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Abstract

The aim of this paper is to establish the correspondence between the twisted localised
Pestov identity on the unit tangent bundle of a Riemannian manifold and the Weitzenbock
identity for twisted symmetric tensors on the manifold.
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1. Introduction

The Weitzenbock and Pestov identities are two standard identities in Riemannian geom-
etry. While the former is usually phrased on the base manifold, the Pestov identity is given
in terms of functions on the unit tangent bundle. The latter can be further localised by con-
sidering specific functions which are spherical harmonics in restriction to every fiber of the
unit tangent bundle: this is known as the localised Pestov identity. There is a tautological
correspondence between trace-free symmetric tensors on the base manifold and spherical
harmonics; hence, it is conceivable that the Weitzenbock identity should be related to the
localised Pestov identity but this correspondence has never been established anywhere for-
mally. The purpose of this note is therefore to show that the localised Pestov identity is
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indeed equivalent to the Weitzenbock identity. More generally, we will consider this cor-
respondence for twisted objects, where we twist by an auxiliary vector bundle over the
Riemannian manifold. As both identities require a certain amount of notation before being
stated, we refer the reader to Proposition 3-1 below for the twisted Weitzenbock identity, and
Proposition 6-1 for the twisted localised Pestov identity. As for the introduction, we provide
a brief account on the history of these identities, and for which purposes they are used.

The Pestov identity is an L? energy identity on the unit tangent bundle of a Riemannian
manifold which was first introduced by Mukhometov [24, 25] and Amirov [1], then in a more
general form by Pestov and Sharafutdinov [28, 35], and later written in an intrinsic way
by Knieper [23]1. More recently, a twisted identity (that is, involving an auxiliary vector
bundle) was obtained by Guillarmou, Paternain, Salo and Uhlmann [19, 32]. The Pestov
identity was found to play an essential role in two problems of Riemannian geometry on
negatively-curved manifold, namely:

(1) The marked length spectrum rigidity problem which consists in recovering a met-
ric from the knowledge of the lengths of its closed geodesics (marked by the free
homotopy of the manifold). Equally important and intimately related are the tensor
tomography question which asks to recover a tensor from its integrals along closed
geodesics, and inverse spectral problems, which ask if the spectrum of a geometric
operator determines the geometry; see [14, 16, 18, 30, 31] for references where the
Pestov identity is used; see also [7, 13, 20, 26] for further references on the marked
length spectrum.

(2) The ergodicity of the frame flow which consists in showing that the only measurable
functions that are invariant by the frame flow on the frame bundle are the constant
functions, see [9, 11, 12] for references where the Pestov identity is used; see also [2,
4, 6] for further references on frame flow ergodicity.

Let us also mention that there are other versions of the Pestov identity related to thermo-
stat flows [22], and that the (localised) twisted Pestov identity for non-metric connections
can be improved using Carleman estimates [29].

The Weitzenbock formula usually expresses a curvature term as a linear combination of
operators of the form P*P, where P is a first-order differential operator, typically a projec-
tion of the covariant derivative. It is an important tool for combining differential geometric
aspects with topological aspects on compact Riemannian manifolds, see [5] for a nice review.
This is prominently illustrated in the Bochner method, where the vanishing of Betti numbers
follows under suitable curvature assumptions, and also for the non-existence of metrics of
positive scalar curvature on spin manifolds with non-vanishing A—genus. Moreover, it is used
to prove eigenvalue estimates for Laplace and Dirac type operators.

In this note we give a self-contained proof of the Weitzenbock formula on trace-free sym-
metric tensors. This is a special case of a more general method introduced in [36]. Here
we will show in addition how to extend the Weitzenbock formula to the case of symmet-
ric tensors twisted with an auxiliary vector bundle E. Finally, we show that this twisted

! We also remark that in [23, appendix], Knieper argues that the Pestov identity is a “formula of Weitzenbdck
type”. Somehow, the present paper makes this intuition rigorous.
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Weitenzenbock formula translates into the localised twisted Pestov identity on the unit
tangent bundle.

2. Symmetric tensors

In this section we recall basic formulas for symmetric tensors as well as the definition and
first properties of conformal Killing tensors. More details can be found in [21].

2-1. The symmetric algebra of a vector space
Let (T, g) :=R” be the standard Euclidean vector space of dimension n. We denote

with Sym*T c T®F the k-fold symmetric tensor product of T. Elements of Sym*T are
symmetrised tensor products

V]iteoo V= Z Vo) ® ... ® Vo) 21
o €Sk
where vq, ..., v are vectors in T. In particular we have v- u=vQu+u®v for u,veT.

Some authors (see [33, page 156]) use another convention for the symmetric product and
divide by k! in (2-1).

Using the metric g, one can identify T with T*. Under this identification, g € Sym?T* ~
Sysz can be written as g =(1/2)) ; e; - ¢;, for any orthonormal basis {e;}. The direct
sum Sym T := P Syka is endowed with a commutative product making Sym T into a
Z-graded commutative algebra. The scalar product g induces a scalar product on Sym*T,
also denoted by g, defined by

g VW w) = Y g1 o) - - 8V Woh)-

oSk

With respect to this scalar product, every element K of Sym"T can be identified with a
symmetric k-linear map (i.e. a polynomial of degree k) on T by the formula

Kvi,...,vi)=g(K, vy ... ).
For every v € T, the metric adjoint of the linear map v - : Syka — Symk+1T, K—v-K
is the contraction v_: Symk+1T — Syka, K+ vJK, defined by (vuK)(vi,...,Vk—1)=
K(,v1,...,vk—1). In particular we have v_ uk = kg(v, u)uk_l, forall v,ueT.

