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Abstract

We study the problem of the irreducibility of the Hessian variety H ¢ associated with a smooth cubic hypersurface
V(f) c P". We prove that when n < 5, H ¢ is normal and irreducible if and only if f is not of Thom-Sebastiani
type (i.e., if one cannot separate its variables by changing coordinates). This also generalizes a result of Beniamino
Segre dealing with the case of cubic surfaces. The geometric approach is based on the study of the singular locus of
the Hessian variety and on infinitesimal computations arising from a particular description of these singularities.
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1. Introduction

Let X = V(f) be a hypersurface of the projective space P" over an algebraically closed field K of
characteristic zero. In the case where the determinant sy = det(H ) of the associated Hessian matrix
Hy is not equivalently zero — for example, for X smooth — it is well known that the associated Hessian
hypersurface H s = V(hy) C P" contains much information of X itself.

A sort of generic Torelli theorem for Hessian hypersurfaces is also supposed to be valid (see [8]), up
to some known cases. In particular, in [8] the so-called Hessian map

han i P(ST) > P(SDUEDy [ ] [hy]
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where S denotes the ring K[xo, . . ., X,] = ®405¢, is studied. In the specific case of cubic hypersurfaces,
namely when d = 3, it is known that /3 ; has the generic fiber of dimension 1, /3 > has the generic fiber
consisting of 3 points, and %3 3 is birational onto its image. As in this last case, the Ciliberto-Ottaviani
conjecture states that the Hessian map %, ,, should be birational onto its image, for higher values of n
and even for different values of d. Very recently, this conjecture has been analysed for the case of plane
curves in [2] and [9].

One can argue that also the singular locus Sing(# s ) of the Hessian hypersurface H s must keep track
of some crucial aspects of X. Along this line, the aim of this paper is a deep study of the singularities
of the hypersurface H  associated with a smooth cubic (n — 1)-fold; in particular, we are interested
in the dimension of Sing(? ) and in the irreducibility of H s itself. Notice that, for low dimensional
hypersurfaces (i.e.,curves or surfaces), this analysis is classical (see, for instance, [19] and [28]). More
recently, an approach has been developed in [1] for the case of cubic threefolds, while in [6], the authors
have dealt with the higher-dimensional cases.

To explain our main result (Theorem A), let us recall that a polynomial f (or a hypersurface X = V(f))
is said to be of Thom-Sebastiani type, TS for brevity, if up to a change of coordinates it can be written using
two disjoint sets of variables (see Definition 3.1). The name comes from the works [27] of Sebastiani
and Thom and [29] of Thom. These polynomials have been extensively studied in several contexts (for
example, about their Jacobian ideals in some classical works of Bertini, Longo and Mammana — [3], [22]
and [24]) and have appeared with other names too in the literature (for example, they are called direct
sums in [7] and [13]). The Hessian hypersurface associated with a TS polynomial is not irreducible, and
its singular locus has dimension n — 2. The interesting fact is that this is actually a characterization, as
proved in the following.

Theorem A (Theorem 5.1). Assume that n < 5 and consider f € K[xo,...,x,]| defining a smooth
cubic. Then the Hessian hypersurface Hy C P" is irreducible and normal if and only if f is not of
Thom-Sebastiani type.

The problem of determining whether a polynomial is of TS type is interesting and investigated in the
literature (see, for example, [7] or [13]), also from an algorithmic point of view. As said above, one can
apply a sort of ‘hessian test’: if the Hessian hypersurface associated to a polynomial f is normal, then f
cannot be of TS type. Furthermore, with a strong geometric approach, Theorem A guarantees that this
‘hessian test’ is actually a complete test for (smooth) cubic forms with at most 6 variables.

Beyond the smoothness hypothesis, which is anyway necessary (see Remark 5.2 for details), one
could conjecture that the same result still holds for higher dimensions or higher degrees. Even if we
strongly believe that Theorem A is valid for smooth cubic hypersurface of any dimension, one can see
that this is not the case — for example, in degree 4 (see again Remark 5.2).

Besides the fact that cubic hypersurfaces are classically endowed with interesting and particular
properties in relation to their geometry and also, for example, to their associated Hessian variety
(see, for example, [12], [26], [15], [20]....), the peculiarity of the case of (smooth) cubics lies in the
framework we want to deal with and in the techniques used. Indeed, Hessian loci of cubic hypersurfaces
are equipped, among other things, with a special symmetry that will be a key ingredient in the whole
article and which makes a crucial difference with the higher degree cases. Indeed, if X = V(f) is a
general cubic hypersurface, then its Hessian H ¢ is a singular Calabi-Yau variety with a fixed point free
rational involution. Indeed, for d = 3, one can observe that for all x, y € Kl

Hy(x)-y=Hy(y) - x.

Such a relation can be easily translated in terms of the associated apolar ring Ay = £/Ann. (f), where
L= K[aix[), ey 6%0], as x -y = y - x. Under the natural identification P(A') ~ P" (which comes from
the Gorenstein duality of the apolar ring; see [23] or the comprehensive book [17]), one can define the

natural incidence correspondence
Ty = {([x]. [y]) € B xP" | Hy (x) -y = 0} = {([x]. [y]) € B(A") x B(A") | x - y = 0}.
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Observe that it dominates, via the two projections, the Hessian hypersurfaces H . Moreover, I'y is also
equipped with an involution 7(([x], [¥])) = ([y], [x]) which is fixed point free and descends to the
above-mentioned fixed point free rational involution defined on the Hessian hypersurface H ¢ .

Another key point is the determinantal structure of the Hessian hypersurface. Indeed, H ¢ is equipped
with a natural rank-decreasing filtration

Hy =Dp(f) 2 Sing(Hy) 2 Dp-1(f) 2--- 2 Di(f) 2 -+ 2 Do(f),

where Dy (f) = {[x] € P" | Rank(Hf (x)) < k}. In the case where V(f) is any smooth cubic
hypersurface, the second inclusion in the above filtration is actually an equality as proved in [ 1] for cubic
threefolds and in [6] for n > 5. Moreover, the authors proved that for X general, each of the D;’s has the
expected dimension, and we computed the basic invariant in some low dimensional cases. In particular,
for a smooth cubic V( f), we have

dim(Sing(Hy)) € {n -3,n—2}.

Indeed, H  is reduced, and the expected value (namely, n—3) is achieved for f general. Observe that in the
other case, we would have that the Hessian locus H ¢ is not normal (indeed, see [18, Proposition 8.23];
recall that a hypersurface in P" is normal if and only if it is regular in codimension 1). Then, with
Theorem A, we partially answer the following natural question:

When, for a smooth cubic hypersurface V(f), is H y not normal?

When n = 2, given a smooth cubic curve X = V(f), the associated Hessian curve H s is singular if and
only if X is the Fermat curve. It is remarkable that Beniamino Segre in 1943 proved that a similar result
also holds for cubic surfaces in a projective 3-dimensional space. Indeed (see [28]), given a smooth
cubic surface X = V(f) c P?, H is reducible if and only if X is cyclic; that is, up to a change of
coordinate, we can write f = zg +g(21,22,23).

It is a real misfortune, due likely to the war and to racial issues, that the book of Beniamino Segre
which focuses on non-singular cubic surfaces, is not easy to find. Its analysis is based on the use of
Sylvester’s Pentahedral Theorem which, with a modern terminology, says that the general cubic surface
has Waring rank equal to 5 (i.e., after a suitable change of coordinates, it can be written as the zero
locus of Zle L? where Ly,...,Ls € S! ). This description has also been recently used, for example, in
[10] and [8]. With Theorem A, we extend Segre’s result to cubic threefolds and fourfolds.

Let us now explain the main features of our proof. First of all, let us observe that, since no useful
‘Sylvester form tool” seems to exist for cubic forms in P" with n > 4, a completely new strategy must
be used. In this environment, it is a great pleasure to acknowledge our main source of inspiration:
Adler’s work. In a remarkable series of appendices to the book [ 1], among many other results, Adler set
up a method to study the singular locus of the Hessian locus H s associated with a cubic hypersurface
V(f). He considered the correspondence I'y introduced above, which can be seen as a partial desin-
gularization of H s, and moreover, he proved that the singular locus of I'y has a ‘triangle structure’.
More precisely, a point ([x], [y]) is singular for I'y if and only if there exists [z] € P" such that
([x], [yDs (Lx], [2D), (Iy]. [=z]) € Ty

Our crucial observation is that if Sing(H s ) contains a component of dimension n — 2, then the same
holds also for Sing(I's). We have then a large amount of triangles to deal with, and moreover, such a
description is greatly enlightened by using the apolar-geometric method we already exploited in our
proof of a Gordan-Noether theorem (see [16], [26], [5]). The whole proof is then devoted to showing
that ‘too many triangles’ for H ¢ force f to be of TS type.

Two results can be thought of as the main ingredients to this aim. First of all, we give a characterisation
of the cubic polynomials of TS type in terms of the Hessian loci Dy appearing in the above-mentioned
filtration:

Theorem B (Theorem 3.4). A polynomial f € K[xy,...,x,] defining a smooth cubic is of TS type of
the form f(xo,...,Xp) = fi(x0s ... Xk) + fo(Xksts - . .. Xp) if and only if Dy,1 (f) contains a PX.
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The second result allows us to make specific assumptions on the general triangle we will deal with.
In particular, by considering an irreducible component F of the variety parametrizing these triangles
for H ¢ and denoting by r; its natural projections, we have the following:

Theorem C (Theorem 4.6). Assume n < 5 and let X = V(f) be a smooth cubic hypersurface in P" not
of TS type. If F is an irreducible family of triangles for Hy with dim(x((F)) = dim(F) = n — 2, then
the general element in F is such that none of its vertices belongs to X.

Even if, a fortiori, the situation presented in the above theorem cannot be realised, let us stress that
this result will allow us to set the right framework on which all the proof is based.

The problem (after some reduction preliminaries) becomes to compute the Zariski tangent space at
the general point of F. This approach leads almost immediately to a conclusion in the case of cubic
surfaces, and it is reasonably accessible for n = 4. In the fourfold case, the computation becomes instead
much more complicated: there are really many sub-cases to be considered (this is certainly due also
to the fact that for n < 4 all the cubics of Thom-Sebastiani type are indeed cyclic, which is not true
anymore for n > 5).

It is interesting to notice that there is a family of cubic fourfolds (which is considered in Lemma 6.4),
where the infinitesimal methods are not enough in order to conclude. For these hypersurfaces, in the
spirit of the possible Torelli theorem, we recover the equation of the cubic fourfold V' ( f), and then, with
a direct computation, we show that the dimension of the singular locus of H ¢ is actually the expected
one (i.e. 2, unless f is of TS type).

Plan of the paper

After setting the notation and proving some preliminary results in Section 2, in Section 3 we deal with
polynomials of Thom-Sebastiani type, and we prove Theorem B. In Section 4, we focus on the study
of particular families of triangles, and we prove Theorem C. Finally, in Sections 5 and 6, we prove our
main result, namely Theorem A, respectively for n < 4 and for the case of cubic fourfolds.

2. Preliminaries and first results

In this first section, we set the notation and present some preliminary results, some of them proved
in [6]. For a complete comprehension of standard Artinian Gorenstein Algebras, which we are going
to introduce, one can refer to [17]. Consider K an algebraically closed field of characteristic O and the
projective space P" for n > 2. Let us set

S:K[xo,...,xn]z@Sk and £=K[y0,...,yn]=@£k

k>0 k>0

so that S is the homogeneous coordinate ring of P" and £ is the graded algebra of linear differential
operators on S, where we define y; as the first partial derivative with respect to x;; that is,

d
Vi= g §* — 5 .1
1

If v € K™!, we will denote by 8, the derivative in the direction of v (i.e., Yo Vivi)-
Let us now consider a homogeneous polynomial f of degree d (i.e., an element of S¢). Two objects
can then be associated with f in a natural way:

o the Jacobian ring of f, defined as the quotient Ry = S/J, where J denotes the Jacobian ideal of f,
spanned by the partial derivatives of f;

o the apolar ring of f, defined as the quotient Ay = L£/Ann.(f), where Ann.(f) is the annihilator
ideal of f (i.e,. the ideal in £ given by {6 € L | 6(f) = 0}).
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Both the Jacobian and the apolar ring of f are graded Artinian algebras with socle in degree
respectively (n+1)(d-2)andd (i.e., Ry = R'®R' @ - -@ RV and Ar = A'gAle- -0 AY).
One can also see that they are standard (i.e., generated in degree 1) and that they satisfy the so-called
Poincaré (or Gorenstein duality) — for example, the multiplication map A9k x Ak — A9 is a perfect
pairing for every suitable positive integer k. In other words, they are both examples of what we call
SAGAs, an acronym for standard Artinian Gorenstein algebras.

