)|
o |As.e N[0, N)| '

A simple computation leads to the following inequality:

l{n € Ax : £(n) = b mod a} N [0, N)|
———— L, ¢, N) < <L, ¢, N)+al,N).
I+a, N) [Ax N[0, N)|

Proposition 4.6 gives that L(b, £, N) — 1/|a] when N — oo. Therefore, to conclude the
theorem, it will be enough to show that

lim limsup a(¢, N) = 0. 4.20)

=00 Nooo

For this purpose, we will estimate [(Ax \ As¢) N[0, N)|. For N € N, let m be such
that g”" < N < g"T!1. If n € (As \ As) N[g', g't") for some £ <t <m, n can be
represented by a word in £t () \ Li;,r’ é (X). Thus, we can estimate
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(Az\ Az NLgt gD _ XL 1L\ Ly,
|A2’gﬁ[gl, gm)| - |‘£rv’g|

4.21)

It is easy to see that each word in £ \ HVJZ is an extension of a word in £¢\ [ff‘,’e. Let
we L \[fm. Despite F(w) ¢ V, F(w) is union of elements in V. To see this, just
consider the union of all F' € V such that the word w can be read in some path of the
Fischer cover ending at F. Since the subshift is k-regular for some k > 2, from the Fischer
cover, we can deduce that there are at most |V|k’~¢ words of length i that are extensions
of w. In particular, each of those extensions is in £’ \Lfv’g. Therefore, each word in
L4 Lév,e is extended to at most |V|k!~¢ words of length i, concluding from (4.21) that

Az \ Az.0 Nlgh gDl _ IVILN Ly | DA ) N LN Lyl
Asenlgh g™l ~ | L5 k= T = L5,
Therefore,

L L m+1
+ [(A A N ,
0 < lim sup @¢(¢, N) < lim sup g (A \ E’e)e ls”. 8 )
N—oo N—oo |AEZ Nlg" g™l

ILZ\L 7l

< ——IV Z kL
|'£4/4 i=—1

It follows that limy_, o lim supy_, o, @({, N) =0 from the previous inequality and
Proposition 4.8, concluding the result. O

Remark 4.10. Although we focus on subsets of integers, the nature of the construction
allows some of the ideas presented in this paper to be immediately extended to more
general contexts where elements can be uniquely represented on a certain basis (canonical
numerical systems). Relevant references to these systems include [1, 34, 37]. A particular
case are the Gaussian integers, where unique expansion of elements can be provided in
certain bases (see [26, 28, 33]).

5. Applications to the distribution of multiplicatively invariant sets of integers

Let A be a multiplicatively invariant set of integers that admits a representation A = Ay,
where X is a mixing, sofic and regular subshift. From Theorem 4.9, uniform distribution is
obtained if the Markov chains are irreducible and aperiodic, which might be challenging to
verify. To check the Markov condition, we can conveniently choose the period p and study
the matrices M; using the characterization provided by Proposition 3.13. For any n € N
ands, s’ € S,

M (s,s"y =k~ P"|{w € LP"(Z) : f(g'(w)g) =b —bmoda, F = F).
For M; to be irreducible, we need to check that forallb € Z, and F, F' € V,

there exists w € £(X) such that p | |w], f(gi(w)g) =bmodaand F = F'. 5.1
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Assuming that M; is irreducible, aperiodicity holds if there exists F' € V such that

ged{n € N : there exists w € £LP"(X) such that f(gi(w)g) =0Omodaand F 2 F}=1.
(5.2)

In this section, we will study the function f = (id, S ), where S, denotes the function sum
of digits in base g.

5.1. Uniform distribution of integers with missing digits. Let g > 2 be an integer and
let D C{0,...,g— 1} be a subset of digits with at least two elements. We will write
D={d,...,d}, where d| <dy <--- < d;. Recalling that C; p = Ay for ¥ = DNo,
it is easy to see that the Fischer cover for X is the labelled graph with a unique node F
and for each d € D, there is a path from F to F labelled by d. Thus, ¥ is mixing, sofic
and regular, so we can apply Theorem 4.9. Moreover, the existence of a single follower
set allows us to obviate this notion in the following discussion.

Definition 5.1. Let A C Ny be a xg-invariant set and a,a’ € N. We say A is jointly
uniformly distributed mod (a, a’) if
B lfne A: n=bmoda, S,(n)=>b"moda’}N[0,N)| 1
im -
N—o0 [ANT[0, N)| aa’

forevery b € Z,,b' € Z.

From Proposition 3.2, we can find an eventual period of the form (p, £) for f = (id, S,).
Thus, checking that M; is irreducible reduces to show that for all (b, b) € Zy X Zy',

there is n € N and w € 9" such that g’ (w), = b mod a and Sy(w) = b’ mod a’. (5.3)
Similarly, M; is aperiodic if

ged{n € N : there exists w € D" such that (w); = 0 mod a and S, (w) =0mod a’}=1.
5.4

Aperiodicity in the case gcd(g, a) = 1 follows immediately from the following result.
LEMMA 5.2. Let g > 2 be an integer and a,a’ € N such that gcd(g,a) = 1. Let

p:=dd¢(a(g — 1)), where ¢ is the Euler’s totient function. Then, for every n € N and
w=d---deD", (w)=0moda and Sg(w) = 0mod a’.

Proof. Let n € N. Notice that gcd(g, a(g — 1)) = 1, so the Euler’s theorem implies that
gl=1moda(g—1).Ifw=d.---deD?P,

1 g -1
(w)yy=d+dg+---+dg"" ' =d T (5.5)
g —
Since g"” — 1 is divisible by a(g — 1), (g"? — 1)/(g — 1) = 0 mod a, concluding that
(w)g = 0 mod a. However, S, (w) = npd = a’(n¢(a(g — 1))d) = 0mod a’. O

The following application of Bézout’s identity is fundamental to check the irreducibility
of M, i
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LEMMA 5.3. Let g > 2 be an integer and let D ={dy,...,d;} be a set of digits,
where d is the smallest digit. Consider a,a’ € N such that ged(g, a) = 1 and define
p:=dd¢(a(g — 1)), where ¢ is the Euler’s totient function. Then, there exists a word
w € L(DOY) such that

lw|=0mod p, (w);=8moda and Sg(w)=8modd’,
where 8 := ged(aa’, dy — dy, . . ., d; — dy).
Proof. From Bézout’s identity, there exist ny, na, . . ., n; € Z such that

§=ni(aa") +na(dy —dy) + - - -+ n,(dy — dy).