We introduce the linear map deg : Sym T — Sym T, defined by deg (K) = kK for K €
Syka. Then we have

Y ei-euK=deg(K), Y eisei-K=nK+deg(K),
i i

where {e;} denotes an orthonormal frame of (T, g). Note that if K Syka is considered as
a polynomial of degree k then v_K corresponds to the directional derivative d,K and the last
formula is nothing else than the well-known Euler formula on homogeneous functions.

Contraction and multiplication with the symmetric tensor L :=) _; e; - e; = 2g defines two
additional linear maps:

A Syka — Symk_zT, K— Z e_e K

1
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and
L: Symk_zT — Syka, K—L-K,

which are adjoint to each other. It is straightforward to check the following algebraic
commutator relations

[A, L] =2nid 4+ 4deg, [deg,L]=2L, [deg, A]l=-2A, 2-2)
and for every ve T:
[A,v-]=2vy, [va,L]=2v, [A,v2]=0=][L,v-]. 2-3)

For T=R", the standard O(n)-representation induces a reducible O(n)-representation
on Syka. We denote by Sym’éT :=ker (A : Syka—> Symk*ZT) the space of trace-free
symmetric k-tensors.

It is well known that Sym’éT is an irreducible O(n)-representation and we have the
following decomposition into irreducible summands

Sym*T = SymiT @ Sym{ °T & ...

where the last summand in the decomposition is R for k even and T for k odd. The summands
SyméfZlT are embedded into Syka via the map L/. Corresponding to the decomposition
above any K € Syka can be uniquely decomposed as

K = Ky + LKy + L?K, + ...

with K; € Sym](;*z’.T, i.e. AK; =0. We will call this decomposition the standard decomposi-
tion of K. In the following, the subscript 0 always denotes the projection of an element from
Syka onto its component in Sym’(‘)T . Note that for any ve T and K € SyméT we have the
following projection formula

(v-K) =v-K — 79— L(v2K). (2-4)
Indeed, using the commutator relations (2-2) we have A(L (v1 K)) = (2n+ 4(k — 1)) (v2 K),

since A commutes with v, and AK =0. Moreover A(v- K) =2 v, K. Thus the right-hand
side of (2-4) is in the kernel of A, i.e. it computes the projection (v - K)g.

2-2. Conformal Killing tensors

Let (M", g) be a Riemannian manifold with Levi-Civita connection V. All the algebraic
considerations above extend to vector bundles over M, e.g. the O(n)-representation Sym*T
defines the real vector bundle Sym*TM. The O(n)-equivariant maps L and A define bundle
maps between the corresponding bundles. The same is true for the symmetric product - and
the contraction 1. We will use the same notation for the bundle maps on M.

Next we will define first order differential operators on sections of Sym”TM. We have

d: C®(M, Sym*TM) — C°(M, Sym"™ ' TM), K> > e+ VoK,
i
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where {e;} denotes from now on a local orthonormal frame. The symmetric tensor dK is the
complete symmetrisation of VK, in the sense that

2K, X" =) " (Ve K, e X ) = (k+ 1) Y g(VeK, gler, X)X*)

l 1

= (k+ Dg(VxK, X") (2:5)
for every X € TM. The formal adjoint of d is the divergence operator d* defined by

d*: C®* M, Sym ' TM) — C® (M, Sym*TM), K> — Z €1 Ve K.
i

As an immediate consequence of the definition we have that the operator d acts as a
derivation on the algebra of symmetric tensors, i.e. for any K; € C*°(M, Sym*TM) and
K> € C®(M, Sym'TM) the following equation holds

d(K;-Kp) = dK; - Ky + K -dKs.

Moreover, an easy calculation proves that the operators d and d* satisfy the commutator
relations:

[A,d"]=0=[L,d], [A,d]=-2d% [L,d"]=2d (2-6)
We also consider the operator
do : C®°(M, Sym{TM) — C°(M, Sym& T TM), K > (dK)o.

According to (2-4), we have doK=dK+(1/(n+2k—2))Ld*K for every K€
C®(M, SymSTM). The formal adjoint df: C°(M, Symf™ TM) — C®(M, Sym{TM) is
clearly equal to the restriction of d* to C*°(M, SymSHTM ).

A symmetric tensor K € C*®°(M, SykaM) is called conformal Killing tensor if there
exists some symmetric tensor k € C*°(M, Symk*ITM) with dK =L k. Note that K is con-
formal Killing if and only if its trace-free part is conformal Killing. Indeed, since d and L
commute, if K=Y ., L/K;, with K; € C®(M, Symg_ZiTM) is the standard decomposition
of K,thendK =) ., LdK;, so dK is in the image of L if and only if dKj is in the image
of L. More precisel3_/ we have the following characterisation (see also [21, lemma 3-3]):
a symmetric tensor K € C*°(M, SykaM ) is a conformal Killing tensor if and only if

dKo = — —— Ld*Kj. 27

or, equivalently, if and only if the symmetric tensor K satisfies the condition dgKy = 0.
Let E be a real vector bundle over M with connection VZ. We extend d and dy to twisted
operators

d: C®(M, Sym*TM ® E) — C®°(M, Sym**'TM @ E),

do : C°(M, Sym§TM ® E) — C°(M, Sym{;"'TM ® E),
defined on decomposable elements by

dK®E=dK®E+) (- K)®VeE, do(K®E=doK®E+ ) (e K)o ® Ve§,

l l
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obtained from the tensor product of Levi-Civita and V¥ connections. In this case, sections
in ker d are called twisted Killing tensors and sections in ker dg are called twisted conformal
Killing tensors.