Finally, givenf as above, we can then define the associated Hessian matrix and the hessian polynomial,
respectively the square symmetric matrix whose entries are the second partial derivatives of f with
respect to the x;’s and the determinant of such a matrix; that is,

Hy = ((viy;j) ()i j=o0....n and  hy =det(Hy).

Let us observe that if the zero locus of f, X = V(f) c P" is a smooth hypersurface, then the hessian
determinant /¢ belongs to S"*1(4=2)\ {0}. In this case, one can define the Hessian hypersurface H s
associated with f (or with X) as the zero locus of such a polynomial; that is,

Hp =V(hy).

The smoothness of X = V(f) implies also that the associated apolar ring Ay is such that Al has
dimension n + 1: indeed, such a dimension is strictly smaller than n + 1 if and only if V(f) is a cone.
From the natural pairing S X £ — S, one can then deduce an isomorphism

P" =~ P((S1)*) ~P(A").

From now on, let us focus on the case d = 3: the first result we need to recall is the following
Proposition (see [6, Proposition 1.2]), which allows us to interpret the cubic hypersurface X = V(f), its
singular locus and its associated Hessian variety in terms of the apolar ring A ¢ .

Proposition 2.1. Given a cubic hypersurface X = V(f) (not a cone) and the corresponding Ay, we have
1. Under the identification P" ~ P(A"), Hyp(x)-y=V(xy(f)) forx,y € Kn+,
2. Hy ={[y] € P(AY) | A[x] € P(A") withxy = 0in A%};
3. X ={[y] e P(A") |y’ = 0};
4. Sing(X) = {[y] e P(A") |y* = 0}

In this paper, we deal with a homogeneous cubic polynomials whose zero locus is smooth: we will
denote by & c P(S?), the locus of such elements.

As done in [6], given [ f] € U, let us introduce some objects which will be used extensively in what
follows. First of all, for [x] € P", we set

t([x]) = P(ker(Hy (x))). (2.2)

This is either empty (exactly when [x] ¢ H r) or a projective linear space of dimension n—Rank(H ¢ (x)).
It is then natural to consider the Hessian loci

Di(f) ={[x] € P" | Rank(H (x)) < k}, (2.3)

which give a stratification of the projective space P" and in particular of the Hessian hypersurface
Hy (for example, we have D, (f) = P" and D, (f) = H). Moreover, in general, for k < n -1,
Di-1(f) € Dr(f) c Hy. We will simply write Dy, when it is clear which polynomial we are
referring to in the following. In [6], the authors actually proved that for every integer k € {2,...,n},
Di-1(f) € Sing(Dr(f)) and that equality holds for [ f] € U general. For any [ f] € U, let us introduce
a useful incidence correspondence:

Ly ={([x], [y]D) e P"xXP" | Hf (x) - y = 0} 24
and let us denote by pr; the two natural projections.
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Remark 2.2. By the relation Hy (x) - y = Hy (y) - x (which is equivalent to the relation xy = yxin As,
by Proposition 2.1), the standard involution

TIPTXPT S PY P ([x], [y]) = (D] [x])

sends I'y to itself. As a consequence, I'y dominates H ¢ via both pry and pr,.

By Proposition 2.1, the loci just introduced can be described also in terms of the apolar ring as follows:
o([x]) =Plker(x-: A" > A%) Ty ={([x]. [y]) € B(A") x P(A") | xy =0}

Through the article, we will use one description or the other according to the convenience.
We summarise here the main results of [6]:

Theorem 2.3. The following hold:

1. forany [f] € U, we have Sing(H ) = Dp1(f);
2. if[f] €U is general, then T'y is smooth and pr; : I'y — H is a desingularization;

3. the expected codimension of Dy (f) is ("_§+2).

In particular, the expected dimension of Sing(H ) equals n — 3.

Hence, by Theorem 2.3, the Hessian variety associated with any smooth cubic hypersurface in P"
for n > 3 is always singular, and in the general case, I's is a desingularization for it and we have a lower
bound for the dimension of Sing(# s ) for any [ f] € U. We are now interested in giving an upper bound
for this dimension and more generally for dim(Dy (f))-

Remark 2.4. It is well known that the diagonal Ap» C P" X P" has decomposition in the Chow group
of P"* x P" given by

[Aen] = €D prilH]” - pry[H]9,

p+g=n

where H is a hyperplane in P" and x; are the standard projections. Hence, every effective cycle of
dimension at least n intersects Apn.

Proposition 2.5. Consider any [ f] € U. Then the following hold:

1. the variety I'y is a connected complete intersection in P" X P" of pure dimensionn — 1;

2. for each k, one has dim(Dr (f)) < k- 1;

3. there is a bijective correspondence between irreducible components of 'y and the irreducible
components of the various loci Dy (f) for which the bound in (b) is sharp.

Proof. For (a), first of all, observe that I'y N Apn = 0 since, otherwise, V(f) would be singular by
Proposition 2.1. Hence, by Remark 2.4, we have that I'y has dimension at most n — 1. However, by
definition, we have that I'y is cut by n + 1 divisors of P" x P" of bidegree (1, 1) so each component of
I'y has dimension at least n — 1.

Since I'y is a complete intersection, its connectedness follows by the Fulton-Hansen-type theorem
(see [14], [21, Ch.3] or [25]).

For (b), let us assume by contradiction that there exists an irreducible component W of Dy (f) of
dimension d > k. Over the general point [w] of W, the fiber of the projection pr; from I'y is a projective
space t([x]) = P* with s > n — k. Therefore, there exists a component of I'y of dimension at least
d + s > n. This would mean, by Remark 2.4, that I'y N Apn is not empty, giving a contradiction.

For (c), assume that W is as in (b) and of dimension k& — 1. Then the same reasoning as above
implies the existence of an irreducible component of I'y dominating W. For the converse, let G be an
irreducible component of I's, set G’ = pr;(G) and let m be the dimension of G’. If m = n — 1, then G’
is a component of H s = D, (f), so we are done. Otherwise, m = n — 1 — a with a > 0 so that pr| |
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has the general fiber F' of dimension a. Since the whole fiber of pr; over a general point of [x] € G"isa
projective space containing a fiber of dimension a, we have that Rank(H  (x)) < n—a (i.e., the general
point of G’ lies in D,,_,( f)), as claimed. O

As a consequence of Proposition 2.5, recalling that Sing(H ) = D,,—1(f), we have in particular that
dim(Sing(Hy)) € {n—-3,n -2}
and for f general, such dimension coincides with the expected one (i.e., dim(Sing(’H.f)) =n-3).In
this paper, we are interested in answering the following:
Question 2.6. For which [ f] € U/ does Sing(# s ) have dimension n — 2?
In this study, the singularities of I'y will play a central role.

Definition 2.7. Given f € §3, we set

T ={([x], [y], [z € (B")* | [x] € «(y), [y] € e(z) and [2] € «(x)}.
Elements in 7 are called triangles for H .
Remark 2.8. Recall that if f is a cubic polynomial, then the incidence variety I'y is symmetric with
respect to the involution 7. This implies that
[x] € u(y) &= [¥] € (%)

for all [x], [y] € P", so a permutation of the vertices of a triangle yields again a triangle. Furthermore,
if [f] € U, two vertices of the same triangle cannot be equal, since we have Ap» NIy = 0, and so by
construction, each vertex of a triangle lies necessarily in D, (f).

The following result links triangles for H ¢ and singularities of I'¢ . It has been proved for n = 4 in
[1] and in [6] for the general case.

Lemma 2.9. For [f] € P(S?), a point ([x
point [z] € Hy such that the triple ([x], [y

1, [y]) is singular for Iy if and only if there exists a third
1, [2]) is a triangle for H .

To conclude this first section, let us present a couple of technical results which will be useful in what
follows.

Lemma 2.10. Assume that [ f] € U. Consider a point P € I'y. Then
1. the squares of its coordinates are independent;
Moreover, if T € T is a triangle, then

2. the squares of the vertices of T are independent;
3. the vertices of T span a P?.

Proof. In order to prove the claims, we will use extensively that Sing(V(f)) can be identified with
{[x] € P(A")| x> = 0} (see Proposition 2.1). More precisely, we will proceed by contradiction by
proving that if the conclusion of (a), (b) or (c) is false, then there exists an element whose square is 0
(i.e., a singular point for f), which is impossible by assumption.

Let us start by proving (a). For P = ([y1], [y2]) € Iy, assume, by contradiction, that y% and y% are
linearly dependent. Then, there exists A € K such that y2 = —2%y3. As y;y, = 0 vanishes, we would
have that (y; + Ay;)? = 0, which is impossible.

By (a), in order to prove (b), it is enough to show that 7> ¢ <x2, y2> in A?,: let us assume again by

contradiction that it is the case (i.e., there exist @ and 8 in K* such that z> = —a?x? — 8%y?). In the same
way as before, we can consider the square (z + ax + 8y)?2, which is zero since xy = xz = yz = 0, leading
a contradiction.
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For (c), assume, by contradiction, that we could write z = ax + By for some a, 8 € K*. Then, by
definition of triangle, we would have that x?, y? and z> are linearly dependent, which is impossible
by (b). O

Assume that [f] € U. If F is variety of (P")?> ~ P(A')*> whose points are triangles for Hy
(i.e., F € T), we will refer to F as a family of triangles (for Hy). Recall that the tangent space to
(P")? ~P(A")? at T = ([x1], [x2], [x3]) is given by

3
Teanyr = @ A/ (xi). (2.5)
i=1

Lemma 2.11. Assume that [f] € U. Let T = ([x1], [x2], [x3]) be a triangle for Hy, and consider a
(Zariski) tangent vector v = (vi,v2,v3) € Trr. Then, for | € {1,2,3} and for any representatives
x| € Al of the class v € A'/{x;), one has

XX +xx; =0 and x; € Anny, (x?,xi)
whenever {i, j, k} = {1,2,3}. In particular, v; € Ann 4 (x%,xi)/(xi).
Proof. The variety 7 can be described in P(A!)3 as

{([x], [y], []) € (B(A1))? |xy = xz = yz =0}

so that the forms xy, xz and yz vanish identically on 7. If v = (vy,v2,v3) € T r is a tangent vector and
!

v; = [x;] as in the statement, then (x| + £x|, X2 + £x7, X3 + £x}) satisfies the equations xy = xz = yz =0
at first order:

0= (x; +1x))(x; + tx}) mod > = XiXj + t(xix;- +x;x/) mod 1,
S0 xix;. +x;x; = 0, as claimed. Multiplying by x ;, we get x;x; =0(i.e., wehave x] € Ann: (x?, xi)/(x,-)).
O

Notice that in the proof of Lemma 2.11, all the computations do not depend on the choice made for
in v;. Hence, for brevity, we will use indifferently xl’ and v; in similar situations.
As a consequence of Lemma 2.10, we can then define a morphism

4

X

YT —-Gr(2,P") T =(Ix]. b [z]) = P((x.y,2)).

Proposition 2.12. The morphism  has everywhere injective differential, and it is injective modulo
permutations of the vertices.

Proof. Let us start by proving that the map y is injective (up to the permutation of such vertices).
Let T = ([x1], [x2], [x3]) and T’ = ([y1], [y2], [y3]) be two triangles which are not equivalent via
permutation of the vertices. Assume, by contradiction, that ¢ (T) = ¥(T’) (i.e., the two triples of
vertices span the same projective plane). We can then write y; = Zj‘:l a;jx;. Recall that x;x; = 6k1xi,
since xxx; = 0 for every k # [, while x? #0, y? # 0 for every i, by the smoothness of V( f). Hence, for
i+ j,weget

2 2 2
0=yiy; = Z Qi Xk * Z ajix; = Z AikajiXEX] = a;1aj1xXy + appajpx; +a;3a j3x3.
k 1 k.l

From Lemma 2.10, we have then that a;xa;r = 0 for every kK = 1,2,3 and i # j. From this, one
can easily see that, for every i = 1,2, 3, at least (and at most, by construction) two coeflicients among
a;1,a;y,a;3 are zero. Hence, the vertices of 7’ and of T are the same up to a permutation.
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Fix a triangle T = ([x1], [x2], [x3]) in 7. We claim now that the differential
driy = Trr = Tarp(al). n.x0.x)

of ¢ at T is injective. Let us consider a nontrivial vector

3
v=(x{,x5,x5) € Trr € Tocanpr = P A /(xi).
i=1
Via the isomorphism TG, (x,v),w = Hom(W,V /W), we have that d7y (v) is the homomorphism

dry(v) € Hom((xl,xz,xg),Al/(xl,xz,x3)) such that x; —>x; fori e {1,2,3}.