For all j € {2,...,t}, choose k; € N large enough such that m; := k;(aa’) +n; > 0.
Then,

ma(dy —dy) + - - - +my(d; —di) =6 mod aa’. (5.6)
Let us define the word w(j) :=d;d; - - - di € DP for j € {2, ..., t}. From Lemma 5.2,

W(j)g=(dj—d)+di+dig+---+dig'' =dj —di mod a.
Similarly, S,(w(j)) = pdi + (dj —dy) = d; —dy mod a’. Let us define
wi=w®@) - -w@)---w)---w).

my times m; times

Notice that |w| = p(my + - - - + m;). Also, the periodicity g7 = 1 mod a and (5.6) imply
that

t t
W)=Y (W())gmj =) (dj —d))m; =38 moda.

j=2 j=2

Using (5.6) again, we can conclude
t t
Sew) =Y S(w(j)mj =Y (dj—d)mj=8moda’. O
j=2 j=2
Leveraging Theorem 4.9 and Lemma 5.3, we can establish a complete description of the

phenomenon of joint distribution (Definition 5.1) for missing digits sets when ged(g, a) =
gcd(a, a’) = 1. In particular, this shows Theorem A.

THEOREM 5.4. Let g > 2 be an integer and let D = {dy, . . . , d;} be a set of digits, where
d, is the smallest digit. Suppose that ged(g, a) = ged(a, a’) = 1 and recall the missing
digits set Cq p defined in (1.1). Defining § := ged(aa’, dr — dy, . . ., d; — d), we get the
Sfollowing.

(i) Cq.p is jointly uniformly distributed mod (a, a’) if and only if § = 1.

More generally, concerning the limit

l{n € Cop: n=bmoda, Sg(n) =b"moda’} N[0, N)|
|Ce.0 N[0, N)| ’

L(b,b) := lim 5.7)
N—o0
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we have the following.

(il) Let 8, := gcd(8, a) and 8, := ged(8, a’). If dy = 0 mod 8, and d; =0 mod 8/,
then L(b,b") = 8/aa’ for every (b, b’) in the subgroup (8,) X (84) C Zg X L.
However, if (b, b") & (84) x (84,

{(neCep: n=bmoda, S;(n)=>b"moda’} =09

(iii)  In any other case, for every (b, b') € Zy x Zy, the limit L(b, b') either equals zero
or does not exist.

Proof. Let us define p = a’¢(a(g — 1)), where ¢ is the Euler’s totient function, and note
that (p, 1) is an eventual period for f = (id, S,) with respect to a = (a, a’). Fori € N, let
X' be the Markov chain associated to g, a,f, p, £ and the subshift ¥ = Z)NO, as defined in
Definition 3.14. We denote by M; its transition matrix and y; its initial distribution.

The aperiodicity of M; follows from Lemma 5.2 and (5.4).

Let us suppose 6 = 1. From Lemma 5.3, there exists a word w using symbols of D
such that [w| = 0 mod p, (w)g = 1 mod a and Sg(w) = 1 mod a’. Since ged(a, a’) =1,
the element (1, 1) is a generator for Z, x Z, . Then, for every (b, ') € Z, x Z, there
exists m € N such that m = (g/)"'b mod @ and m = b’ mod d’. Let y € L(DY0) be
constructed by concatenating w with itself m times. The periodicity g” = 1 mod a implies
that g (Mg = gim(w)g = b mod a. However, Sg(y) = mSg(w) = b’ mod a’. Therefore,
M; is irreducible for every i € N. This concludes that the Markov condition holds, then
Theorem 4.9 implies that C, o is jointly uniformly distributed mod (a, a’).

Now, let us suppose that § # 1. Since § divides aa’ and gcd(a, a’) = 1, we can write
8 =84 - 847, where 8, := ged(8, a) and 8,/ := gcd(8, @’). In particular, ged(8,, 84/) = 1.

From the definition of §, note that d; = dy mod § for all j € {1, ..., t}. Therefore, for
anym € Nandx = x¢ - - - xp—1 € D",

m—1 m—1
(g =Y (xj—dg/ +dig/ =dy Y g/ mods, and S;(x)=md mods,.
j=0 j=0

(5.8)

In particular, for every x € L(DN0) such that |x| =0 mod p, Lemma 5.2 implies that
(x)g = 0mod §, and S, (x) = 0 mod §,/. However, from Lemma 5.3, we can find a word y
such that |y| = Omod p, (y)g = 8§ mod a and S, (y) = § mod a’. By the Chinese remainder
theorem, (8, 8) is a generator for the subgroup S(84, 84) 1= (84) X (8ur) S Zy X Zy'.
Therefore, recalling that gcd(g, 8,) = 1,

Ufw e 0 : ¢'(w), =bmoda, Sy(w) =5 moda'} # ¥ (5.9)
neN

if and only if (b,d') € S(84,8,). In particular, this already ensures that M; is not
irreducible on Z, x Z,, so the Markov condition does not hold. However, we can show
that X is an irreducible and aperiodic Markov chain when restricting the state space.
Recall the initial distribution of X’ given by
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{we D : (w)g =bmod a, Sg(w)=>b"moda'}|

(b, b)) = -
i ) DI

Defining 8,(i) :=d Y ¢'~' mod 8 and 8, (i) :=id; mod 8y, (5.8) implies
that (x); = 8,(i) mod 8, and Sg(x) =d,(i) mod 8, for every x € D'. Therefore,
wi(b, b") # 0implies b = §,(i) mod 8, and b’ = §,/(i) mod 8. If we define

S@) = (8a(@), 8 (D)) + S(8as 8ar),

the equivalence in (5.9) indicates that X' never visits the states in Z, x Z, \ S(i), and
also X' is irreducible and aperiodic when restricted to the state space S(i). Note that
M restricted to S(i) is still doubly stochastic, since we only ignore zero-value entries.
Therefore, as |S(@)| = |S(84, 8a1)| = (a/84) - (@' /847),
;o , .
lim s, ) = | /00 1T 00) €S0, (5.10)
N—o0 0 if (b, b') ¢ S().