3. Weitzenbock formulas

Let (M", g) be an oriented Riemannian manifold with Riemannian curvature tensor
R. Let R: A>TM — A>TM be the curvature operator defined by g(RXX AY),ZAU)=
R(X, Y, Z, U). With this convention we have R = — id on the standard sphere.

Let P = PsomM be the frame bundle of M and let VM be the vector bundle associated
to P via a SO(n)-representation p : SO(n) — Aut(V), where Aut(V) denotes the isometries
of a Euclidean vector space (V, gy). Then the curvature endomorphism ¢g(R) € End VM is
defined as

qR) =5 ) (ei A €)).R(e; A €))s. (3-8)

ij
Here {e;},i=1,...n,is a local orthonormal frame of TM and for X A Y € A2TM we define
X AY) = p(X AY), where py : so(n) — End(V) is the differential of p. In particular, the

standard action of A>TM on TM is written as (X AY) Z = g(X, Z)Y — g(Y, Z) X =(Y -
X 4— XY 1)Z. This is compatible with

XAYNZU) = gXAY,ZANU) = gX,2)g(Y,U) — g(X,U) g(Y,2).

Let T = R" be the standard representation of SO(n) defining the tangent bundle TM. Then
any SO(n)-equivariant endomorphism p € Endso(,)(T ® V) induces an SO(n)-equivariant
element p € Homso) (T ® T® V, V) defined by

Pa@a®b®v):=(@i® id)p(b V), Ya,beT, veV.

We note at this point that equivariant objects give rise to global parallel sections which we
will denote by the same letter; for instance p defines a parallel section p € C*°(M, End(TM ®
VM)). Important examples of such endomorphisms are the orthogonal projections p;, i =
1,..., N, onto the summands in an SO(n)-invariant decomposition TQ V=V & ... D Vy.
Another example is the so-called conformal weight operator B € End(T ® V) introduced in
[15] (see also [8]) and defined as

Bb®@v):=) € ® (e Ab)v.

1
The corresponding element B € Hom(T ® T ® V, V) is given by
Bla®b®v)=(aAb)v.

For every equivariant orthogonal projector p € Endso(,)(T ® V) we define a first order
differential operator P :=pV.
If K is a section of VM, then V2K =) e, ® ¢; ® Vé,ejK is a section of the bundle TM ®

TM ® VM. Here for vector fields X, Y on M we denote V)%,YK = VxVyK — Vy,yK; then
the curvature endomorphism is given by Rxy = V)zm, - V)z, x- We can thus obtain natural

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.227, on 17 Jul 2025 at 00:09:50, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50305004125000210


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0305004125000210
https://www.cambridge.org/core

Correspondence between Pestov and Weitzenbock identities 449

second order operators by applying elements of the bundle Hom(TM ® TM @ VM, VM) to
VK.

LEMMA 3-1 ([34, proposition 3-1 and lemma 3-6]). The following relations hold:
BV?=gq(R), pV*=-P*P,
where P* is the formal adjoint of P.

Proof. Let (e;) be a local orthonormal frame of TM, parallel at the point where the com-
putations are done (i.e. satisfying Vee; =0 for all i, j). The first formula is immediate:

BVP=3 (eine)Ve =13 (€ A€)Req=4q(R).
ij ij

In order to prove the second one, we first compute the formal adjoint of V. For all sections
@ of VM and ¢ of TM ® VM we have

g(vwv 1//) 8 <Z e ® Ve,-(l)» 1//) = Z g(ve,'gav (ei—‘ ® ld)‘(/f)

D eilglp, (s ®@id)Y)) — Y &9, (€11 ® id) Ve ).

Since the first term in the last equation is the codifferential of the 1-form X — —g(¢, (X1 ®
id)y), we obtain V* = — Zi (e;0 ®id)Ve,. Using this formula, together with the fact that
Vp =0, p> = p and p* = p, we then compute:

pVZ=5 Z €Re® Vezi,ej = Z (1 ®id)p(e; ® vezi,e;)
ij ij
=) (i1 ®id)Ve; (p(ej ® V) = Y _ (€1 ® id)Ve,(pV)
ij i
= —V*pV = —V*p*pv = —P*P.

Let us now consider the orthogonal projections ps, s=1,..., N, onto the summands
in an SO(n)-invariant decomposition T® V=V @ ... @ Vy. The above result shows that
whenever the conformal weight operator B can be expressed as a linear combination of the
projections py, i.e. B= ) asp; for a; € R, we obtain a corresponding Weitzenbock formula:

qR) =—> " a, P;P; (39)

on sections of VM, where P; are the first order differential operators defined by Py(K) :=
ps(VK) for every section K of VM, giving a section of TM ® VM.

This universal Weitzenbdck formula was considered for the first time in [15] and later
extended and generalised for other holonomy groups in [36]. In fact, the irreducible sum-
mands V; appearing in the decomposition of T ® V are all pairwise non-isomorphic as SO(n)
representations. Thus the projections py form a basis of Endso,)(T ® V) and there is an
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explicit formula for expressing the coefficients ay in terms of the highest weights of V and
Vi (see [36, corollary 3-4]).