Hence, if we assume that dry(v) = 0, we have x] € (x1,x2,x3), S0 we can write

3
X = Z:l AimXm (2.6)

for suitable a;;, € K. By Lemma 2.11, we have xix;. +x/x; = 0fori # j, so using the relations in
Equation (2.6), we obtain

3 3
2 2 .,
OzxiZajmxm+ija,-mxm=ajix,~+a,-jxj fori #j.
m=1 m=1

By Lemma 2.10, squares of vertices of a triangle are independent, so we obtain a;; = 0 for i # j and
x; = a;;x;. This is impossible since x; € A'/(x;), and we would have v = 0, whereas v is assumed to be
nontrivial. O

3. Characterisation of TS Polynomials

In Section 2, we posed a question about a possible description of cubic forms [ f] € ¢/ whose Hessian
locus has singularities in codimension 1 (see Question 2.6). First of all, let us notice that the locus in
P(S3) we are interested in is not empty. Indeed, one can easily exhibit polynomials whose Hessian locus
is reducible.

Definition 3.1. Given f € §¢\ {0}, we say that f is a Thom-Sebastiani Polynomial (TS, for brevity) if

f=hAlo,....0)+ kst .- 1) 3.1

for suitable 0 < k < n -1, {lp, ..., I, } independent linear forms and fj, f> polynomials of degree d in
k + 1 and n — k variables, respectively.
We will denote by V the set of smooth hypersurfaces which are not of Thom-Sebastiani type.

Remark 3.2. Notice that the set of Thom-Sebastiani polynomials of degree d is not closed in P(5¢).
For instance, one can see Examples 1.3 and 1.4 of [7]. Nevertheless, in Theorem 4.5 of [7], the authors
obtain a normal form for polynomials which are limits of TS polynomials and are not themselves of TS
type (which are called direct sums with their language). All these limits correspond to singular varieties:
this proves that )V is an open set in I/ (i.e., the open set of polynomials corresponding to smooth varieties)
and consequently in P(S9).

Examples of TS polynomials are the ones whose zero locus is a cone. These are all singular, clearly.
It is easy to see that if f is a TS polynomial as in Equation (3.1), X = V(f) is smooth if and only if
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V(fillo,. . b)), liets - -5 1) and V(o (lgsts - - -5 1n), los - - ., [k ) are smooth. This is also equivalent to
ask that both V(f1) c PX and V(f3) c P" %! are smooth.

For brevity, if {x, . .., x,} are linear forms in P" and if f; and f, are polynomials in k + 1 and n — k
variables, respectively, let us define

fl('&) = fl(x()’-",-xk) and fZ(J_C,) = f2(xk+l,---,xn)-

Remark 3.3. Let f be a TS polynomial. Then, we can choose coordinates {xg, . . ., x, } for P" and write
f = fi(x) + fo(x") for suitable polynomials in k + 1 and n — k variables of degree d. Set g := fi(x)
and g5 := f>(x’) so that g1, g» € S¢ with g that depends only on the variables x, . . .,x; and g, that
depends only on the other variables. Then, it is clear that

R

so hy(x,x") = hf(x)hp(x"). In particular, the Hessian variety H s associated to a TS polynomial is
reducible, and it is the union of the two cones W = V(g1) and W> = V(g2). Moreover, Sing(H ) has
dimension n — 2 since it contains the intersection W; N W>.

When f = xg + fo(x1,...,x,) (in other words, in Definition 3.1, we are taking k = 0), one talks
about cyclic polynomials (see also Example 3.8 at the end of this section). The name comes from the
fact that the projection of X = V(f) from the point Pg = (1 :0: --- : 0) to V(xq) ~ P"~! gives a natural

structure of cyclic cover of P"~! branched along the hypersurface V( f»). For a smooth cubic X = V(f),
being cyclic gives a strong condition both on the associated Hessian locus and on the Jacobian ideal
of f. Indeed, in [4], it has been proved that being cyclic is equivalent to having a linear component in
the Hessian variety and a point in D1 (f). This point corresponds to an element in J which is a square
of some linear form in ' (i.e., it gives a nilpotent element of order 2 in the Jacobian ring of f).

The main purpose of this section is to give a characterization of these Thom-Sebastiani polynomials
in terms of the existence of suitable linear projective spaces in some Hessian loci. In particular, we will
prove Theorem B:

Theorem 3.4. A polynomial f € U is of Thom-Sebastiani type of the form f(xg,...,x,) =
fi(xo, ..., xx) + fr(Xks1s - - ., Xp) if and only if Die1 (f) contains a P¥.

First of all, if we assume that Dy (f) # Dx-1(f), we can define the map

¢ : Di(f) - Gr(n—k,P")  [x] & Di—1(f) > o([x])
whose indeterminacy locus is Dy_;(f).

Proposition 3.5. Assume that Dy (f) # Dx-1(f). The injectivity of ¢ can only fail on points along
a line contained in Dy (f) and cutting Dy_1(f). In particular, if Di_1(f) = 0 or if Di.(f) does not
contain lines, ¢ is injective.

Proof. If D (f) \ Dr-1(f) is a single point, ¢ is clearly injective. Assume then that z;,z2 € Di(f) \
Di-1(f) are distinct and that ¢([z1]) = ¢([z2]). Then ¢([z1]) = ¢([z2]), so Hy (z1) and Hf (z2) have
the same kernel. Up to a change of coordinates, we can assume thatker(H s (z;)) = {eo, . .., e,—k), Where
{eq, . ..,en} is the basis corresponding to the basis {yo, ..., y,} under the identification P" ~ P(A").
Hence, there exist two square matrices A; and A, of order k with coefficients in K and maximal rank
such that

Hy(z) = [8 Xl_].

Being x — Hp (x) linear, P({z{, z2)) = P! is clearly contained in Dy (f).
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Set p(4, u) to be the polynomial det(1A| + uA,). Since det(A;) # 0 by assumption, we have that p
is homogeneous of degree k and nontrivial. Hence, there exists [y : po] such that p(2y, uo) = 0 (i.e.,
H (Aoz1 + poz2) has rank at most k — 1). Thus, P({z1, z2)) cuts Di_1 (f), as claimed. O

Proposition 3.6. Let f € U and assume that the (n — k — 1)-plane I1 = P(V) is contained in Dy (f).
Then there exists P(U) = PX in Dy (f). Moreover, for all [u] € P(U), one has that T1 C «([u]) with
equality holding for [u] general.

Proof. By assumption, one has Rank(H  (v)) < n—k forallv € V\{0}. One can see ([6]) that the quadric
of P" given by the vanishing of the polynomial 9, ( f) is represented by the square symmetric matrix
Hy (v). Then the singular locus of the quadric V (9, (f)) contains a P¥. By setting W = {8, (f)}vev,
we can then observe that |W| is a linear subsystem of dimension n — k — 1, since the map v - 9,,(f) is
injective as V(f) is smooth (it would have been enough to ask that V(f) is not a cone).

Let J = Jy be the Jacobian ideal of f. Since |W| C |7?| and J? is spanned by a regular sequence,
we have that B := BL(|W|) has pure dimension k. Indeed, being B cut by n — k quadrics, we have that
dim(B) > k. However, if there were a component of B with dimension at least k + 1, then we would be
able to complete a basis of W in such a way that J? is not spanned by a regular sequence, against our
assumptions. Indeed, if g, ..., gn—k—1 is a basis of W, then for any choice of elements g,_¢,...,qn
in J2, we would have (; V(g;) # 0. This cannot happen since f is smooth by assumption.

By Bertini’s theorem, the general element of |W| is smooth away from B, which has pure dimension k.
However, as observed before, all quadrics of |W/| have a P¥ contained in the singular locus. Therefore,
there exists a component of B which is a PX. Since B has dimension k, it contains at most a finite number
of P there exists a component of B which is a P contained in the singular locus of all the elements of
|W|. Let P(U) ~ P* be this linear space.

Consider [u] € P(U). Since all the quadrics V (9, (f)) parametrized by W are singular along P(U),
we have

0,0,(f) =0 for all [v] € P(V).

This implies that 9, (9, (f)) = Oforall [v] € P(V): V(d,(f)) is a quadric whose singular locus contains
the (n — k — 1)-plane IT = P(V). Therefore, H r (1) has rank at most k + 1, and thus, P(U) € Di41(f).

Finally, notice that dim(D(f)) < k — 1 by Proposition 2.5, so P(U) =~ P* cannot be contained
in Dy (f). Hence, for the general point [u] € P(U), the singular locus of V(d,(f)) is exactly the
(n — k — 1)-plane II. In other terms, we have ¢([u]) = P(V) for [u] € P(U) general. O

Corollary 3.7. Let f € U and assume that there exists k > 1 such that D,,_i (f) contains a (n —k — 1)-
plane. Then Dy (f) # 0.

Proof. Assume that P(V) is a (n—k — 1)-plane in D,,_ ( f). By Proposition 3.6, we have that there exist
P¥ ~ P(U) C Dy41(f) such that P(V) C «([u]) for [u] € P(U) with equality holding for [u] general.
Since, in this case, Dy+1(f) and Di (f) do not coincide, for dimensional reason (by Proposition 2.5),
we can define the map ¢ : Dy (f) \ D (f) — G(n—k —1,P"). Then, the injectivity of ¢ fails on two
general points of P(U). Finally, by Proposition 3.5, we have that P(U) N Dy (f) # 0, as claimed. O

We can now prove Theorem 3.4:

Proof. First of all, let us assume that for a fixed k > 0, there exists PX ~ P(V) C Dy (f). Then,
by Proposition 3.6, there also exists P(U) =~ P" %! contained in the locus D,_(f). Moreover, we
know that for all [u] € P(U), the projective space P(V) is contained in ¢([u]). This means that for
every [u] € P(U) and [v] € P(V), we have uv = 0, with the identification P* = P(A!). Let us
notice that the spaces P(U) and P(V) are skew in P and of complementary dimension. Indeed, if their
intersection was nontrivial, we could find a point [x] € P(V) N P(U): from above, we would obtain
x2=0, against the smoothness of V(f). We can then consider for P" a coordinate system x, . . ., X;
where P(V) = V(xo,...,xr) and P(U) = V(x41, - .,X,). Up to a change of coordinates, we can then
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write the polynomial f* with respect to these variables: since, by construction, x;x; = 0 in A? for every
i=0,....,kand j =k+1,...,n, we get the claim.

Let us now assume that f is TS: as in Remark 3.3, we can write it (up to a possible change of
coordinates) as f = fj(x) + f2(x"). As already observed, the Hessian matrix of f is of the form

Hgp(x) 0

Hf()_c’x_/):[ 0 Hzpx)| (3.2)

Hence, by defining P(V) := V(xo,...,xx) = PX, one easily sees that Rank(Hy (v)) < k + 1 for every
[v] € P(V) (i.e., P(V) € Di+1(f), as claimed). m|

To end this section, let us present some key examples of TS polynomials.

Example 3.8 (Cyclic cubics). The simplest examples of TS polynomials are the cyclic polynomials. We
recall that a polynomial f € 59 where S = K[xo,- - ,x,] is cyclic if, up to a change of coordinates, it
can be written as f = x(‘)’ +g(x1,...,x,), where g € K[xy,...,x,]q.

As observed before, X = V(f) is smooth exactly when V(g) < P*! is smooth and hy =
d(d - l)x(‘)l‘2 - hg(x1,...,%,), so the Hessian variety splits as the union of a hyperplane and a hy-
persurface of degree n(d — 2), namely

H =V(xp) and W=V(hg(x1,...,x0)).