If dj =0 mod §, and d; = 0 mod §,/, S(i) = S(8,, 8,) for every i € N. This shows
that each Markov chain X is irreducible and aperiodic in a common state space S(84, 8,/).
Note that the Markov condition means that every X' is irreducible and aperiodic over
the state space Z, X Z,, but it is easy to see that the procedure of §4 is identical if we
assume that each X' is irreducible and aperiodic over a subgroup of Z, x Z, (and the
Markov chain never visits the other states). Thus, by replicating the argument of §4, we
can conclude

iy [ €Cen: n=ab, Se(n) =u b'yN[0,N)|  |8/aa’ if (b, b') € S84, 8ur),
N—o0 |Ce,0 N[0, N)| 0 if (b, ') & S84, 8a7).

This shows (5.4). If either d; # 0 mod §, or d; # 0 mod §,/, notice that S(1) N S(2) = @.
Then, for every (b, b') € Zy x Z, there exists j € N such that the Markov chain X/ does
not visit the state (b, b"). From this fact, we want to show that (5.7) either equals zero or
the limit does not exist. Let (b, b’) € Z, x Z, and let j € N such that X/ never visits the
state (b, b'). By contradiction, suppose that L(b, b’) > 0. Since X/ does not visit the state
(b, b,

(n€Cyp: n=>bmoda, Sg(n)=b"moda'}N[g/T"P~! gitmPy =g
for every m € N. The contradiction follows by noting that

l{n € Cop: n=bmoda, Sg(n)=>b'moda’} N[0, g/ TP~

L(b,b)) = lim
m

—00 |Ce.0 N[0, g/HmP=1)]|
. . HneCep: n=bmoda, S,(n)=">b"moda’}NIO, g/tmp)|
> lim inf : - .
m—>00 ICe.0 N[0, g/tmP)]
This concludes case (5.4). O]

Note that in the cases (5.4) and (5.4), we can conclude from Proposition 4.6 instead of
using Theorem 4.9, as ¥ is a full shift. Hence, the order of convergence O (N ~") for some
y > 0 can be provided for the limit (5.7). An immediate consequence follows by taking
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a’ = 1, which allows us to fully describe the phenomenon of uniform distribution mod a
when gcd(g, a) = 1. This shows Corollary A.

COROLLARY 5.5. Let g > 2 be an integer and let D = {dy, . . ., d;} be a set of digits,
where dy is the smallest digit. Suppose gcd(g,a) =1 and denote § := ged(a, dr —
dl, ey dt - dl). Then:
(1)  Cg,p is uniformly distributed mod a if and only if § = 1;
(i) ifd #1anddy = 0mod 8, Cg p is uniformly distributed in the subgroup (8) C Zg;
(iii)  in any other case, the limit of
[{n € Cep: n=bmoda} N[0, N)|
|Ce.0 N[O, N)|

when N — o0 is either zero or does not exist.

Note that the condition gcd(g, a) = 1 is commonly assumed in results of this kind.
In the framework of Corollary 5.5, when gcd(g, a) # 1, the matrices M; are no longer
irreducible over Z,. However, the Markov chains constructed can still capture the
behaviour of the distribution by breaking X' into pieces determined by the communication
classes of the Markov chain (see [44, §1.2] for details about this notion). The disadvantage
of this situation is that the convergence of X’ depends on the initial distribution.

The following simple example shows that when gcd(a, g) # 1, the limiting behaviour
depends heavily on the initial distribution.

Example 5.6. Let a =12, g =6 and D = {1, 2, 4}. Notice that a divides gi for every
i > 2, then (wg - - - wy)g = wo + wi1g mod a. Therefore,

2/9 ifbe({l,?2, 4},

1/9 ifb e (7,8, 10},
0 ifbef0,3,5,6,9, 11}

i {n € C6,p : n =bmod 12} N[0, N)|
m =
N—oo |C6.0 N [0, N)|

Notice that this distribution agrees with the distribution when considering [0, g2). Also,
we can see that the limit is different and non-zero for some classes, behaviour which is not
observed under the assumption gcd(g, a) = 1.

Finally, we will present an equivalent condition for uniform distribution mod (a, a’)
without the assumption gcd(a, a’) = 1, however, at the cost of having a more complicated
condition to check.

PROPOSITION 5.7. Let g > 2 be an integer and let D = {d1, . . ., d;} be a set of digits,
where d| is the smallest digit. Consider a,a’ € N such that ged(g, a) = 1 and define
p:=da'¢(a(g — 1)). Therefore, Cq p is jointly uniformly distributed mod (a, a’) if and
onlyifgcd(a, dy —dy, . .. ,d; —dy) = 1, and there exists w € L(DN) such that (w)g =
0 mod a, Sg(w) = 1 mod a’ and |w| = 0 mod p.

Proof. If Cg p is jointly uniformly distributed mod (a, a’), in particular, it is uniformly
distributed mod a. From Corollary 5.5, it follows that gcd(a, dy — dy, .. .,d; —dy) = 1.
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In addition, there exist infinitely many words w such that (w), = 0 mod a, S;((w)g) =
1 mod a’ and jw| = 0 mod p. Otherwise, for every m € N,

{(n€Cep: n=0moda, Sg(n)=1mod 1} N[g""~", ¢g"P) =0,
contradicting that

l{n € Cop: n=0moda, Sg(n)=1moda’} N[0, N)| 1

lim
N—o0 Ce0 N0, N)| ad
However, let us suppose that ged(a, d> —dj, ...,d; —dy;) = 1 and that there exists

w € L(DY) such that (w), =0 mod a, Sg(w) =1 mod a’ and |w| =0 mod p. From
Lemma 5.3, there exists y € £(DY0) such that (3)g =1 mod a and |y| =0 mod p.
To prove that M; is irreducible, we will check (5.3). Let b € Z, and b’ € Zy. If § be
the concatenation ((g')~'» mod a)-times of the word y (in the case where b = 0, we
concatenate a times), the periodicity g = 1 mod a implies that gi(jz)g =gi(g) b=
b mod a. If 5 := S,(y), we denote by w the concatenation (' —s mod a’)-times of
w. Thus, we can conclude that gi(yzb)g = b mod a and Sg(yw) = b" mod a’. Clearly,
|yw| =0 mod p. Therefore, M; is irreducible. The matrix M; is also aperiodic as a
consequence of Lemma 5.2. Thus, the Markov condition holds and the result follows by
Theorem 4.9. O

5.2. Revisiting Gelfond’s theorem: an equivalent condition. Let g > 2 be an integer and
a,a’ € N. As presented in Corollary 1.2, Gelfond [25] studied the long-term behaviour of

{fn <N: n=bmoda, Sg(n)=>b'modad'}l, (5.11)

showing that, under the assumption gcd(g — 1, a’) = 1, the set A = N is jointly uniformly
distributed mod (a, a’). In this section, we present an extension of Corollary 1.2, obtaining
an equivalent condition to uniform distribution mod (a, a’).