We consider now another SO(n)-representation E with an invariant scalar product and
the corresponding vector bundle EM over M, together with the induced metric. Let VE
be any metric connection on E, with curvature tensor denoted by RE. For simplicity, we
still denote by VE the tensor product connection V ® idgys + idyy ® VE on VM ® EM. The
projections p;:T ® V— T ® V define projections p;  id:(T® V) E— (T® V) ® E and,
correspondingly, differential operators Pf := (ps ® id)VE, acting on VM ® EM.

Since ) a,(ps ®id)=B®idon T® V ® E, Lemma 3-1 yields at once

B@id(VE? =~ 3" a; (PEY*PE, (3-10)

s

acting on sections of VM ® EM. It remains to compute the action of the left-hand side oper-
ator. If K® & € C®°(M, VM ® EM) is a decomposable section and (e;) is an orthonormal
frame parallel at the point of interest, we have

(B®id(VEY) K @ &)

=B@id|) e®e® (V. (K®8)
i
=BRid | Y @ (V2 KO+ VoK@ VEE +VeK ® VEE+K @ (VD2 £)
ij
= (€ 1A €). V2 (K) B + (e A €), Ve K) @ ViE
]
+((ei 7€), Ve,K) ® VEE + (€ A €).K @ (VF)2, o )

=(@RK)®E+5 ) (e Ae)K ®RE &,
if

where the two middle terms cancel each other due to the skew-symmetry in i,j. Denoting by
g(R)F the linear operator acting on (decomposable) sections of VM @ EM by

GRFK ®E):=@qRK) Q&+ 3 ) (i ne)K @ RE &, (3:11)
ij

the previous relation (3-10) implies the twisted Weitzenbodck-type formula
qR)" == a(PEY'PY  on C®(M, VM ® EM). (3-12)
N

We now consider the case of interest for us, namely V=Sym’6T, where T:=R"
is the standard O(n) representation of highest weight (1,0, ...,0). Recall the classical
decomposition into irreducible O(n) representations (e.g. see [36, p. 511-512]):

T®Sym§T = Sym§™'T @ Sym{'T @ Sym*'T, (3-13)
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where SymléT is the irreducible representation of highest weight (k, 0, . ..,0) and Sym®!T

is the irreducible representation of highest weight (k, 1,0, . . ., 0). We note that SymOHT is
the so-called Cartan summand. Its highest weight is the sum of the highest weights of T and
Syml(‘)T.

For later use, let us first express the operator g(R) on symmetric tensors in a more
convenient way.

LEMMA 3-2. Forevery K € SykaM, the following relation holds:
GRY(K) == Re;¢jex-i(e; - € - (€ 2K)).
ik

Proof. For every skew-symmetric endomorphism A of TM (identified with a section of
A2TM) we have A.K = > Ae; - (e;uK). In particular, for A=X A Y we get (X AY),K=
Y- (X1K) — X - (YJK). We then compute using the symmetries of the Riemannian curvature
tensor:

GRYK) = 3 > (€1 A e)u(Reje)sK =5 Y (€1 A €)u(Reyer€; - (€12K)
k,l i,k,l

=) e -eu(Ree.i- €K) =) eri(er - Reye i - (€i2K))

ik,l ik,l
=) er(er € € K)g(Rey e €ir €)= — Y Re;eier(er - € - (€1K)).
i ik

Next we want to describe projections and embeddings of the three summands. By (2-4),
themapq;: T® SymOT — SymgHT onto the first summand is defined as

qv®K) :=@w-K)g =v-K — L (vuK). (3-14)

n+2k 2

The adjoint map qj : Symﬁ“T -T® Sym’éT is easily computed to be

qfK)=) e ®(einkK). (3.15)
i
Note that for any vector v € T, the symmetric tensor v1 K is again trace-free, because v_
commutes with A. Since q; qf = (k+ 1)id on Sym](‘)HT, we conclude that
p1 = 7 qf 1 : T®Sym{T — Sym¢™'T C T® Sym{T (3-16)

is the orthogonal projection onto the irreducible summand of T ® SymgT isomorphic to
Sym0+1T

Similarly the map q2 : T® SymOT — Sym’é IT onto the second summand in the decom-
position (3-13) is given by the contraction map

P ®K):=viK. (3-17)

In this case the adjoint map q3 : Symg_lT ->T® SymgT is computed to be

a5 (K) = Zel@o(el K)o = Ze, ® (e K-k LK) (18)

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.227, on 17 Jul 2025 at 00:09:50, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50305004125000210


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0305004125000210
https://www.cambridge.org/core

452 M. CEKIC, T. LEFEUVRE, A. MOROIANU AND U. SEMMELMANN
It follows that

Qi =n+k—1)id — 22 id = CEEIHSI) g,

so the projection onto the irreducible summand in T ® SymOT isomorphic to Sym0 IT is
given by

P2 = Gty G @2 T®SymfT — Symf~'T € T®SymfT,  (3:19)
valid for n>3 and k> 1. The projection p3 onto the third irreducible summand in T ®
Sym’(‘)T is obviously given by p3 =id — p; — p».