Notice that W does not need to be irreducible, but this is the case if g is general (and n > 3). Under
the identification P"~! ~ V(x(), we can say that the Hessian loci Dy (g) live in H = V(x(). We denote
by D (g) the cone over Dy (g) C V(xo) with vertex the coordinate point Pg = (1 : 0 : --- : 0). For
example, one has W = Dy ( g). Then, using the explicit description of the Hessian matrix of f as block
matrix such as in Equation (3.2), one can easily prove that

Di(f) = Di(g) UDi—1(g) U{Po}. (3.3)

It is well known that the general cubic surface S = V(g) C P3 has an irreducible Hessian variety
which is a quartic with 10 nodes as the only singularities. This was known already by B. Segre (see [28]),
but one can also refer to the more recent [10]. In particular,

Ds(g) = Hy Dy(g) = Sing(Hg) = {Q1,...,Q10} Di(g) = 0.

Using this observation and Equation (3.3), one can describe the stratification given by the Hessian loci
of a general cyclic cubic threefold X = V(f):

10
Ds(f)=F*  Da(f)=Hy =HUW  Di(f)=HzU| J(Po, Q)
i=1

Dy(f) ={Po} U {Q1,....010} Di(f) ={Po}.

Among these, only H,W C D4(f), HNW = H, C D3(f) and {Po} C Di(f) give irreducible
components of I'y (this will be clear from Lemma 4.1).

Since smooth binary cubic forms can be written as sum of 2 cubes, every TS polynomial in n + 1
variables, with n < 4, is necessarily cyclic (see [4] for details). Let us now describe a new phenomenon
arising in P°.

Example 3.9 (A TS cubic which is not cyclic). Let g1, 22 € S,, = K[wg, wi, w;] be such that V(g)
and V(g) are smooth cubic curves in P? which are not projectively equivalent to the Fermat curve.
A classical result implies that this is equivalent to ask that V(g;) is a cubic whose Hessian V(hy,) is
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irreducible. This equivalence also follows easily from the main result of this paper (see Theorem 5.1 or,
more specifically, Proposition 5.6) and can be found in [8].

A smooth cubic fourfold X of TS type is not cyclic if and only if, up to a change of coordinates, it
is defined by a polynomial f = g;(xg,x1,x2) + g2(x3, x4, x5). From the point of view of moduli, such
fourfolds form a dimension 2 variety in the moduli space of smooth cubic fourfolds.

Consider the subvarieties of P3 defined by

Wi = V(hg, (x0,x1,x2)) Wa =V (hg, (x3,x4,x5)) T} = V(x0,x1,x2) Il = V(x3,x4,x5)

Ci=ILnWwW, Cry =11 nW, J=J(Cy,Cr),

where J(C), C,) is the joint variety of C; and C, (namely, the union of all lines joining a point of C;
and a point of C;). Notice that, by construction, for {i, j} = {1,2}, the variety W; is a cone over C;
with vertex I1; and C; is isomorphic to the curve V(hg,). Moreover, by the assumptions on the curves
V(g1) and V(g2), W; is irreducible. Being f a TS polynomial, one has that H s is indeed reducible.
More precisely, since iy = hg, (x0, X1,X2)hg, (X3, X4, X5), one has that

Ds(f) = Hf =W, UW,.
The other strata of the stratification induced by f are
Dy(f) =Sing(Hy) =J  D3(f) =ILUIL,  Dy(f) =CiUC,,

whereas D; (f) = 0 as X is not cyclic (by the results in [4]).

It is worth highlighting two facts. First of all, IT; and I, are two 2-planes contained in D3 ( f). These
are exactly the k-planes contained in Dy, (f) whose existence is guaranteed by Theorem 3.4 since f
is a TS polynomial. Moreover, note that for all k¥ € {2, 3,4,5}, the dimension of D (f) equals k — 1
(i.e., the maximum predicted by Proposition 2.5). In particular, I'y splits as the union of 7 irreducible
fourfolds (this follows from Lemma 4.1).

4. Families of triangles of high dimension

In this section, we focus on the study of suitable families of triangles for H  arising naturally, as we will
see in a moment, when Sing(# r ) exceeds the expected dimension. Moreover, we prove Theorem C.
Let us now set some notations and prove some technical results.
We recall that, given a smooth cubic V(f) C P" ~ P(A'), a family of triangles for H s is a subvariety
F of

T ={([x], [y], [z]) € (P(A1))? |xy = yz = x2 = 0}

We will denote by xr; the natural projections from F on the factors. For simplicity, if F is a family of
triangles for H ¢, we will set¥; = ;(F) fori € {1,2,3}. Notice that dim(Y;) < n—2sinceY; C D,,_1(f)
which has dimension at most n — 2 by Proposition 2.5.

Moreover, recall that if [ f] € U, by Proposition 2.5, all components of I'y come from the Hessian
loci of f. More precisely, if Z is an irreducible component of Dy (f) of dimension k — 1, there exists a
unique irreducible component of I'y which dominates Z by first projection. We will denote by Z such
component.

Lemma 4.1. Let [ f] € U and assume k € {1, ...,n—1}. Consider an irreducible component W of H ¢

and an irreducible component Z of Dy (f) of dimension k — 1 which is contained in W. Then Z N W
dominates Z via the first projection pr,. In particular, there exists a family of triangles F for Hy of
dimension at least k — 1. Moreover, if k = n — 1, then every family of triangles as above has dimension
exactly n — 2.
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Proof. Notice that Z is not contained in Dy_;(f) by Proposition 2.5, as we are assuming dim(Z) =
k — 1. Hence, the general point z € Z lies in Di(f) \ Dx_1(f), and thus, ¢([z]) =~ P"*. Since the
general fiber of pry |5 : Z — Z has dimension n — k by construction, one has that the whole fiber
pr;!([z]) = {[z]} x «([z]) is contained in Z. However, pr; |y : W — W is surjective and Z € W by
assumption, so there exists at least a point p = ([z], [y]) of the whole fiber 771‘1([ 1) with p € W. Then
peU=WnZandpr |y : U— Zis such that pry |z (p) = z. In particular, pr, |y dominates Z.

By the above argument, we have that W and Z are irreducible components of I'r which meet in a
variety U of dimension at least k — 1. Then, we have a family of dimension k — 1 since this variety is
contained in Sing(I's ) by construction and each point yields (at least) a triangle by Lemma 2.9.

Let Z € D,_1(f) be an irreducible component of dimension n — 2 and let F be a family of triangles
dominating Z via 71, so that dim(F) > n — 2. By construction, the general point [x] of Z is such that
o([x]) = P! so a7 ([x]) € {[x]} x P! x P, If the general fiber 71! ([x]) has positive dimension, we
would have that 7T1_1 ([x]) N {[x]} X Ap: is not empty, thus giving rise to a singular point of V(f). Then
the general fiber of 7] has dimension 0, and thus, dim(F) = n — 2. O

Remark 4.2. If H ¢ is not normal, we have that there exists at least a family of triangles of dimension
n — 2. Indeed, we have that the singular locus of H s has dimension n — 2 and equals D,_;(f) by
Theorem 2.3. Hence, given an irreducible component Z of Sing(H ) of dimension n — 2, we have that
Z yields a family of triangles of dimension n — 2 as a consequence of Lemma 4.1.

Lemma 4.3. Let X = V(f) C P" be a smooth cubic hypersurface and let F be an irreducible family of
triangles. Then the following hold:

1. If dim(Y;) > 1 and Y; C X, then dim(Y;) < n - 3;
2. If n > 3 and dim(Y;) = n — 2 for some i, then no projection has dimension 0 unless V(f) is of
Thom-Sebastiani type.

Proof. For (a), w.l.o.g. we can assume dim(Y;) > 1l and Y, c V(f). If T = ([x],[y],[z]) € Fisa
general triangle, then the differential dry 7 : Tz — Ty, [x] is surjective and it sends a tangent vector
(x',y’,z’) tox’. By Lemma 2.11, x” € Ann 41 (2, z%)/{x). Moreover, since Y; C X, by Proposition 2.1,
we have X = {[x] | x®> = 0} so Tx [x] = Annyi (x?)/(x). Hence,

Ty, [x] € Annyi(x%, y%,2%)/(x).

Since T is a triangle, by Lemma 2.10, one has that (x2, y2, z?) has dimension 3, and thus, by the
Gorenstein duality, dim(Ann 41 (x%,y?,z%)) = n+ 1 — 3 = n — 2. Moreover, being [x] € X, one has
x € Ann(x2, y2, z), so Ann 41 (x2, y2, %) /{x) has dimension n — 3.
For (b), w.l.o.g. assume that Y3 is of dimension n — 2. By contradiction, let us assume that ¥; = {[x]}
and that f is not of TS type. Hence, Y3 C ¢([x]), and this implies that ¢(x) = P* with s € {n —2,n — 1}.
Then, we would get ¢([x]) = P2 = Y3 C D,_1(f) and [x] € D;(f), respectively. Both cases yield
a contradiction by Theorem 3.4. O

Before proving Theorem C (Theorem 4.6), let us focus on (families of) triangles with all vertices on
the cubic X. These are linked to families of 2-planes in the cubic hypersurface:

Remark 4.4. First of all, recall that if T = ([x], [y], [z]) is a triangle for H , then {[x], [y], [z]) = P?,
by Lemma 2.10. If we assume, moreover, that all the vertices of T belong to the cubic hypersurface X,
we have x3 = y® = z> = 0 and also xy = yz = zx = 0; this implies that the 2-plane is actually contained
in X. Hence, a triangle with three vertices on X cannot exist if X is a smooth cubic hypersurface of
dimension at most 3. Furthermore, since on smooth cubic fourfolds one has at most a finite number of
2-planes (see, for example, [11]), by Proposition 2.12, we can have at most a finite number of triangles
with all the vertices on the cubic X.

Lemma 4.5. Assume that F is a family of triangles for Hy with dim(Y;) = dim(F) > dim(Y3). Then,
none of the fibers of the projection r3 can be contracted to points via m.
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Proof. This follows from a more general fact: if g : X — Z is a surjective morphism between irreducible
varieties and f : X — Y is a morphism, the locus

A={zeZ|dim(f(g"'(2))) =0}

is an open Zariski set of Z. In order to prove this, let us consider the map F = (f,g) : X - Y X Z
and denote by X’ C Y X Z the image of X under the morphism F. Moreover, let p; and p; be the two
projections from X’ to ¥ and Z, respectively. It is then clear that

A={zeZ| dim(pi(p;'(2) =0} = {z € Z | dim(p,"(2)) =0},

and thus, it is an open subset of Z. In our situation, if we assume that a fiber of 73 is contracted to points
via 11, then the same is true for the general one, contradicting the assumption dim(Y;) = dim(F). O

We are now ready to prove Theorem C, one of the main ingredients in the proof of Theorem A.

Theorem 4.6. Assume n < 5 and consider a smooth cubic V( f) not of TS type. If F is an irreducible
Sfamily of triangles for Hy with dim(F) = dim(m(F)) = n — 2, then the general element in F is such
that none of its vertices belongs to X = V(f).

Proof. Notice that the proof follows easily if none of the three projections of F is contained in X.
Indeed, in this case, 7, 1 (Y; N X), the locus where the triangles of F have the i-th vertex on the cubic
X, is a proper closed subset of F. We would like to show that also for n < 5, this is indeed the only
possible case (i.e., no projection of F can be contained in X). For n = 3, This is an easy consequence
of Lemma 4.3, so we can assume n > 4.

By hypothesis, 7| is generically finite (and thus, by Lemma 4.3, Y| is not contained in X) and,
by contradiction, Y3 C X. Notice that, under these assumptions, Y, is not contained in X. Otherwise,
7rl‘] (Y1 N X) would be an (n — 3)-dimensional family of triangles with all the vertices contained in X.
Then, we would have a contradiction as observed in Remark 4.4. For brevity, set 7. = F N (X X X X X)
(i.e., F¢ is the locus of the triangles of F with all 3 vertices on the cubic hypersurface X).