Notice that the obstruction in applying our method arises from the lack of the condition
gcd(g, a) = 1, which implies that the Markov chains associated with this problem are not
irreducible. However, we can still break each Markov chain X’ into pieces, generating
irreducible and aperiodic Markov chains. In that way, the behaviour of (5.11) can be
understood using our method.

THEOREM 5.8. Let g > 2 be an integer and a, a’ € N. Then,

i l{n <N: n=bmoda, S,(n) =0>"moda'}|
m =
N—o00 N aa

(5.12)

/

for every (b, b') € Zy x Zy if and only if there exists n € N such that n = 0 mod a and
Sg(n) =1moda’.

Proof. 1If (5.12) holds, there are infinitely many n € N such thatn = O mod a and Sg(n) =
1 mod a’.

For the other direction, let n € N be such that n = 0 mod a and Sg(n) = 1 mod a’. For
f=(id, Sy), let p € N be given by Proposition 3.2. Then, (p, a — 1) is an eventual period
for f with respect to (a, a’) and notice that ¥ = {0, ..., g — 1)No s such that N = Ay.
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Fori > a — 1, let X’ be the Markov chain of Definition 3.14, with transition matrix M;
and initial distribution ;.

Let w = 10 - - - 0 such that |w| = p and clearly g’ (w)g = g mod a. If y is the base-g
expansion of n (by adding Os, we can suppose that y has length divisible by p), then (y), =
0mod a and Sg(y) = 1 mod a’. Hence, for any (b, b') € Z, x Z, there exists k € N such
that (wb yk) ¢ = bmoda and Sg(w” yk) ¢ = b’ mod a’ (where z/ denotes the concatenation
of zj-times). Therefore,

U {(we D" : gi(w)g =bmoda, Sy(w)=>b"moda’} #0 (5.13)

meN

if and only if (b, b') € (g') x Zy C Zq X Zy. Denoting 8; := ged(g’, a), it follows that

Y men M ((bo, b1), (b, b})) > 0 if and only if by = b; mod §;. Thus, if the Markov

chain X! starts at Xé = (b, b'), that trajectory will only visit classes in (b + (8;)) x Z, C

Zy X Zy . In this way, we can split X' into pieces depending on the starting point.
Foreach j € {0, ..., 68 — 1}, we define S(i, j) := j + (§;) and

wi(b, b")
wi,j(b,b) = Hi,j
0 otherwise,

if b = j mod §;,

where u; is the initial distribution of X’ and

_ lwe{0,...,g—1}: (wy=jmods| 1
= Y2 milbb) = i -5
b€, beS()) 8 8i

Let X'~/ be a Markov chain on the state space S(i, j), with initial distribution wi,j and
transition matrix M;, both restricted to indexes of S(i, j). The aperiodicity follows directly
as0 - - - 0is in the language of {0, . . ., g — 1}, and M; restricted to S(i, j) is irreducible
by (5.13). Therefore, the Markov chain X’/ converges to its invariant distribution given by
1/I18(, j)| = 8;/aa’. It is not difficult to see that

si—1 si—1
i _ 1 i

Hitnp = E i j (i M) = 5 E Wi jMj'. (5.14)
Jj=0 ' j=0

From Theorem 2.1, there exist C; ; > 0 and p; ; € (0, 1) such that

n / Si n
(ui M), b') — = Cijpij (5.15)

for every (b,b') € S(i, j). Clearly, (u; ;M) (b,b')=0 if (b,b") ¢ S(i, j). Since
Ly X Ly = |—|je{0,...,6,-—1} S(i, j), from (5.14) and (5.15), we can obtain that, for every
(b, b)) €Zy X Zy,

1
‘/’Li+np(b’ b/) - _,' < Cip,'n’ (516)
ada
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where C; ;= max—,. s5;—1 C; j and p; := max—o,_ s 1 0i j- Equivalently,

,,,,,

P(X! = (b, b)) — L < Cipl. (5.17)
aa

Despite each X' being not irreducible, we still have convergence to the uniform measure

1/aa’. Note that (5.17) is equivalent to the estimation (4.3) in the case of X being a

full shift, and essentially, this is what is required to retrieve the results of §4 and, in

particular, Theorem 4.9. Therefore, we can conclude that N is jointly uniformly distributed

mod (a, a’) by replicating the arguments of §4. O

Remark 5.9. The obstruction when trying to use the previous idea in the context of missing
digits sets lies in the fact that for some i € N, the normalization factor f; ; could be not
the same for each Markov chain X/+/.

5.3. Forbidding combinations of digits. ~So far, we have focused on applying Theorem
4.9 in restricted digit sets, where restrictions come from forbidding some digits (missing
digits sets). Given the flexibility in choosing digits and restrictions in the general case,
it does not seem possible to establish general conditions like those in §5.1 within the
context of general xg-invariant sets. In such a case, Theorem 4.9 is still a useful tool
on a case-by-case basis. Seeking greater generality, we construct a class of sets with
more flexible digit restrictions that exhibit joint uniform distribution. While we focus on
restrictions of length 2, some of these ideas can be extended to longer lengths.

Let g > 2 be an integer and a,a’ € N. Let D C {0, ..., g — 1} be a set of digits and
let T be a matrix on D such that T'(d, d’) € {0, 1} forevery d, d’ € D.

Definition 5.10. We say that the matrix T is k-regular if for every d € D,

Z Md,d) = Z M, d) = k.

d'eD d'eD

Also, we say that T is irreducible if for every d, d’ € D, there exists n € N such that
M"(d,d) > 0.

As pointed out in §2.2, such a matrix 7 induces a shift of finite type
Y7 = {x € DY T(x;, xip1) = 1foralli € Ny}.