The algebraic considerations above extend to vector bundles over M. In particular,
the operators dg : C*°(M, Sym’éTM) — C® M, Syml(;HTM) and dj: C*°(M, Sym’(‘)TM) —
C*® (M, Symg_lTM) introduced above can be described as

doK =q1 VK, dSK =—qo VK, (3-20)

for every section K € C*®°(M, Sym’éTM). By (2-7) together with (3-14) and (3-16) we see that
the kernel of P} =p;V consists exactly of trace-free conformal Killing tensors. The kernel
of P, =p,V are the divergence free tensors, i.e. tensors in ker d;j.

An easy calculation using the explicit formulas for q; and q proves the following relation
onT® SymgT (see [21, proposition 6-1]):

B=kpi — (n+k—2)p2 — p3.
As explained above, this yields the Weitzenbock-type formula.
g(R)K = —k P{P1K + (n+k—2)P;P2K + P3P3K, (3-21)

for any section K of Symg TM. In the present situation it is easy to get the coefficients for
B by a direct calculation. Alternatively one can use the general formula in terms of highest
weights mentioned above.

Now, if EM is a Euclidean vector bundle associated to a representation E of SO(n) with
metric connection VZ, we denote by p? :=p; ®idg, by qf :=q; ® idg and by

=pEvE, i=1,2,3, (3-22)
and obtain as before the twisted counterpart of (3-21)
qR)" = —k(PYY*P} + (n+k—2)(P5)*P; + (P§)*P%, (3:23)

acting on sections of Sym0 T™ ® EM.

Since pl are orthogonal projectors, we have (pl )*pl = pf , so using (3-16) and recalling
that do = gf VZ (similarly to (3-20)), we obtain

PDPL = (VE D 0D VE = (VE (01 VE =

= a7 (VO (@D af VE = gy didos

and similarly using (3-19), yields

Ext pE __ +2k—4
(P )* P <n+2Z 2)(ntk _3)d0d3-
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From these last two equations, together with (3-23) we obtain the following:

PROPOSITION 3-3. (Twisted Weitzenbock formula). The following formula holds for
sections of Sym’é T™ ® EM:

E k +k—=2)(n+2k—4 E
qR)F = — gy didy + S 2D dody + (P5)*PS. (3-24)

4. Fourier analysis in the fibers of the unit tangent bundle

Further details on this section can be found in [27], [32, section 2].

4-1. Functions on the unit tangent bundle

We denote by SM the unit tangent bundle of (M,g) and by 7 : SM — M the projection on
the base. There is a canonical splitting of the tangent bundle to SM as:

T(SM)=V & Ho RX,

where X is the geodesic vector field, V := ker d7 is the vertical space and H is the horizontal
space defined in the following way. Define the connection map IC: T(SM) — TM as follows:
let ve SM,w € T,(SM) and a curve (— ¢, &) >t v(t) € SM such that v(0) =v, v(0) =w.
Denoting x(7) := m(v(r)), we have K,(w):= Viyv(t)|;=0. We denote by gsas the Sasaki
metric on SM, which is the canonical metric on the unit tangent bundle, defined by:

gsas(w, w') 1= g(dm(w), dr (W) + g(K(w), K(w")).

Then the horizontal bundle H is defined as the orthogonal complement of X inside ker .
We define the normal bundle N'— SM whose fiber at v € SM is given by N, :=v+ C
TrwM. Then dr : H— N, K :V — N are both isometries and all these bundles over SM
are isomorphic. We will freely identify them in the following. In particular, we will think of
the normal bundle N as the tangent bundle to the spheres.
For x € M, the unit sphere

SxMz{veTxM| |v|§=1}cSM

(endowed with the Sasaki metric) is isometric to the canonical sphere (S 1, Zcan)- We
denote its Laplace operator by A,. Let Ay be the vertical Laplacian acting on f € C*°(SM)
as Ayf(v) := Ar)(fls,m)(v), for every v € SM. For k > 0 and x € M, we introduce

Qu(x) = ker (A, — k(n + k — 2)id) ,

the spherical harmonics of degree k. Observe that 2 — M defines a vector bundle over M,
and that C*°(M, €2y ) is naturally identified with a subspace of C°°(SM). Given f € C*°(SM),
it can be decomposed as f=7) ;. fk Where fi € C>°(M, ) is the projection of f onto
spherical harmonics of degree k. We call Fourier degree of f, denoted by deg(f), the maximal
integer ko € Z> (if it exists) such that fi, # 0; otherwise we set deg (f) = co. We will also
say that f has finite Fourier content if its degree is finite, that it is odd (resp. even) if it only
contains odd (resp. even) spherical harmonics.

It can be proved that the operator X has the following mapping properties (see [32,
section 3]):

X:C®WM, Q) = C¥M, Qq1) ® C°(M, Q—1).
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This is understood in the following sense: a section f € C°°(M, €2;) defines in particular a
smooth function in C*°(SM) which we can differentiate in the X-direction and this only con-
tains spherical harmonics of degree k — 1 and k + 1. Taking the projection on higher degree
(resp. lower degree), we obtain an operator X : C®°(M, Qi) — C®°(M, Q1) of gradient
type i.e. with injective principal symbol (resp. X_ : C*°(M, Q) — C®(M, Q—1) of diver-
gence type) such that X =X, +X_ and X} = —X_ (the latter being a mere consequence
of the fact that X* = —X as X preserves the Sasaki volume (also known as the Liouville
measure) on SM). As X acting on spherical harmonics of degree k has injective principal
symbol, its kernel is finite dimensional by elliptic theory. As a consequence of Lemma 5-3
we will later see that elements in the kernel of X correspond to conformal Killing tensors,
i.e. elements in the kernel of dy as defined in Section 2-2.