Assume that n = 4. By Lemma 4.3, since Y3 C X and Y] has dimension 2 = n — 2 = dim(F), we
have that dim(Y3) = 1. Then, since F is irreducible, all the fibers of 73 have pure dimension 1. The
dimension of Y, is either 1 or 2. If the dimension of Y, is 1, all the fibers of 7, are curves too and
Y> N X is not empty. Consider [yg] € ¥ N X and its fiber C = 772’1 ([yo]). By Lemma 4.5, C cannot be
contracted by 7, so 71 (C) is a curve. Then, 711 (C) N X is not empty, and we can consider a point [xg]
in this intersection. Hence, any element in 7r1_l ([x0]) N C # 0 is a triangle in F,. This is impossible by
Remark 4.4. Then we have necessarily dim(Y,) = 2.

Let Y be an irreducible component of ¥, N X. Being ¥» € X and of dimension 2, Y is a curve, and
there exists an irreducible component C in 5 (Y) of dimension 1 (since F is irreducible) dominating ¥
via the second projection. If either 771 (C) is a curve or 11 (C) = [xo] with [xg] € X, we have an element
in F, so the only possible case is 71 (C) = [xo] with [x¢] ¢ X.

Looking at the third projection, we have that 73(C) either is a point [z] or it coincides with Y.
Moreover, let us observe that ¢([xo]) =~ P* with s € {1,2} such that Y and n3(C) are contained in
t([x0])- To rule out the first case, namely 73(C) = [z], first of all, observe that [z] ¢ Y; otherwise, we
would have a singular point for the cubic X. Then s is forced to be 2. Moreover, by construction, we have
yz =0and y> = 73 = 0 for any [y] € Y: by reasoning as in Remark 4.4, all the lines ([y], [z]) lie in X.
This implies that the whole ¢([xo]) =~ P? is contained in the smooth threefold X, but this is not possible,
as observed in Remark 4.4.

For the remaining case, we have that 73(C) = Y3, and by construction, both the curves Y and Y3 are
contained in ¢([xo]). Then, if s = 1, we necessarily have Y = ¥3 ~ P! and C is a family of triangles of
dimension 1 in {[xg]} XY X Y. This yields a contradiction since C has to meet {[xg] } X Ay, thus giving
a singular point for X. Hence, we have necessarily s = 2, and we can assume Y # Y3 or Y = Y3 # Pl
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In both cases, as done above, considering the lines ([y], [z]) with [y] € Y, [z] € Y3 and yz = 0, we get
that the 2-plane ¢([xg]) is contained in the cubic threefold X, which is not possible.

Assume now that n = 5. We are working in the following framework: F is an irreducible
3-dimensional family of triangles with m; generically finite, Y7, Y, not contained in X and Y3 C X
(this will lead to a contradiction). Being Y3 C X by assumption, F, is cut out from F by two divisors,
so its expected dimension is n — 4 = 1. Then, either F, is empty or dim(F,) > 1. However, as observed
in Remark 4.4, under the above-mentioned hypotheses, we have that dim(F,.) < 0, so F, is necessarily
empty. We will now prove that F. is not empty, thus leading to a contradiction.

First of all, notice that dim(Y;) € {1,2,3} by Lemma 4.3. If dim(Y;) < 2, the general fiber of m,
has positive dimension and cannot be contracted to a point by 7r; by Lemma 4.5. Then, its image meets
X, and thus, we produce a triangle in F. as the analogous case for the threefold. We can then assume
dim(Y;) = 3 so that 7, is generically finite as 7.

Denote by Y an irreducible component of ¥> N X. The preimage 1(Y) has dimension 2, and we can
consider an irreducible component § C 75 '(Y) dominating Y. If 7r;(S) is not a point or is a point on
the cubic fourfold, as in the threefold case, one can easily construct an element in F.: we can assume
m1(S) = [x0] ¢ X. As done in the previous case, we have that ¢([xg]) =~ P containing Y and 73(S)
(thus, s € {2, 3} since X is not of TS type), where 73(S) C Y3 can be either a point [z], a curve C ¢ Y3
(with dim(Y3) = 2) or the whole Y3 (with dim(Y3) € {1,2}). To conclude the proof, let us study these
distinguished cases.

o m3(S) = [zg]: since [z9] ¢ Y (otherwise we would have a singular point in X), s is forced to be equal
to 3. Considering again the lines ([y], [zo]) with [y] varying in ¥, we have that the whole 3-space
t([x0]) is contained in the smooth cubic fourfold X, which is clearly not possible.

o m3(S) = C: In this case, one has t([x9]) =~ P? since, otherwise, we would have C C Y = P?
and S C {[xo]} XY XY and then a singular point for X as in a previous case. If we assume
C ¢ Y c «([xg]) = P3, then one easily sees that the lines ([y], [z]) with [y] € ¥, [z] € C and
yz = 0 cover ¢([xo]): we have a contradiction since we would have a projective 3—space in X. The
only remaining case to analyse is then the one where C c ¥ ¢ P3 with Y surface which is not a P2.
In this case, S is a surface in {[xg]} X ¥ X C with the projections p, = m|s and p3 = 73|s which are
surjective. Then, for all [z] € C, p3 '([z]) has pure dimension 1. Let [z] be a point in C and let D
be an irreducible component of one of those fibers. For all [y] € p2(D), we have yz = y3 =23 =0
and [z] ¢ p2(D), so the joint variety J(p2(D), [z]) has dimension 2, is a cone with vertex [z] and is
completely contained in ¢([xo]) N X. Since ¢([xo]) =~ P3 cannot be contained in X, these cones have
to vary at most discretely, when [z] moves in C. Notice that Y lies, by construction, in the union of
these cones, so [z] is in the vertex Vert(Y) of Y. Then C C Vert(Y), and this forces Y to be a P2,
which is against our assumptions.

o m3(S) = Y3: As in the previous case, we necessarily have ¢([xg]) ~ P* containing both the surface ¥
and 73(S), which can be either a curve or a surface. We can assume, moreover Y3 = 3(S) C Y, since
otherwise, proceeding as above, we would have ¢([xg]) C X. In particular, Y is not a 2-plane. If Y3 is
a curve, we can obtain a contradiction as in the previous case by considering the cones with vertex
[z] € Y3 spanned by the curves in ¥ whose elements annihilate [z]. Hence, we can assume Y = Y3
(and thus, 73 is generically finite). By construction, for any element [y] € Y, there exists at least one
element [z] € Y such that yz = 0; hence, again, the line {[y], [z]) is contained in ¢([xo]) N X. If, for
[v] general, at least one of these lines is not contained in Y, one can see that the whole 3-space ¢([xo])
is contained in X, yielding a contradiction. We can then assume that for [y] € Y general, the above-
mentioned lines are contained in Y. Our aim is now to show that ¥ ~ P2, against our assumptions.
First of all, let us show that the union A of these lines as subset in the Grassmannian Gr(1, P3) has
dimension 2. If, by contradiction, dim(A) = 1, this would mean that for all £ € A and for all [y] € ¢,
there exists [z] € £ with yz = 0. In other words, this would yield a correspondence in P! x P!, which
intersects the diagonal Api nontrivially: the cubic X would be singular, which is not possible. Let us
finally consider the incidence variety
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W= {(y,0) |y eteA}cYxGr(l,P?

and denote by | and ¥, the two projections. We have just shown that Im(y,) = A, and moreover, it
is clear that if £ € A, then s 1 (¢) is described by ¢ itself; hence, such a fiber has dimension 1. Then
dim(¥) = 3, and looking at the first projection i1, we have that there exist infinitely many lines in
A contained in Y and passing through the general point [y] € Y. Hence, Y has to be a cone with
[y] € Vert(Y): from the generality of [y], it follows that ¥ ~ P2, as claimed. O

Remark 4.7. Observe that if n = 2, the hypotheses of Theorem cannot be realized since the existence
of a triangle implies that the locus D;(f) is nonempty. Hence, by Theorem 3.4, the cubic f is of TS
type, against our assumption.

5. Proof of main theorem: the cubic threefold case

In this section, we state and begin to prove the main result of this article — namely, the following.

Theorem 5.1 (Theorem A). Assume that 2 < n < 5 and consider f € K[xo, . ..,x,] defining a smooth
cubic. Then, the singular locus of the Hessian hypersurface Hy C P" has the expected dimension if
and only if f is not of TS type. In particular, f € V if and only if Hr is irreducible and normal.

As we observe now, the assumptions on the degree and the smoothness of the hypersurface X = V(f)
are essential.

Remark 5.2. Let us stress that the result stated in Theorem 5.1 is false for smooth hypersurfaces of
degree d > 4 and for non-smooth cubics. We provide here two simple examples proving these claims.

o Let f(x,y,2) = x* + y* + z* + x(y* + %) and consider C = V(f). Then one easily sees that C is a
smooth quartic plane curve and that

hy =54- yz(8x4 +16x° (y +2) +32x%yz —x(y> + 2°) = 2yz(»y* + zz)).

The quartic factor in the above factorization of 4 ¢ yields a smooth quartic by the Jacobian criterion

and thus an irreducible one. This also implies that f is not of TS type since, otherwise, we would have

the Hessian polynomial which is product of linear factors: there are smooth hypersurfaces of degree

d > 4, which are not of TS type, with reducible Hessian variety.

o Let f(xq,x1,x2,x3) = xox% + x1x§ + xzxg and consider the cubic surface S = V(f). One can see that
S is an irreducible cubic surface whose singular locus coincides with the point pg = (1 :0: 0 : 0),
which is a singularity of type Ds. Its associated Hessian variety is a reducible and non-reduced
quartic surface V(xf(xlxz - x%)). Notice that the quadratic factor of the Hessian polynomial # is
irreducible so, reasoning as in the previous example, one can see that f # f1(z9,z1) + f2(z2, z3) for
suitable coordinates {zo, . .., z3}. With a direct and easy computation, also the cyclic case is ruled
out as follows. If we assume that f is cyclic, then V(f) would be projectively equivalent to V(g)
where g = xg + m(x1,x2,x3). Notice that hy = xo - b (x1,X2,x3). Since a linear form has to appear
in the factorization of h, with multiplicity 2 (since x% divides h ) we have that h,, is the product of
3 linear forms, which is incompatible with the above description. Hence, f is not of TS type although
its Hessian is reducible (and thus non-normal) and non-reduced. The same phenomenon happens for
the cuspidal cubic curve (see, for example, [8]).

Nevertheless, not every type of singularity gives the same behaviour as in the last example above. Indeed,
the nodal cubic curve and the 1-nodal cubic surface V (xo(x] +x3 +x3) + x{x3 + x2x3) have irreducible
and normal associated Hessian variety (and thus, they are not of TS type). One can easily construct
examples of 1-nodal cubic threefolds and fourfolds with the same property.
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Going back to the case of smooth cubic hypersurfaces, we make the following:

Conjecture 5.3. The same result stated in Theorem 5.1 holds for smooth cubic hypersurfaces in P" for
everyn > 2.

The techniques used in the proof of Theorem 5.1 do not seem to adapt to an argument that could be
valid in any dimension: already for cubic fourfolds, one can see the large amount of cases one has to
consider. For this reason, we will give the proof of the Theorem for n < 4 at the end of this section,
while the case of cubic fourfolds is treated in the subsequent one, since it is more involved, even if the
techniques are similar.

We stress that, for a smooth cubic V(f), the implication

H ¢ irreducible and normal = f not of TS type

is always true for all n > 2 as we have seen in Remark 3.3: the hard part of the conjecture is to prove
the other implication.

Let us now explain the strategy that will be used for the proof of the Theorem for the various values
of n <5.

Framework 5.4. Assume that f defines a smooth cubic X = V(f) which is not of TS type (i.e., [ f] € V)
such that H ¢ is not normal. Then by Lemma 4.1 and Remark 4.2, we have a family / of dimension
n — 2 of triangles for  y dominating, via the first projection, a component Y; of D, (f) of the same
dimension. As we have done in the previous sections, we denote by Y; the images of the projections 7;.
As just observed, mr; : F — Y is generically finite.