In fact, any 1-step subshift of finite type can be written in this form. Similarly, we can
define the x g-invariant set of integers generated by the subshift X7 as

n
Ar = Ax, = { > dig': T(d;.diyy) = 1foralli e NO}.
i=0
As discussed in Remark 3.15, for a 1-step SFT, we can apply Theorem 4.9 when the
Markov chains X! (Definition 3.14) are constructed using the cover of Remark 2.7 instead

of the Fischer cover. It is also straightforward that the graph of Remark 2.7 is regular and
irreducible if the matrix T is regular and irreducible.
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THEOREM 5.11. Let g >2 be an integer and a,a’ € N such that gcd(g,a) =
ged(a,a’y=1. Let DC{0,...,g— 1} be a set of digits and T be a matrix over D
to values in {0, 1}, and assume that T is k-regular (for k > 2) and irreducible. If there
exist d,d'" € D such that T(d,d) =T(d,d)=T(d',d) =1 and gcd(d' — d, aa’) = 1,
it follows that

i {n € Ar : n=bmoda, Sg(n) =b'moda’} N[0, N)|
1m
N—oo |[Ar N[0, N)|

Joreveryb € Z, andb' € 7.

Proof. We will check the conditions to apply Theorem 4.9. Denote by £ € DYo the
subshift of finite type associated to the matrix 7. Since T is regular and irreducible, the
cover Gt constructed in Remark 2.7 is regular and irreducible. Moreover, Gr is aperiodic,
as there exist d € D such that T'(d, d) (that is, there is a cycle of length 1 in G7). Let
p =d'¢(a(g — 1)) and notice that (p, 1) is an eventual period for f = (id, S,) with respect
to (a, a’). By considering the Markov chains X’ of Definition 3.14 (with the consideration
of Remark 3.15), the transition matrix M; of X' has state space S = (Zy X Zg) X V,
where V = {F(d) : d € D}.

Since T'(d,d) = 1,thewordx =d - - - d € DP satisfies (w), = 0 mod a and S, (w) =
0 mod a’ (Lemma 5.2). In addition, F(d) 5 F (d) as the last symbol of x is d. Thus, the
state (0, 0, F(d)) is aperiodic.

Let (b, b(/), Fy), (b1, b/l, F1) € S. To show that M; is irreducible for every i, we have to
find n(i) € N such that

M} (bo, by, Fo), (b1, by, F1)) > 0.

Let dy, di € D such that Fp = F(dp) and F) = F(d). Since the cover Gr is aperiodic,
there exists a path (of length divisible by p) from Fy to F(d) labelled by some word y.
Similarly, there exists a path labelled by z (of length divisible by p) from F(d) to Fj.
Since T(d,d) =T(d,d)=T(d',d) =1, the word w =d'd - - - d € DP can be read
in a path from F(d) to F(d), (w)g =d’ —d mod a and S,(w) =d’ —d mod a’. Since
ged(d' —d,aa’y =1 and ged(a,a’) =1, (d' —d,d —d) generates Z, x Zy,, so we
can find m € N such that m(d’ —d) = by — by — (y)g — (2); mod a and m(d' —d) =
by — by — Sg(y) — Sg(z) mod a’. Let W € L(X) be the concatenation m-times of w. It

holds that Fy e F1, the length of ywz is divisible by p, (ywz), = b1 — bp mod a and
Se(ywz) = b} — by mod a'. Thus, if n(i) = |ywzl, M!"" ((bo, b}, Fo), (b1, b}, F1)) > 0.
Therefore, M; is irreducible and aperiodic for every i > a — 1, so the conclusion follows
from Theorem 4.9. O

Remark 5.12. Notice that the condition in the Theorem 5.11 about the existence of
d,d € Dsuchthat T(d,d) =T(d,d")=T(d',d) = 1and gcd(d' — d, aa’) = 1 can be
easily relaxed. However, we state it in that way because it allows us to check the Markov
condition in a simple way, providing a tool to generate many examples of sets with digit
constraints of length 2 that are jointly uniformly distributed.
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2

FIGURE 1. Graph that represents the 2-regular and transitive shift of finite type associated to the matrix 7 in
Example 5.14.

Example 5.13. Let g = 10 and consider the set of integers
m .
A= {Z w; 10" : w; € {0,...,9}, wir € {w; — 1, w;, w; + 1} mod 10}.
j=0

Notice that A = Ap, where T(d,d’) = 1 if and only if d’ € {d — 1,d, d + 1} mod 10.
Clearly, T is 3-regular and irreducible. Also, 7(0,0) = 7(0, 1) = T(1,0) = 1.

Let a, a’ € N such that ged(10, a) = ged(a, a’) = 1. From Theorem 5.11,
5 {n € A7 : n=bmoda, Sip(n) =>b'moda’} N[0, N)] 1
im = —
N—o0 [A7 N[0, N)| aa’

forevery (b, V') € Zy x Zy.

Example 5.14. Letg =10and D = {1,2,d,d'} forany d,d’ € {0,3,4,...,9}. Let T be
a matrix indexed by O x D and defined by

1 1 00
1 010
T_0011
01 01

Since T(1,1) =T(1,2) =T(2,1), Theorem 5.11 gives that A7 is jointly uniformly
distributed mod (a, a’) whenever ged(10, a) = gcd(a, a’) = 1. This set can be understood
as all the integers which base-10 expansion can be read in paths of the graph of Figure 1.

5.4. Example involving a sofic subshift. When X is a sofic subshift, more general
restriction can be placed, but at the same time, it is harder to give general conditions to
ensure uniform distribution. We will provide a sofic shift X, which is not of finite type,
whose associated multiplicatively invariant set is uniformly distributed.

Example 5.15. Let G be the graph presented in Figure 2 and let ¥ be the sofic shift
¥ := Xg (recall Definition 2.5). We can see that

X={xe{0,1, 2}No - there is an even number of zeros between two 1s, or two 2s},

and the cover G is the Fischer cover for X.
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Ee=—0c

FIGURE 2. Fischer cover of the sofic shift ¥ presented in Example 5.15.

Notice that the graph G is 2-regular and aperiodic, so that ¥ is a mixing, sofic and
2-regular subshift. For g = 3, we define the x3-invariant set

m
Ay = {Z dj 3/ . between two consecutive 1s or 2s, there is an even number of Os}.
j=0

Let a, a’ € N such that ged(3, a) = ged(a, a’) = 1. We can find a period p € N such that
g? =1 mod a(g — 1). Without loss of generality, we can suppose p is even (otherwise,
change p by 2p). The aperiodicity of the matrix M; follows because 0 - - -0 € L7 (X)
is a cycle. Similarly, the word w = 110 - - - 0 € LP(X) is a cycle in the graph G. Also,
(w)3 =4 mod a and S3(w) = 2 mod a’. By concatenating w with itself, we can generate
every state in (4) X (2) € Zy X Zy' -

For instance, if a = 5 and @’ = 7, (4) x (2) = Zs x Z7. Considering that the word w
is read in a cycle of the Fischer cover, ((w)3, S3(w)) is a generator for Zs x Z7 and G is
aperiodic, it is possible to see that M; is irreducible for every i € N. Theorem 4.9 implies
that

lim {n € Ay : n=>bmod5, S3(n) =b' mod 7} N[0, N)| 1
N—>oo |[As N[0, N)| - 35

for every (b, V') € Zs x Z.