4-2. Twist by a vector bundle

Let E— M be a real vector bundle over M equipped with a metric connection V.
Consider the pullback bundle &£:=n*F — SM equipped with the pullback connection
V€ := 7*VE and introduce the first order differential operator

X := Vg : C®(SM, E) — C®(SM, &).
The connection V¢ also gives rise to differential operators:
Vi, V& C®(SM, &) — CX(SM, N ® &),

defined in the following way: for every section f € C*°(SM, &), the covariant derivative
VEf € C®°(SM, T*(SM) ® £) can be identified with an element of C*°(SM, T(SM) ® ) by
applying the musical isomorphism 7*(SM) — T(SM) induced by the Sasaki metric. Using
the orthogonal projections ery and ey of 7(SM) onto H and V, respectively, one can then
define the operators:

VEf i=dn(VPm), V& =KV,

which take values in the bundle N'® £ — SM. In local coordinates, these operators have
explicit expressions in terms of the connection 1-form and we refer to [19, lemma 3-2] for

further details.
If (¢1,...,&) is a local orthonormal frame of E, then smooth local sections f of £ can be
written as:

r

fO=Y " fPwgmes,  WeSM,

j=1

where f) € C*°(SM) are locally defined functions. As before, each f¥) can be in turn
decomposed into spherical harmonics. In other words, we can write f =), fk, Where
Ji € C°(M, Q ® E). -

As before, we can define the degree of f € C*°(SM, £) and we say that f has finite Fourier
content if its expansion in spherical harmonics only contains a finite number of terms. The
operator X maps

X:C®M, QU QE)—> CPM, %1 E) ® C®°(M, Q+1 QE) (4-25)
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and can be decomposed as X=X, 4+ X_, where, if ue C*°WM,Q QF), Xiuec
C®(M, Q+1 ® E) denote the orthogonal projections on the twisted spherical harmonics of
degree k £ 1. The operator X is elliptic and thus has finite-dimensional kernel whereas X_
is of divergence type. Moreover, X* = —X_, where the adjoint is computed with respect to
the canonical L2 scalar product on SM induced by the Sasaki metric and the metric on E. We
also refer to the original articles of Guillemin—Kazhdan [16, 17] for a description of these
facts and to [19] for a more modern exposition. It was shown in [19, theorem 4-1] (see also
[10, corollary 4-2] for a short argument) that flow-invariant sections, i.e. smooth sections in
ker X have finite Fourier content.

5. Symmetric tensors versus polynomial functions

Considering symmetric tensors in Sym*TM as (pointwise) homogeneous polynomials of
degree k on TM, gives linear maps

7 C®(M, SymFTM) — C®(SM), (TR = g(K VP (5-26)
Note here that (1/k!)W* =v ® - - - ® v, where the tensor product is repeated k times.
LEMMA 5-1. The linear map

7%= @) nf:C® (M, SymTM) — C>(SM)
k>0

is an algebra homomorphism.

Proof. Using the bilinearity of the symmetric product it suffices to prove 7n*(a-b)=
(7*a)(w*b) where a=ay - - - ay and b=by - - - by, for some a;, bj € C*°(M, SymlTM). But
this follows from

(T*a)(m*b) = Lg(a, V)b, V) =glar,v) - - - glar, v)g(b1,v) - - - g(br,v)
= lgta- b =" b,

which completes the proof.

The following is standard and is a consequence of the identification of spherical harmonics
with harmonic homogeneous polynomials (e.g. see [3, chapter C-I]).

LEMMA 5-2. The above maps induce pointwise isomorphisms
i SymE T, M = Q4(x), (5-27)
for every x € M and for every integer k > (.

If E is any vector bundle over M and & is its pull-back to SM, the spaces of sections
C®°(M,SymTM ® E) and C*°(SM, &) are modules over the algebras C°°(M, SymTM) and
C°(SM) respectively, and we can extend the linear maps above to linear maps

mp C™(M, SymfTM ® E) — C®(SM, &), T (K ® &)(v) :=m (K)m*& (5-28)
compatible with the module structures in sense that

i (K) - (K ®8) = (K- K)®§) (5-29)
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for every K € C*°(M, SykaM), K e C®WM, SymlTM) and & € C°°(M, E). In particular,
since

5 L)) = 3L, v-v) = 3g(vaL,v) = 1g(2v,v) = 1, Vv e SM,

we have 7}, (LK) = 7} (K) for every K € C*°(M, Sym*TM).
We now relate the operators X, Xy and X_ with the operators d, dy and djj defined in
Section 2-2.