If T = ([x],[y],[z]) = ([x1], [x2], [x3]) is a general point of F, by generic smoothness, we can
assume that the differentials d7 7r; : Tr r — Ty, |« are surjective; in particular, dr 7| is anisomorphism.
Moreover, since we are assuming n < 5, by Theorem 4.6, we have that none of the vertices of T belongs
to the cubic V(f) (i.e., x? # 0fori € {1,2,3}). If we set

Vi={x,y,2) A" and  Vo=Anng(x%y% ) c Al (5.1)

by Lemma 2.10 and by Gorenstein duality, we have that dimg (V) = 3 and dimg (V,) = n— 2. Moreover,
since x°, y3, 22 20, we also have V; NV, = {0}. Hence, by dimension reason, one has

A=V, e V,. (5.2)
If {i, j, k} = {1,2,3}, by Lemma 2.10 and Lemma 2.11, one has also
dimg Annygi (x7,x3) =n—1  dimg Ann (x7,x3)/¢x;) = n - 2. (5.3)

By dimension reason and since x; ¢ V,, we have a canonical isomorphism V, ~ Ann i (x?,xi) /4{x;)

induced by the inclusion V, <= Ann (x?,xi) followed by the quotient by (x;). By Lemma 2.11 and
since we have that dr 7; is surjective, we have

Ty, 1x] S Anngi (x5, x7) /(xi) = Va,

so we can interpret dr ; as maps T+ — V,. Being dr my an isomorphism, we have then the endomor-
phisms

Um =drag o (drm)™ Vo = Ty, 4] = V2 for m € {2,3}. (5.4)

Our approach is to analyse obstructions for such a configuration, by studying the Zariski tangent spaces.
These information can be naturally codified by looking at the operators ¢, ; this strategy can be followed
a priori in every dimension and in the cases of our interest yield to a direct and conclusive computation.
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In the proof of Theorem 5.1, we will start by analyzing these specific maps, ruling out both the cases
where ¢, (or 3) can be diagonalized or not and ultimately proving that a family of triangles of dimension
n — 2 cannot exist.

As we have done in the proof of Lemma 2.11, to a tangent vector v = (x’,y’,z") € Tyr, we can
associate the ‘first-order deformation’ of T in the direction of v (for brevity, v-deformation of T'), which
we write in a compact way as

T+v=x+tx',y+1y,z2+17). (5.5)

Lemma 5.5. Let F be a family of triangles. Assume furthermore that both F and Yy have dimension
n —2. If the general element T = ([x], [y], [z]) € F has no vertices on X = V(f), then x- : Vo, — A% is
injective.

Proof. Since Y| has dimension n — 2, its general point [x] is in D,—1(f) \ Du-2(f) (i.e., the kernel
of the multiplication map x- : A — A? has dimension 2). The point [x] is also the vertex of an
element T = ([x], [y], [z]) of F, and thus, ker(x-) = (y, z) C V. However, by the assumptions, one has
Vi NV, =0, as observed above. O

Let us now show the Theorem 5.1 in the first cases.
Proposition 5.6. Theorem 5.1 is true for n € {2,3}.

Proof. By contradiction, let us assume that [ f] € V and dim(Sing(# r)) = n — 2. Notice that if n = 2,
since Sing(H ) = D1(f), we have a contradiction by Theorem 3.4. Hence, we can assume n = 3.
Fix the notation explained in the framework (see 5.4). Since n = 3, we have that

Ann 4 (x2, 2,25 = Vo = (u)

for suitable u € A'\ {0}. All projections of F have dimension exactly 1 by Lemma 4.3, so Tr 7 =
((Au, Bu, Cu)) with A, B, C € K*. By Lemma 2.11, the associated first-order deformation 7+u(A, B, C)
has to satisfy

Bux + Auy =0, Cux + Auz =0, Cuy + Buz =0.

We can then observe that the three independent points Bx + Ay, Cx + Az, Cy + Bz belong to the kernel
of the multiplication by «. In other words, ¢(x) 2 P2, so that [u] € D;(f). Hence, as before, we have a
contradiction. O

Proposition 5.7. Theorem 5.1 is true for n = 4: for a smooth cubic threefold X = V(f), the Hessian
quintic threefold H ¢ is normal if and only if fis not of TS type.

Proof. By contradiction, let us assume that [f] € V and dim(Sing(#s)) = 2. Then we are in the
situation described in 5.4: T = ([x], [y], [z]) will denote a general triangle in F (recall that by
Theorem 4.6 none of its vertices belongs to the cubic X = V(f)). Since n = 4, we have that dim(V,) = 2.
Recall that we have the endomorphisms

Yi=drmio(drm) VaxTy (x) = Vo i€{2,3},

which have image Ty, |y) and Ty, |, respectively. We have that either one of the two is diagonalizable
or that none is. We treat differently the two cases.

Case (I): Let us suppose that at least one of the two above endomorphisms is diagonalizable. W.1.0.g.
we can assume that {u, w} is a basis of V, whose elements are eigenvectors for ¢,. Then two independent
tangent vectors to F in T are given as

v = (u, Au, Cu + Dw) and v' = (w,Bw,Eu+ Fw) (5.6)
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for suitable A, B,C, D, E, F scalars depending on the triangle, where, in particular, A and B are the
eigenvalues corresponding respectively to u and w.

We recall that, for a given tangent vector v = (x’,y’,z’) at T = ([x], [¥], [z]), we have the relation
xy"+yx” = 0 by Lemma 2.11. For brevity, we refer to this relation with the notation (v).,. We denote
by (v)xz and (v),, the analogous relations.

For example, using the vectors in (5.6), we have the corresponding first-order deformations

T+tv=(x+tu,y+tAu,z+t(Cu+ Dw)) T+sv' =(x+sw,y+sBw,z+s(Eu+ Fw)),
which yield

(Vxy 1 Aux+yu =0 (¥ )xy 1 Bwx+yw =0
(Wxz : Cux + Dwx+zu =0 (V)xz : Eux + Fwx+zw =0 6.7
(V)yz : Cuy+Dwy+Auz=0 (v')y; : Euy+ Fwy+ Bwz =0.

By elementary operations, one gets two new relations:
2ACux +D(A+B)wx =0 E(A + B)ux +2FBwx = 0.

For example, the former relation is obtained by substituting in (v),, of Equation (5.7), the products
uy, wy, and uz obtained respectively from (v)xy, (v/)xy and (v),, of Equation (5.7).
By Lemma 5.5, the multiplication map x- : V, — A, is injective, so

AC=0 D(A+B)=0 E(A+B)=0 FB=0. (5.8)

Let us now observe that A and B cannot be simultaneously zero when evaluated in a general triangle
T; otherwise, the second projection of F would be zero-dimensional, contradicting Lemma 4.3.

Lemma 5.8. In this situation, for T general, none of the two eigenvalues of the endomorphism y, can
be zero.

Proof. LetT = ([x], [y], [z]) be a general triangle of F. W.l.o.g. we can assume by contradiction that
A # 0and B = 0. We claim that Y, C «(z) and Y3 C D (f).

Since A # 0, we also get that C = D = E = 0 by Equation (5.8). Hence, the first-order deformations
of T are given by

T+tv=(x+tu,y+tAu,z) and T+sv' =(x+sw,y,z+sFw). 5.9)

Since the differential maps of the projections from F are surjective, we have dim(Y;) = 2 and dim(},) =
dim(Y3) = 1.

Consider the curve Cr = 73 '([z]). By construction, the tangent to Cz in T is spanned by v which
is projected to u and Au via dr (n1|c, ) and dr (m2|c, ), respectively. Hence, 711 (Cr) is a curve in Y;
and 7, (Cr) = Y,. In particular, 7;(Cr) U Y> C t([z]), as claimed. Moreover, since D;(f) = 0, by
assumption (by Theorem 3.4), we get that «([z]) =~ P> up to the case where it is a projective line
coinciding both with ¥, and 7;(Cr). But in this last case, we would have an involution on ¥, = P!,
which yields a fixed point and then a singular point for V(f). Hence, Y3 C D,(f), as claimed.

Notice that the same argument can be used to prove that Y3 C ¢([y]) and thus that ¥, C D,(f). By
Proposition 3.5, one can see that for two general points [z] and [z] in Y3, we have that ¢«([z]) # «([Z']).
Hence, > C «([z]) Nt([z’]) = P!, and thus, ¥, = P! C D,(f). This is impossible by Theorem 3.4 since
fis not of TS type. O

From the above Lemma 5.8, since T is general, we have that both A and B are not zero; hence, by
Equation 5.8, we also get B = —A. Indeed, if A + B # 0, we would obtain C = D = E = F =0, which
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is not possible by Lemma 4.3. Since A = —B # 0, from Equations (5.8), we have C = F = 0. Then, the
first-order deformation, in this case, can be written as

T+tv=(x+tu,y+tAu,z+tDw) T+sv' =(x+sw,y—sAw,z+ sEu), (5.10)
and the conditions (5.7) are equivalent to
u(y+Ax) =0 w+Exu=0 w(y —Ax) =0 zu + Dxw = 0. (5.11)

Moreover, we cannot have D = E = 0 as observed above, so we can assume D # 0.
Since these equations hold, by assumption, for the general point 7 € F, by deforming 7 at the first
order in the direction of v, that is, by considering a curve

T(t) = (x(], [y(O)], [z =T+ 1w +2(---),
also the corresponding eigenvectors of ¥, ‘move’. More precisely, we have two curves
Yu:U—> A"y, U— Al

defined in a neighbourhood of O such that y,(0) = u, v,,(0) = w and {y,(¢),yw(t)} is a basis of
eigenvectors of dr ()2 © dT(,)yrl‘l. These eigenvectors satisfy equations analogous to the ones in (5.7)
where the coefficients depend on 7. As observed above, the sum of the two eigenvalues of i, is 0 also
in a neighbourhood of T, so that the Equations (5.11) hold also locally.

We can then consider an expansion of the curves

yu(t)=u+tu'+t2(~~) yw(t)=w+tw'+t2('~)

and substitute them in the Equations (5.11) in order to get new relations. We write A(t) = A+A’t+12(---)
for the curve following the eigenvalue relative to vy, (¢) with an analogous notation for the coefficients
that appear in Equations (5.11).

For example, from the condition u(y + Ax) = 0, one has

0=y, () (y(t) +A)x(0) = (u+tu' +12(--))(y + Ax +t(2Au + A'x) +12(--+)),
so we get 2Au’ + A’xu +u’(Ax +y) = 0. One can do the same reasoning for the v’-deformation, and we
also can use two ‘parameters’ to take into account in a compact description the deformation of 7 in the
direction of tv + sv’. In this way, u and w ‘deform’ at first order as

u+tu’ +su”’ and w+tw +sw’”,

respectively. Moreover, we can assume that u#’, u”” and w’, w”” do not depend on u and w, respectively.
This argument yields the relations

20 + Axu+ (Ax+y)u' =0 u”(y+Ax)+A"xu=0 (5.12)
wz+Dw?+Eu* +E'ux+ Eu'x =0 2Euw +w"z+ E"ux+Eu”x =0 (5.13)
w/(y—Ax) —A’xw =0 w”(y — Ax) — A”xw — 2Aw? = 0 (5.14)

2Duw +D’xw +Dw'x+u'z=0 Dw? + Dxw” + D" xw + Eu> + zu” = 0. (5.15)
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First of all, observe that multiplying by x Equation (5.14);, since xy = 0 = x’w, we get
x*w’ =0.
Hence, multiplying by x Equation (5.15);, we obtain
xuw = 0. (5.16)
Since xuw = 0, from Equation (5.11), one can easily see that also
zu® = zw? = yuw = 0. (5.17)

We claim now that A’ = A” = 0 and xu?, xw? # 0. Indeed, let us observe that the product xu vanishes
if multiplied by x, y, z, w. If xu®> = 0 too, then by the Gorenstein duality in the apolar ring A . We
would get that xu = 0, which is not possible as observed with Lemma 5.5.

In the same way, one sees that xw? # 0. Then, recalling that u(Ax +y) = 0 = w(y — Ax), we can
multiply by u and by w, respectively, Equations (5.12);; and (5.14);, getting A”xu’ = 0 and A’xw? = 0,
and so the claim:

A'=A"=0  xu’,xw?#0. (5.18)

Lemma 5.9. The tangent vectors w’ and u’’ are trivial.

Proof. Let us prove it for w’. Since we can assume that w’ does not depend on w, we can write it as
w’ = ax + By + yz + éu. Multiplying Equation (5.14); by x and y, we get x’w’ = 0 and y*w’ = 0
respectively. Moreover, multiplying by z Equation (5.13);, we have also z>w’ = 0. These last conditions
yield

ax’ =By’ =yz’ =0,
but since no vertex for the general triangle 7' belongs to V(f), we have that @« = 8 = y = 0. Finally,
since we have just shown that A’ = 0, from Equation (5.14);, we get

ou(y — Ax) =0.
Since, from Equations (5.11), we get uy = —Aux, we would have —26 Axu = 0, which implies that 6 = 0,
by Lemma 5.5.
Then w’ = 0, as claimed. The same reasoning can also be used to prove that u”” = 0. O

Remark 5.10. From the above lemma, one can see that we can assume that also £ # 0. Indeed, if E = 0
locally (and thus, we can simply set E’ = E”” = 0 in the above equations), from Equation (5.13); we
would have w? = 0. Hence, [w] would be a singularity for V( f), which is not possible.