6. Transversality between multiplicatively invariant sets and arithmetic progressions
In this section, we provide a partial answer to the open question [27, Question 5.6].
Recalling the notion of mass dimension provided in Definition 2.11, the question is
stated as follows. Let A C Ng be a multiplicatively invariant set and P be an arithmetic
progression. Is it true that dimyi(A N P) is either zero or dimyi(A)?

Let A be xg-invariant and recall the existence of a subshift ¥ such that A = Ay. If
A satisfies the conditions of Theorem 4.9 with f =id and a € N (including the Markov
condition), it is possible to see that dimp (A N (aN + b)) = dimp(A) for every b € N.
Therefore, this provides a positive answer to the open question in those cases. As the
notion of dimension is less sensitive to rough estimations than the relative density, we will
modify the construction presented in §3 to address this question for every A = Ay when
¥ is any transitive sofic subshift.

6.1. Counterexample for general cases. We will show that the answer is negative if we
only suppose that the subshift ¥ is only transitive or only sofic.

Let g =a >4, and let D = {dy,dy} and D' = {d>, d3, ds} be disjoint subsets of
{0, ..., g — 1}. We define the subshift £ = DNo U D™ Notice that T is a sofic subshift
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(in fact, it is an SFT). From Proposition 2.13, it is easy to see that dimy(Ay) =
log(3)/ log(g). Since a = g, n € Ax N (aN + dp) if and only if dy is the least significant
digit of n in base g, so we can conclude that

0 < dimm(Ax N @N + dp)) = log(2)/ log(g) < dimm(Ax).

More generally, other examples can be constructed even when gecd(g, a) = 1. For this,
we can use the same idea of considering a disjoint set of digits with different size and
choose the elements to apply condition (5.5) of Corollary 5.5. This concludes that the
sofic condition by itself is not enough to provide a positive answer to the open question.
Now, we will see that assuming only transitivity is not enough either.

PROPOSITION 6.1. For any integer g > 3, there exists a transitive subshift ¥ and an
arithmetic progression P such that 0 < dimp(Ax N P) < dimp(Ayx).

Proof. Let us choose a set of digits D C {0, . . ., g — 1} with at least two elements, fixing
some digits & ¢ D and d € D. For every k € Ny, we define the set of words

Wi = {hd*z : z € DX}y € L({0, ..., g — 13N,

where d* :=d - - - d is the concatenation k times of d. The length of any word in W is
2k + 1 and |Wi| = |D|*. Giving an enumeration to the |D|* words of Wy, we can write

Wi={w]:j=0,...,[DF-1)}

By concatenating all the words in the sets Wy, we define the infinite sequence

- k_
k
and we refer to the subword w,? S w ,LD‘ ~! as the block induced by Wi. Considering the
full shift ({0, ..., g — I}NO, o), we can define the transitive subshift

¥ = Orby (w) := {o"(w) : n € Np}.
Also, it is straightforward that
L(X)={x=x0---xy: me Ny, x appears in the sequence w}.

We claim that dimy(Ax) = log(|D])/ log(g). To show it, notice that Cqp € Ay as
DN C 5. Thus, Corollary 2.14 implies that

dimp(Ax) > dimy(Cy.p) = log(1DI)/log(g). (6.1)

For the other direction, we aim to estimate the number of elements in Ay whose base-g
expansion has length at most i € N. After the block W;, no new words of length at most i
appear in the sequence w. Therefore, any n € Ax N [0, g') can be generated by a subword
with length at most i of the sequence

. -1 i1
w(i) :=w8w(1)---wllD‘ ---w?~~~wl!D| .
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In w(i), there are |w(i)] — (i — 1) possible starting symbols for words of length i, so
there are at most |w(i)| — (i — 1) words of length i. A quick estimation leads to

(i) =Y 2k + DD < (i + Qi + DIDI'.
k=0

Therefore, i (i + 1)(2i + 1)|D| gives a rough estimation for the number of words of length
at most i that can be read in w(i). Then,

log(|Ax N[0, g)]) _ log(ii + D(2i + 1)) +i log |D]
i log(g) B i log(g) )

Taking i — oo and using Lemma 2.15, log(|D])/log(g) < dimp(Ayx). This concludes that
dimp(Ax) = log(|DI)/log(g).

Let P := gN 4 h be an arithmetic progression. Notice that n € Ax N P if and only if
n € Ay and the least significant digit of n in base g is h. Thus, let us define X (h) := {v €
L(Z): vo=h},A(h) :={(v)g: ve Z(h)} C Asgandr = g2. Notice that for anyi € N
andz € D', (hy'~'2), € A(h) N[0, r'). Then, | D=1 < |A(h) N[0, rD)].

However, after the appearance of the word wgi_l in the sequence w, the only word of
length 2i that starts with / and can be read is Ay ~!. For j < i, there are |D|/ appearances
of i in the block j of w, and each occurrence can be associated with one 2i-long word. In
the block (w? S wl‘.Dll_l), every word of length 2/ starting with A is given by hy'z for
some z € D', and hence, there are |Z)|"_1 of those words in W;. More generally, for
every j > i, every word of length 2i starting with 4 in the block W; has the form hylz,
where z € D% /=1, 50 there are |D|?~/~! of such words in W;. Using these estimates,

i—1 2i—1
Hwe=h): fwl=2i} <Y 1D+ Y 1D~ <20~
Jj=0 j=i

Using the same estimate for words of length less than 2i, it follows that
|A() N[0, )] < @) DI
Hence,
DI < JA(m) N 10, )] < @D DI
It follows that

i — 1log(ID) _ log(|A() N0, rH)) _ 21og(2i) +i log(1D])
2i log(g) — 2i log(g) - 2i log(g)

k]

and invoking Lemma 2.15, we conclude

11og(|D))

dimyi(A(h)) = oe(0)

(6.2)
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Since the arithmetic progression P = gN + h satisfies P N Ay = A(h), from (6.2), it
follows that
dimM(A}:)

dimy(Ag N P) = 2

O]
Notice that for every rational o € (0, 1), it is possible to modify the construction of the
sets W; to construct a transitive subshift X such that dimy(Ax N P) = o dimy(Ax) > 0.