LEMMA 5-3. The following relation holds on sections of Sym*TM @ E:
X =mp,d, (5-30)
while on sections of Sym](‘)TM ® E we have:
Xymp =my, do, (5-31)
X _7f = — s 146 (5-32)

Proof. For the first equation, it is enough to check it on decomposable sections ¥ =K ® &,
with K € C®°(M, SykaM) and £ € C°°(M, E). Then
X W = V(g (K)ym*€) = X(uf (K)7*E + 7 (K)m*(Vié)
and
mpdV =1 ((dK®E+e-K® Vg,f;‘) =1y, (dK)T*E + g(e;, v)n,f(K)Vfin*é
= 1 ([dK)T*E + 1 (K)VET*E = | (dK) g + i (K)m*(VEE),

where we identified e; with their horizontal lifts to SM and used that dz (X) = v. It remains
to prove that X(rr/ (K)) = 7r;",_; (dK). Let v € SM be any vector and denote by x := 7 (v). The

geodesic in M determined by (x,v) will be denoted by y;. Then the integral curve of X through
v is 3. We can thus compute

* d d -k
X(m (K)(v) = 7 T (K)(y) = 7 8K, v;)
t=0 =0

1
= 58(VinK gHE K VY =7f  (dK)O),

(k+1)!

where in the third equality we used that V9 = 0. This proves (5-30). Using this equation
applied to some twisted trace-free symmetric tensor W € C*°(M, Sym’éTM ® E) together
with (2-4) we then obtain

X, mf W+ X W =, dW =77, | (do(\y) L))
= 71 (do(W) — g i (A5 (W)
Comparing the components in Qi1 ® E and Q1 ® E yields (5:-31)—(5-32) at once.

Consider now the operator Vy:C®(SM, &) — C®(SM, N ® &) C C¥(SM, 7*(TM) ® &)
and its formal adjoint V§:C*(SM, n*(TM) ® £) — C*°(SM, &). Define the bundle map

Sk : Sym*TM @ E — Sym* ' TM @ (EQ TM), Si(K Q&) := Z (ei2K) ® (£ ® €)),
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where (e;) is some local orthonormal frame of TM. Let ma:m*TM — N be the orthogonal
projection. By definition, for every section K ® & of SykaM ® E and at any v € SM we
have:

i SkK ® ) = AT SiK ®E) + Y tiyg(eink, V) (gler, viv @ £)

= TNT KK ® &) + k(K@ &) ® v,
thus showing that for every ¥ € C*°(M, Sym*TM ® E),
T Sk = nm_ Sk ki W Q. (5:33)
It is possible to give a formula relating Sy and Vy:
LEMMA 5-4. The following relation holds for sections of Sym](‘)TM QF:
Vynp = wnm_ Sk (5:34)
Moreover, for every K @ &€ € C*°(M, SymgTM QE), andw € C*°(M,TM),
Vi (K@ (w® &) = —m_((WwoK)® &) + k1 (w- K) ® £). (5-35)

Proof. Let v,we S;M with w L v. We denote by v;:=cos¢v+sintw the curve in SyM
which satisfies vo = v and vg = w. We then compute

W (K) = §|,_omi (K)0) = 11 5 ],_o8 (K. V) = 2mg(K, w - v

= ﬁg(W_IK, Vk_l), (536)
whence for ¥ := K ® £ we have
Vo (W)(w) = VG (K)m*8) = wirf (K)7*E = gipewoK, v D™,

where we identified w with its vertical lift. Then, computing the right-hand side at the point
v yields

N Sk (W) (W) = T}y (Z (€12K) ® (€ ® s>) W)=Y (eiaK)g(er, w)m*E

1 1

= iy D 8K, VT hg(er, wm*E = gk Vg,
i

thus proving (5-34).

We now remark that since SM — M is a Riemannian submersion, the formal adjoint of
the operator Vy can be written as Vi (o ® ¥) = — i fi_,fo(a ® ) for all sections o €
C°(SM, n*TM), and ¢ € C*°(SM, £), where (f;) denotes a local orthonormal frame of V C
T(SM) and the interior product is taken with respect to the bilinear form V ® 7*TM — R
determined by the metric g, after identification of V|, with the orthogonal complement of v
in 7*(TM), for every v € SM. We then denote by whi=w— gw,v)v €V, at some v € SM
and compute:
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Vin{ (K@ @ £) =~ ) Vi (t{ (K ® (v @£)) = qufork(m)n w®§))

5-36
— ) P20 — et K A )

= —m;_ | (waK)T* (§) + iyg(K, v (w)m *(€)
=1 (WaK) @ &) + ki (w- K) @ §).

Finally, we compute the action of the operator Pg pulled back to the unit sphere bundle.

LEMMA 5-5. Forevery ¥ € C®°(M, Sym](‘)TM Q E), and w € C*°(M,TM),

Zirf U =nfP5V,  Zimiw® W) = (P (w® D)) (537)
where Zj:C®(M, Q% Q@ E) - C®(SM,N® E) C CO(SM, n*TM ® £) is the operator
defined by

Zif = Vuf — o7 VWXif + s Vv X f (5-38)
and

P C®(M, SymSTM ® E) — C®(M, Sym{ TM ® (TM ® E))
is the first order differential operator appearing in (3-22).

Proof. 1t is enough to check the first relation, the second following by taking the met-
ric adjoints. By definition we have PE vE - Pf — P‘g . Let us first explicit the last two
operators. Using (3-14)—(3-16) we compute

1
PR = —(@hrq (vE%——Z(eszO‘”@el 1 rido?.

From (5-31), (5-33) and (5-34) we thus get at any v € SM:

1 1
T PRV = —— A Si1doW + )y doW @ v = —— Vy Xy i W+ X W @ v,

k+1 k+1
(5-39)
Similarly, from (3-17)—(3-19) we obtain
E\q +2k—4 EroE 12k—4
PV = st e —3)(q2) @V = _(n+21rcl—2)(n+k_3)(q2) dow

= —Gtlet ((e,- V) @ e — 4L(e,JdO\D)®e,> .
i

Applying this equation at some v € SM and using (5-32), (5-33) and (5-34) we get:

iP5 = —Wl’:ﬁ% ((nf‘ei 1 dp¥) @ e — mﬁnf_z(epdéllf ® el-)>
i
= LB (e, ) - X W) ® € + Gy (T2 Sk 105 W)
i
= L2IX iV @ v + ey (Y Y + (k— D djv @ v)
=X W Qv — I VyX_ 7. (5-40)

n+k 3
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Finally, using the fact that 7 : SM — M is a Riemannian submersion, we readily obtain at
any v € SM:

T (VEW) = Vg W + X v @ v. (5-41)
From (5-39)—(5-41) we thus get:

1
mfPEW = (VEW — PY W — PEW) = Vg w — T VX W 4 s VY X,

which proves the lemma.