We claim now that wu? = 0 and w?u = 0. Multiplying by u Equation (5.15);, one gets
2Du’w + zuu’ = 0. (5.19)

Since we have just shown that for T general, also the condition zu?> = 0 is satisfied (see Equation
(5.17)), we can deform it at the first order:

0= (z+tDw+sEu)(u+mu')> mod (1,s)? and so Du’w +2zuu’ = 0. (5.20)
Putting together Equations (5.19) and (5.20), one gets

uww =0.
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Let us now do the same for the second claim. Multiplying by w the Equation (5.13);;, we get
2Euw? + zww”’ = 0. Moreover, by deforming the condition zw? = 0 (see Equation (5.17)), we get
Euw? + 2zww’”’ = 0. As before, putting together these last conditions, one gets

uw? =0

by using E # 0 (see Remark 5.10).
We claim now that zuw = 0. In order to show this last claim, let us deform the condition just obtained
(i.e., u*w = 0):

0= (u+tu)*(w+sw”’) mod (t,s)° and so uwu’ = 0.

Write u’ as ax + 8y + yz + w for simplicity. Since xuw = yuw = uw? = 0 and since z°w = 0 by
definition of w, one has

’

0 =uwu' =yzuw 2u =y,

If y # 0 we have done, let us then assume y = 0: we get z2u’ = 0, and multiplying by z Equation (5.15);
we get 2Dzuw = 0, as desired.

Finally, having zuw = 0 yields a contradiction: in this case, from Equations (5.11), we would have
xw? = 0, which is not possible by Equation (5.18). Hence, neither 1, nor ¢3 can be diagonalizable for
T general.

Case(Il): For T general, the map i, is not diagonalizable. We can choose a basis {u, w} of V5 in
such a way that i is written in its Jordan normal form

Al
0 Al
As done before, the corresponding first-order deformations are

T+tv=(x+tu,y+tAu,z+1t(Cu+ Dw)) T+sy' =(x+sw,y+s(u+Aw),z+s(Eu+ Fw)),

with C, D, E, F not all simultaneously zero (by Lemma 4.3).
These, using Lemma 2.11, yield

(Vxy 1 Axu+yu=0 (¥ )xy 1 xu+Axw+yw =0
(Vxz : Cxu+Dxw+zu=0 (V)xz t Exu+ Fxw+zw =0 (5.21)
(Vyz : Cyu+Dyw+Azu=0  (V')y; : Eyu+Fyw+zu+Azw = 0.
Again, by elementary operations, one gets:
(2AC + D)ux + (2AD)wx =0 (RAE+C+ F)ux+ (2AF + D)wx =0
By Lemma 5.5, the multiplication map x- : V, — Aj; is injective so

AD =0 2AC+D =0 2AF+D =0 2AE+C+F =0. (5.22)

Notice that in the case where A # 0, from the above relations, one easily sees that also D = C = F =
E =0, which is not possible, as we have stressed before, so we can assume

A=0, D=0 and F=-C.
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One can then observe that the matrix associated to the endomorphism 3 with respect to the basis
u,w is of the form

C E
0 -C

If C # 0, the map ¢3 would be diagonalizable: this is not possible for T general as proved in Case (I).
We can then assume that

C=F=0 and E #0.
We are then considering the first-order deformations
T+tv=(x+tu,y,z)) T+sv' = (x+sw,y+su,z+sEu),
with E # 0, and the relations (5.21) are then equivalent to

yu=0 zu=0 xu+yw=0 Eux +zw =0. (5.23)
By considering the v-deformation and the v’-deformation of the first two equations, we obtain

yu'=0  yu"+u*=0 ' =0 '’ +Eu*=0. (5.24)
We claim now that

Anng (u?) = (x,y,z,u)  utw #0. (5.25)

Conditions yu? = zu> = 0 and xu” = 0 follow easily by multiplying by u or by x the equations in (5.23).
One obtains u*> = 0 from Equation (5.24);; after multiplying by u and by remembering that yu = 0.
Since u? annihilates x, v, z and u, it cannot annihilate w too, since, otherwise, from the perfect pairing
induced by the Gorenstein duality in A ¢, [u] would give a singular point for V( f).

As a consequence of the above relation, notice that ([y], [z], [«]) is a triangle for H s since yz =
yu = zu = 0. Hence, by Lemma 2.10, we have dim((y?, z2,u?)) = 3. Being ([x], [y], [z]) a triangle
and by Equation (5.25), we can conclude

Ann i (y2, 2%, u?) = (x,u). (5.26)

We claim now that u”’ € (x,u). By the above relation, it is enough to show that y>u” = z%u” =
u*u” = 0. The first relation comes from (5.24);; if we multiply both terms by y and use (5.26). One
gets the second relation working on the Equation (5.24);y and using £ # 0. To get the third and last
relation, let us simply observe that we have shown that the equation > = 0 holds for the general triangle
T in F and so, we can write its v’-deformation:

0= (u+su”)® mod s which yields ulu' =0,

as claimed.

As a consequence of the last claim, we can write u”’ = ax + Bu for suitable @, 8 € K. Now consider
Equation (5.24);; and recall that yu = 0 by Equation (5.23). By substituting, one obtains

0=yu” +u® = y(ax + Bu) +u® = u?,

which is impossible by Proposition 2.1, since V( f) is smooth. This concludes the analysis of Case (II)
and, consequently, the proof of the main theorem for the case of cubic threefolds. O
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6. Proof of main theorem: the cubic fourfold case

In this section, we prove Theorem A in the last remaining case: given any smooth cubic fourfold
X =V(f), the Hessian variety H ; is normal and irreducible if and only if f is not of TS type.

We set ourselves in the framework described in 5.4. We assume by contradiction that given X = V(f),
a smooth cubic fourfold, with f which is not of TS type the associated variety H is not normal.
Then there exists an irreducible 3-dimensional family F of triangles for H s with the first projection
dominating a 3-dimensional component of Sing(# ). Fixing a general triangle T’ = ([x], [y], [z]) € F
for Hy, let us now study the behaviour of ¢, and i3 as endomorphisms of V,. We distinguish the
following mutually exclusive cases:

1. for the general T, ¥, (or i3) has a Jordan decomposition with one Jordan block;
2. for the general 7, i, (or ¥3) has a Jordan decomposition with two Jordan blocks;
3. for the general T, ¥, and y3 are diagonalizable.

We will rule out all the possibilities, by proving the following Lemmas 6.1 (for the case (a)), 6.2 (for
(b)), 6.3 and 6.4 (both of them dealing with the case (c)). The last one, concerning a particular subcase
of (c), is proved in the dedicated subsection 6.1.

Let us start by ruling out case (a).

Lemma 6.1. For T general, neither the map > nor 3 can have a Jordan decomposition with only one
block.

Proof. Let us suppose, w.l.o.g, that ¢, has a Jordan decomposition with one Jordan block. We can
choose a basis {u, v, w} of V5 = Ann 41 (x2, y?, z%) in such a way that ¢, is written in its Jordan normal
form with w as eigenvector. Then we have a basis {x, y, z, u, v, w} of Al with the first three vectors such
that x>, y3, z3 # 0. Then three independent tangent vectors to F in T are given as

v=(u,Au+v,Bu+Cv+Dw), v =@, Av+w,Eu+Fv+Gw), v’ =(w,Aw,Hu+1Iv+Lw)

for suitable scalars depending on the triangle.

As done in the case of threefolds, one uses Lemma 2.11 in order to obtain conditions from the first-
order deformations associated to v, v’ and v”’. By elementary operations between these equations and by
using Lemma 5.5, one gets the following relations on the coefficients appearing in the above description
of the tangent vectors:

2AB+E =2AC+B+F=2AD+C+G=2AE+H=0
2AF+E+1=2AG+F+L=2AH =2AI+H=2AL+1=0.

Note that if A # 0, then one has that all the other coefficients have to be 0, which is not possible
since the second and third projections cannot send F to a point by Lemma 4.3. Hence, A = 0 and then
E=H=1=C+G =B+F =F+L =0. We can then write the above tangent vectors as

v=(u,v,Lu—Gv+Dw), v =ww,-Lv+Gw), v’ =(w,0,Lw).
Then, the above-mentioned equations can be reduced to the following system of equations:
(Vxy :xv+yu=0 (Vxz : Lxu —Gxv+Dxw+zu =0
Wiy txw+yv =0 (V) —Lxv+Gaxw+zv=0 6.1)

@)y :yw=0 (v")xz : Lxw +zw = 0.

As usual, if T is deformed in the direction of v + sy’ +7v”’, we have the corresponding deformation
u+tu’ +su” +ru’’ of u (and analogously the ones for v and w).

https://doi.org/10.1017/fms.2025.36 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.36

26 D. Bricalli, F. F. Favale and G. P. Pirola

Claim: uw? # 0, L =0 and zw = 0.

First of all, let us study ker(w?- : A — A3). Clearly, yw? = 0 by Equation (¥"")xy. Moreover, if we
multiply by w Equation (v’)y, and use Equation (v”')yy, we get xw? = 0. Similarly, one gets zw? = 0
upon multiplying by w Equation (v"’)x.. Since Equation (v"")x, holds for T general, one can deform it
in the direction of v + sv” + ry”” and obtain

0= (y+tv+sw)(w+tw +sw” +rw”) mod (z,s,r)%
This yields
yw +wr=0  yw” +w?=0.
If we multiply by w these relations, we get w?v = 0 and w* = 0. Hence, we have
(x,y,z,v,w) Cker(w?-: Al = A%).

Observe now that uw? # 0. Indeed, if uw? = 0, then we would also have w?- Al = {0} so, by Gorenstein
duality, this would imply w? = 0, which contradicts the smoothness of the cubic fourfold V ( f).

Finally, by deforming Equation (v”’),, and multiplying by w, using the various vanishings obtained
before, we get 2Luw? = 0, and thus, L = 0. Then one has the claim by Equation (v"’),,.

Claim: zv=0,G =0and D # 0.
By deforming equations (v), in the direction of tv + sv” we get, respectively,

xv' +2uv+yu' =0 and xv” +v2 + yu” +uw = 0.

If one multiplies these by z, one obtains zuv = zv> = 0. One can now observe that ker(zv- : A! —
A3) = Al so by Gorenstein duality, one has zv = 0, as claimed. Since xw # 0 (by Lemma 5.5), from
Equation (v’),, one obtains G = 0 and, consequently, by Lemma 4.3, also D # 0.

Claim: uw? = 0.

Since zv = 0 for T general, we can deform this equation in the direction of tv. We get zv’ + Dvw = 0,
and so Dv?w = 0, if we multiply by v. Being D # 0, one has also v?w = 0. Let us now deform (v),,
and (v')xy in the direction of ¢v in order to get

D'xw+Dxw’ +2Duw +zu’ =0 and xw’ +wu+yv' +v> =0.

Upon multiplying by w, one gets xww’ + 2uw? = xww’ + uw? = 0, which yields xww’ = uw? = 0. This
is impossible as observed in the first claim above. O

Let us now prove that case (b) cannot be realised.
Lemma 6.2. For T general, neither the map > nor 3 can have a Jordan decomposition with two blocks.

Proof. Let us suppose, w.l.0.g, that iy, has a Jordan decomposition with two Jordan blocks. As done in
Lemma 6.1, we can choose a basis {u, v, w} of V2 = Anny: (xz, yz, zz) in such a way that i, is written in
its Jordan normal form with v and w as eigenvectors. Then, in this case, we can write three independent
tangent vectors to F in T as

v=(u,Au+v,Cu+Dv+Ew), v =, Av,Fu+Gv+Hw), v’ =(w,Bw,lu+Lv+Mw)

for suitable scalars depending on the triangle.
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As done in the previous cases, one gets the following relations involving the coeflicients appearing
in the above description of the tangent vectors:

2AC+F =2AD+C+G =AF =2AG+F=BM =0
E(A+B)+H=H(A+B)=I(A+B)=L(A+B)+1=0.