6.2. Positive answer for transitive sofic subshifts. In this section, we will prove that the
question [27, Question 5.6] has a positive answer when the multiplicatively invariant set
can be represented by a subshift that is transitive and sofic.

Remark 6.2. For the rest of this section, consider an integer g > 2 and a € N. Let
xC{0,...,g— 1}No be a transitive and sofic subshift, where G = (V, &, 1) is the
Fischer cover of X. Let p € N be as given by Proposition 3.2, so that (p, a — 1) forms
an eventual period for the function f = id with respect to a.

We use the sets E; from Definition 3.4 to define a non-normalized version of the matrix
M and the measure p introduced in §3.

Definition 6.3. Foranyi € N,b,b’ € Z, and F, F' € V, we define
Mi((b, F), (b, F')) = |E;( — b, F, F")
and
vi(b, F) = |{w € LY(Z) : (w)g =bmoda, F(w)=F}|.
In a straightforward way, we can rewrite Proposition 3.13 in terms of M; and v;.

COROLLARY 6.4. Ifi >a—1landn € N,
M ((bo, Fo), (b1, F1)) = [{w € L'(2) : g (w)y =b' —bmod a and F > F'}|
forany b,b" € Zy and F, F' € V. Also, viynp = v M.

The main idea can be summarized as follows. First, we want to find a word w € L(X)
such that i := |w| > a — 1, (w)g = b mod a and F(w) € V. By studying the extensions
of w to words of length i 4+ pn for some n € N, we will see that a significant number of
these extensions w satisfy (), = b mod a. As a conclusion, we aim to show dimp(Ax N
(aN + b)) = dimp(Ayx). If such a word w does not exist, then the intersection will be
finite (hence, zero-dimensional).

For a given word w, it is easy to compute (w), mod a; however, deciding whether
F(w) € V or not could be challenging if we do not know the Fischer cover explicitly. The
following lemma shows that, for our purposes, such a check is not required.

LEMMA 6.5. Let w € L(X) such that \w| > a — 1 and F(w) ¢ V. Then, there exists an
extension W of w such that (w)g = (W), mod a, F(w) € V and |w| = |w| + pn for some
neN.
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Proof. Since X is transitive and sofic, there exists a synchronizing word y € £(¥) and
also there exists x € £(X) such that wxy € L(X). Since y is synchronizing, any extension
of y is also synchronizing. Thus, we can suppose |xy| = mp for some m € N (otherwise,
we can extend y to meet that condition). Since y is synchronizing, the follower set of
any word that ends with the subword y is equal to F(y). In particular, F := F(wxy) =
F(xy) = F(y) € V. Furthermore, every path in G labelled by xy has F as terminal
node and we can find a path 7 labelled by xy starting at some F’' € V. As G is an
irreducible graph, there is a path from F to F’, labelled by some z € L(X). Forany k € N,
denote

(xy2)k = (xyz) - - - (xy2) € L(D).

k times

Let W = w(xyz)®” and £ := |xyz|. Using that g?*/ = g” mod a forall j > a — 1,

(@) = (W)g + " (xyz)? + - - + gl F@=Drl(xy )P

= (w)g + ag"(xyz)? = (w)g mod a.

As the path associated to z ends at F’, it follows that F (W) = F’ € V. Also, notice that
|[w| = |w| + £ap. O

We now establish a sufficient condition to ensure that extensions of a certain word w
will visit certain congruence classes and follower sets.

LEMMA 6.6. Let w € L(X) such that \lw| > a — 1, (w); =b mod a and F(w) € V.
If Mfwl((b’, F), (b, F(w))) > 0 for some (b', F') € Zy xV and n € N, there exists

w € L(X) such that (0), = b’ mod a, F(w) = F" and |w| = |w| + mp for some m € N.

Proof. As Mfwl((b’ , F'), (b, F(w))) > 0, Corollary 6.4 provides the existence of a word

y with length np such that g!*!(y), = b — &’ mod a and F' = F(w). Equivalently, we can
find a path 7] in G with length np, labelled by y and from F’ to F(w). Since the Fischer
cover is irreducible, there is a path 75 from F(w) to F’; thus, the path 7 := ()P~ iy
goes from F(w) to F’ and || = p|m2| + (p — 1)|m1] is divisible by p. If 7 is labelled by
some x € L(X), we can define @ := w(xy)*~'x € £(T). Since the terminal node for 7
is F/, F(w) = F'. As |x| and |y| are divisible by p, it follows that || = |w| mod p and
the periodicity implies

(@) = (W) + (a— DM (x)g + (@ — D" ()g + g™(x),
=b+ (a — Dg"!(y), mod a.

Since g|w|(y)g = b — b, it follows that (), = b+ (a — 1)(b — b') = b’ mod a. O

By combining Lemmas 6.5, 6.6 and ideas of previous sections, we can show a more
general version of Theorem C.
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THEOREM 6.7. Let ¥ C {0, . . ., g — 1}N0 be a transitive sofic subshift and a € N. If there
exists w € L(X) such that |w| > a — 1 and (w), = b mod a, then

dimpi(Ag N (@N + b)) = dimp(Ay). (6.3)
In particular, either (6.3) holds or |Ax N (aN + b)| < g“.
Proof. Consider p € N given by Proposition 3.2. From Lemma 6.5, we can suppose

F(w) € V (otherwise, use w instead) and define i := |w| > a — 1. In particular, (p, i)
is an eventual period. Consider the set

R:={(, F') € Zy x V : there exists n € N such that M? (b, F'), (b, F)) > 0}.
1

From Lemma 6.6, for each (o', F') € R, there is m" € N such that v; 1, ,(b’, F') # 0.
In particular, we can obtain some m € N large enough such that

D virjp®, F) #0 6.4)