We note that as a consequence of the preceding lemma, the operator Z; defined in (5-38)
does not change the degree of the section it acts on (since Pg does not change the degree).

6. Twisted Pestov identity

The Pestov identity is a classical identity in Riemannian geometry, see [14, 16, 19, 32] for
the twisted version. Our aim is to obtain a pointwise version of this identity from the twisted
Weitzenbock formula. Let us start with introducing the relevant curvature operators in our
setting.

If (E, VE) is a vector bundle with metric connection, we denote by

RE € C®(M, A’T*M ® End(E)),

its curvature. Let £:=n*E denote as before the pull-back of E to SM endowed with the
pull-back connection V¢ := 7*VE and curvature

RE € C®(SM, A’T*M ® End(£)),

satisfying Ri’y(n*é )= n*(Rf(’YéE ) for all X, Y € TM (identified with their horizontal lifts)
and V& € C°°(M, E). Consider the vector bundle morphism FE:£— N® E defined by:

(FE@), w ¥') == (RS, ¥, ), (6-42)

for every ve SM, we N, and ¥, ¥’ € E,. The value of F€ on pull-backs of sections of E
can be explicitly computed as

Fr*e)=) e @ n*(RE8), (6-43)
i
where (e;) is a local orthonormal frame. We also define a vector bundle morphism R:N ®
E— N®Eby:
Rw@y) =Ry @Y, (6-44)

for every ve SM, w e N, and v € £,, where R is the Riemann curvature tensor of (M,g).
We will now give the relations between the operators R and F¢ on one side, and ¢(R) and
RE on the other side.

LEMMA 6-1. Forevery K € C®°(M, SymgTM) and & € C*°(M, E), the following relations
hold:

ViRVym; (K ®§) = ((qRK) ® §), (6-45)
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1
VEFRi(K®&E) = ST Y (eine)KOREE | (6-46)
i

Proof. Using (5-34) we compute at some v € SM the left-hand side of (6-45) as:

VIRVym{(K®§) =) ViR (mr (71 (€1-K) © (& @)
- Z VR (e (i sK)mare;) ® m*)

= Vi (- (€ K)Re; v @ T*E)

1
=Y Vi ((rfe)(mienmy_ (e K)Re, €1 ® T*E)
il
= Z Vik; (n:+1(ej -€ - (e,‘_lK))Rei,eje[ & JT*S) .
il
Using (5-35) we can rewrite this last sum as
= > 7f (Rerererej-er- (€uK) ®E) + (k+ 1) Y miyy (Resejer- € €1 (1K) ®&) .
il il
By Lemma 3-2 the first summand is equal to ;' ((g(R)K) ® &). The second summand van-

ishes since ), Re, e - €= 0. This proves (6-45). Similarly, using (6-43) we compute at
veSM:

ViFR{(K@8) = Y Vi (e 1R 8)
= >V (mf(K)(e @ T (RE, 6))
= 2 Vi (R ) @ T RE )
i

= YV (nte K ® T RE £)
iy
— Z (e (e - K))ﬂ*(Rg,e,-S)
i
k1) Y 7w € KT (RE o 6):
i

(6:46)

The second summand vanishes because of the skew-symmetry of Rfj ¢; In i and j, whereas
the first summand is equal to

= (ke K)RRE ) =D 7 (e (eoK) @ RE o6

ij ij

= % Z Ty ((e,' Ne):K ® Rg’eﬁ) .
ij
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Combining (3-11) with Lemma 6-1, we obtain for every section of SymléTM QE:
T q(R)E = (ViR Vy + Vi Fonf. (6-47)
Then, using Lemma 5-3 we compute for every section of Sym’éTM QR E:
midgdo = —(n + 20X do = —(n + 20)X_X 7], (6-48)
and similarly
mpdody =Xy df = —(n+ 2k — 2)X X7} (6-49)
Finally, by (5-37) we obtain
i (PY*PY = Zinf Py = Z; 2y (6:50)
Altogether, we obtain the following:

PROPOSITION  6-2 (Pointwise localised Pestov identity). On C*®(M, Q*QE) C
C®(SM, &), the following relation holds:

k(n+2k k—2 2k—4
ViRVy + Vi P = S0X X, - WHAmAA XX + 7z (6:51)
Proof. Every section of QX ® E can be written as ;W for some twisted symmetric ten-
sor ¥ e C*(M, SymgTM ® E). Then the twisted Weitzenbock formula (Proposition 3-1)
together with (6-47)—(6-50) gives directly (6-51).

Applying (6-51) to W € C*°(M, QF ® E), pairing with ¥ and then integrating over SM
with respect to the Liouville measure, we retrieve the localised Pestov identity in its
integrated version [11, lemma 2-3].
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