J=0

for every (b, F’) € R.Letn € Nand (b, F) € Z, x V. Using Corollary 6.4,
y

m m
D vik(iamp®Bs F) =) vig jp MEC, (b, F))
j=0 Jj=0

DY v MG, F, (b, F))

j=0b'€Zy,F' eV
m
> (Z Vit jp (', F’))M?((b’, F'), (b, F))
b'€ly,F'eV ~ j=0

> Y MWL F), b, F)),

b'€Zly,F' €V

where the last inequality follows from the definition of R and (6.4). Combining the previous
inequality, Proposition 3.6 and the characterization of Corollary 6.4, we can conclude

m
Z Vig(j4mpb, F) = {m = (o - - - wpp—1) : misapathof Gand t(w) = F}|. (6.5)
j=0

Since G is an irreducible graph, for each F’ € V, there exists £(F’) € N such that there
is a path of length £(F’) from F’ to F. Thus, defining £ := maxpcq, £(F’), for every n
large enough,

Hm = (@mo---mpp—1): misapathof Gand t() = F}

> Z {m = (o - - - Wyp—1—¢(F7)) - wisapathof Gandt(w) = F'}|
F'eVv
> Z Hmr = (@m0 mpp_1-¢): wisapathof Gand t(m) = F'}|
F'eVv
=|{m = (mo - - - Tup—1-¢) : 7 is apathof G}|. (6.6)
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Since G is a cover for X, for every x € L ~1=£(%), there exists at least one path in G
labelled by x. From this idea, (6.5) and (6.6), it follows that

m
> VigGamp b, F) = | L7 (D). (6.7)
Jj=0
However, by definition of v;(j4n)p,

{w € U LITUTP 3y (w), = bmoda}
j=0

m
Z Vit (j4nypb, F) < . (6.8)

J=0

Since two words of different length can represent the same integer, the right-hand side of
(6.8) contains at most m + 1 representations for each integer, then

m
Hw € U LITTIP (s (w), = b moda} <(m + D|Ax N (@N + b)N [0, g/ +m+mry).

j=0

Combining this estimation with (6.7) and (6.8), it follows that
1 )
ST ) S 145 0 @N 4 B) N[0, gD,
m

Taking log(-) and rearranging terms,

np—t€—1 log(| L~ 1(D))) log(m + 1)
(i +mp +np) log(g) np—£—1 (i +mp +np) log(g)
_ log(l4s N (@N +b) N[0, g™ +MP)))
- (i +mp + np) log(g)

Taking lim inf, we conclude that

log(|Ax N (aN + b) N[0, g'Tmr+mpy|)
(i +mp + np) log(g)

h(%)/ log(g) < lim inf
n—>oo

)

where 1(X) is the topological entropy of X. Since Ay N (aN + b) € Ay and recalling
that dimy(Ay) = h(X)/log(g), we can obtain

log(|As N (aN 4 b) N[0, g"F"PHP)))

lim su < h(%)/lo .
n—>oop (i +mp +np) log(g) < h(Z)/log(®)
Therefore,
1 Asx N @N + b) N[0, gitmptnp
i 198045 N @N+5) 010, 8 D _ ) loxte)
n—>o0 (i +mp +np) log(g)

From Lemma 2.15 (in particular, we use a slight variant of this lemma that follows directly
from the proof of [27, Lemma 3.2]),

dimyv(Az N (@N + b)) = h(X)/log(g).
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Finally, if there is no word w € £L(X) such that l[w| > a — 1 and (w); = b mod a,
Asx N (@N+b)N[g? 00) = . Consequently, |Ax N (aN + b)| < g and thus,

dimp(Ax N @N + b)) = 0. O

From the discussion in §6.1 and Theorem 6.7, the conclusion is that the Open
question 1.5 is affirmative if the multiplicatively invariant set can be represented by a
transitive sofic shift. However, this is not necessarily true if the shift is merely transitive or
sofic.

Nevertheless, we can extend the positive answer beyond transitive sofic subshifts.

Definition 6.8. Let S € Ny. We define the S-gap subshift as

Xs :={x € {0, 1}NO . the number of Os between two consecutive 1s is in S}.
For § € Ny, we denote Ag := Ax,.

PROPOSITION 6.9. Let S C Ny. For any arithmetic progression P, dimy(As N P) is
either dimyi(Ag) or zero.

Proof. If |S| < oo, the result follows from Theorem 6.7 as X is transitive and sofic. Let
us suppose |S| = oo. Consider s,, as the nth element of S in increasing order and define
Su = {s1, ..., s,}. The subshift Xg, is a transitive and sofic shift for every n € N, and
notice that L"(Xs,) = L"(Xs). Consequently, it is not difficult to see that

h(Xs) = sup h(Xs,). (6.9)

Suppose that there exists w € £(Xs) such that |[w| > a — 1 and (w), = b mod a. Then,
there exists ng € N such that w € L(Xg,) for every n > ng. Since Xg, is sofic and
transitive, we can apply Theorem 6.7 to obtain that

dimyv(As, N (@N 4+ b)) = dimm(As,) = h(Xs,)/log(g). (6.10)
However,

h(Xs)/log(g) = dimy(As) > dimy(Ag N (@N + b)) > dimyi(As, N (@N + b)).

(6.11)
From (6.10) and (6.11),
h(Xs,)/log(g) = dimm(As N (aN + b)) < h(Xs)/log(g).
The conclusion follows from (6.9). O

If S is the set of prime numbers, it is easy to see that X is transitive but not sofic.
Moreover, note that the property can be extended to subshifts that can be approximated
(in terms of entropy) from within by transitive sofic subshifts. In particular, the class of
transitive sofic subshifts is not optimal to provide an affirmative answer.

One possible refinement is to look at subshifts with a unique measure of maximal
entropy (which includes all transitive sofic subshifts [52]). However, it is not difficult to
see that the subshift constructed in Proposition 6.1 also has a unique measure of maximal
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entropy. Thus, this class is not sufficient to settle the question either. Seeking a general
answer to the open question, we will consider the following class.

Definition 6.10. A subshift X is said to be entropy minimal if for every subshift =’ C %,
h(Z) > h(Z)).

The classes of transitive sofic subshifts and S-gap subshifts are examples of entropy
minimal subshifts (see [10, Remark 2.4] and [24]). However, the counterexample provided
in Proposition 6.1 is not entropy minimal. Based on the techniques used in this paper, we
think that it should be possible to extend the affirmative answer to the open question to
subshifts having left almost specification with bounded function (see [9, Definition 2.14]),
which is a subclass of the entropy minimal subshifts. More generally, we propose the
following conjecture.

Conjecture 6.11. Let A € Ng be a xg-invariant set. There exists an entropy minimal
subshift ¥ € {0,..., g — I}NO such that A = Ay if and only if, for every arithmetic
progression P, it holds that dimp(A N P) is either O or dimp1(A).
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