We distinguish four cases, depending on the vanishing of the two eigenvalues.

Case I): A=B=0.

Since A = B =0, we also have F = H = [ = C + G = 0. Among the various equations obtained by
deforming at first order the general triangle 7, one gets

yw=0 yw =0. (6.2)

We claim now that uv? # 0. By deforming at first order the equation yv = 0 in the direction of v,
one gets yv’ + v2 = 0, which implies that

(x,v,z,v,w) C ker(v?). (6.3)

However, this has to be an equality; otherwise, we would have v = 0 by Gorenstein duality. In particular,
uv? # 0.

From the Equation yv’ + v? = 0, one can also see that yv’ # 0; otherwise, we would contradict the
smoothness of V(f). We claim now that yv’ = 0, so we conclude Case (I).

Since T is a triangle and by Equations (6.2), we have (x,z,v,w) C ker(y- : Al — A2), SO in
order to prove yv’ = 0, it is enough to show that v’ does not depend on y and u. One easily sees that
0 = y(yv' +v?) = y*V". Since, by assumption, {(x,z,u,v,w) = ker(y>- : A' — A3), we get that v’
does not depend on y. Moreover, since we have just shown in Equation (6.3) that for T general, also the
equation v3 = 0 holds, we can deform it and in the same way, one proves that v/ does not depend on u.

Case (II): A =0,B # 0.
In this case, we alsohave E = F =C+G =H =1=L =M =0 so that

v=(u,v,Cu+Dv), v =(0,-Cv), v”"=(w,Bw,0).
Among the equations deduced by deforming the general triangle, one gets the conditions

yw=0 w =0 xv+yu=0 Bxw +yW =0 -Cxv+zv=0 Cxu + Dxv + zu.
(6.4)

We claim now that C = 0. First of all, notice that

(x,y,2,v,w) C ker(xv).

Indeed, we have v € V5 by assumption so x?v, and since T is a triangle, we also have xyv = xzv = 0.
The last two vanishing can be easily obtained form Equations (6.4) upon a multiplication by v and w
(and by recalling that we are assuming B # 0). In particular, we have xuv # 0, by Lemma (5.5).

Then by taking the fifth and sixth equations in (6.4) multiplied by u and v, respectively, one has
—Cxuv +zuv = Cxuv +zuv =0

so Cxuv = 0. Then, since xuv # 0, we have necessarily C = 0 for the general triangle, and so D # 0
by Lemma 4.3. In particular, we have y3(u) = Dv # 0 and y3(v) = ¥3(w) = 0. Hence, for the general
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triangle 7, y3 is not diagonalizable and has two Jordan blocks with eigenvalues both equal to 0. This is
impossible, as seen in Case (I).

Case (II): A # 0,B = 0.

This case can be treated in a ‘geometric’ way as done in Lemma 5.8. Indeed, since A # 0 and B = 0,
we have also all the other variables, besides M, are zero. Moreover, by Lemma 4.3, M # 0. In particular,
the tangent vectors to F in T are spanned by

v=(u,Au+v,0), v =,Av,0), v’ =(w,0,Mw),

and the varieties 7;(F) = Y; have dimension 3,2 and 1, respectively. As done in the other cases,
by studying the relations coming from the deformation at the first order, one can easily see that Y3
is contained in D,(f) and Y, is a surface living in D3(f). Since Y, cannot be contained in D;( f)
(otherwise, we would have singular points for V(f) by Proposition 2.5), for the general [y] € Y,, we
have that ¢([y]) ~ P?.

For a general triangle 7' = ([x], [y], [z]), consider the curve Cr = 7 Y([y]). The tangent to Cr in T
is generated by v”” which is projected to w and Mw via dr (71|c,.) and dr (73|c; ), respectively. Hence,
m1(Cr) isacurve in Yy and 73(Cr) = Y3.

In particular, 71 (Cr) U Y3 C «([y]) ~ P%. By varying the point [y], the kernel has to move, since
the curve 71 (Cr) has to cover the threefold Y;. Hence, Y3 lies in the intersection of distinct projective
planes: we have P! ~ Y3 and thus a line in D,(f). This implies, by Theorem 3.4, that f is of TS type,
against our assumptions.

Case IV): A,B # 0.
First of all, notice that assuming A, B # 0 implies that A+ B = 0. Indeed, if we assume also A+ B # 0,
we would obtain that all the other coefficients are equal to 0. This is impossible by Lemma 4.3. Then

v=(u,Au+v,Ew), v =(v,Av,0), v"” = (w,Bw,Lv),
with E, L not both zero. In particular, 3 is not diagonalizable for the general triangle 7 and all its

eigenvalues are zero. This is impossible as seen in the previous cases. O

As a consequence of Lemmas 6.1 and 6.2, the maps ¢, and 3 have to be diagonalizable. In what
follows, we rule out this remaining case, splitting it up into two lemmas, the second of which is postponed
in the following subsection.

Lemma 6.3. For T general, neither the map ¥, nor Yr3 can be diagonalizable.

Proof. As a consequence of Lemma 6.1 and 6.2, we have that ¢, and y3 are both diagonalizable for the
general triangle. We can choose a basis {u, v, w} of V, = Anny: (xz, yz, zz) in such a way that ¥, is in
diagonal form. Thus, three independent tangent vectors to F in T are

v=(u,Au,Du+Ev+Fw), v =w,Bv,Gu+Hv+Iw), v’ =(w,Cw,Lu+Mv+Nw)

for suitable coefficients depending on the triangle.
As done so far, one gets the following relations:

AD=BH=CN=0 E(A+B)=G(A+B)=0
F(A+C)=L(A+C)=0 I(B+C)=M(B+C)=0.

Notice that A, B and C cannot be all equal to zero by Lemma 4.3. Hence, we distinguish three cases,
depending on the vanishing of the three eigenvalues.

CaseM): A=B=0and C = 0.
In this case, one can easily see that three tangent vectors to JF at 7 can be written as

v=(u,0,Du+Ev), v'=(0,Gu+Hv), v’'=(w,Cw,0)
for suitable coefficients so that dim(Y;) = 3, dim(Y;) = 1 and dim(Y3) € {1,2}.
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o Claim: dim(Y3) = 1 and Y, C D;(f).

Among the equations obtained by deforming the general triangle 7, one has yu = yv = 0. Moreover,
by definition of triangle, we clearly have also yx = yz = 0: the general [p] € Y, lives in D, (f); that
is, for [p] € Y», one has «([p]) =~ P? (since D; ( f) is empty by hypothesis). In the same way, since one
gets zw = 0, one also has Y3 C D3(f). Notice that the surface '([p]) = St projects onto a surface
in Y; via 7r; and dominates Y3 via 3. This means that Y3 ¢ «([p]) ~ P3. Observe that if [¢;] and [g2]
are distinct points of Y», then their kernels have to be distinct: indeed, if A := ¢([¢1]) = ¢«([g2]), then
by symmetry, t(A) D P({[q1], [g2]) (.e., A C D4(f)), which is not possible by Theorem 3.4. Then,
for [¢1] and [g2] two distinct general points of Y,, one gets that Y3 C «([g1]) N t([g2]) =~ P* with
s € {1,2}. From this, one can see that dim(Y3) = 1: indeed, if Y3 is a surface, then we necessarily
have s = 2 and Y3 ~ P2, but this means there exists a projective plane in D ( f), which is impossible
by Theorem 3.4

o Claim: Y3 C Dy (f).

Since Y3 is a curve, the endomorphism 3], ) has necessarily rank 1 (i.e., there exists a vector
au + by that is sent to 0 by 3). Among the first-order conditions given by the tangent vectors above,
one has

(Du+Ev)x+zu=(Gu+Hv)x+zv =0.

Then, since 3 (au+bv) = a(Du+Ev)+b(Gu+Hv) = 0, one has z(au+bv) = 0. Hence, ¢([z]) =~ P3,
and we have that Y3 is contained in D;(f) too.

Being f not of TS type, and being Y3 a curve in D, ( f), we have that Y3 is not a line. However, for
[g1] and [g2] distinct general points in Y5 as above, Y3 C ¢([g1])Nt([g2]) = P?, so the general triangle
T = ([x], [v], [z]) is such that ¢([y]) ~ P? contains a fixed P?, denoted by IT, which coincides with
the projective plane spanned by Y3. To conclude, let us take a general point [r7] € IT: by symmetry,
the general [p] € Y; is such that [p] € «([57]), and so ¥ € «([n]) =~ P". Since ¥, # P!, we have that
r > 2: this means that IT =~ P> C D5( f), which yields a contradiction as above.

Let us stress that having a P? contained in D3 (f) is a phenomenon that happens exactly when V ( f)
is a smooth, non-cyclic cubic of T'S type as described in the specific Example 3.9.

Case (II): A=0and B,C # 0.
This case cannot occur. It will be treated in Lemma 6.4.

Case (III: A,B,C = 0.

Being A, B,C # 0, one has D = H = N = 0. Notice that the three values A + B,A+ C and B+ C
cannot be simultaneously zero; moreover, at least one of them has to be 0, since otherwise we would
get D=E=F=G=H=1=L=M =N =0, which is impossible by Lemma 4.3. W.Lo.g, we
distinguish 2 cases: either A+ C =0and A+ B,B+C #0orA+B=A+C=0and B+C # 0. In
the first case, Y3 is diagonalizable with one zero eigenvalue, whereas in the second case, one has the
same conclusion or that y3 is not diagonalizable and its Jordan normal form has 1 Jordan block with 0
as the only eigenvalue. Both conclusions yield a contradiction as observed in the previous cases or in
Lemma 6.1. O

6.1. The end of the proof

To end the proof of Theorem 5.1, we have to rule out a last remaining possibility which could arise in
the case where the both the maps ¢, and y3 are diagonalizable (case (c), as stated at the beginning of
Section 6). This subsection is devoted to this subcase, which is ruled out with the following Lemma 6.4,
which yields also the end of the proof of the main theorem. To prove this last Lemma, we start by
analyzing the usual framework 5.4 and obtaining different relation that both the vertices of the general
triangle and the tangent vectors to it have to satisfy. After that, we will use these conditions to reconstruct
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the cubic fourfolds which the framework is, in this case, associated with, showing that these do not
actually satisfy the hypotheses we are setting.

Lemma 6.4. For T general, neither the map y, nor Y3 can be diagonalizable with dimension of the
kernel equal to 1.

Proof. We refer to the notations introduced at the beginning of Lemma 6.3. W.l.0.g, we can set A = 0
so that B, C # 0 by hypothesis. Then, one has E = F = G = H = L = N = 0. First of all, notice that
B + C = 0. Indeed, otherwise, we would get I = M = 0, so v and w would be two eigenvectors for 3
with associated eigenvalue 0. This is impossible as observed in Case (I).

Then, the tangent vectors to F at T can be written as

v=(u,0,Du), v =(v,Bv,Iw), v"=(w,—Bw,Mv)

with B # 0 and (D, I, M) # (0,0,0) by Lemma 4.3. Moreover, notice that I, M # 0 since, otherwise,
we would have that 3 is not diagonalizable (and this cannot happen for T general by Lemma 6.2).
The first-order conditions obtained as a consequence of Lemma 2.11 are

(Wxy 1 yu=0 (Wxz : (Dx+2)u=0
(¥ )xy : (Bx+y)v=0 (V)xz i Ixw+2zv=0 (6.5)
@y i (=Bx+yw =0 (V')xz: Mxv+zw =0

Consider the following subsets of £ = K[x, y, z,u, v, w]:

M™ = {23, y3, 2, xu?, xv?, xw?, yvz, ywz, Zvw, uv?}
My = {xy,xz,yz} U ({xz,yz, 22} A{u, v, w}) My = {yu, xuv, xuw, Zuv, zuw}

M, = {u*v, u*w} M3 = {xvw, yvw, 2v, zw?} My = {v, w} Ms = {v?w,vw?}
and the elements
— 2 2 _ 2 2 _ 2
ri =x(Iw” — Mv°) ro=u(Mv-—Iw") and r3=u(Dw"+ Mvw).

Notice that all the monomials in My are 0 in Ay = £/Ann.(f) by the conditions imposed by our
framework. We want to prove that the same holds for all the elements in M; fori € {1,...,5} and for
r1,ry and r3, whereas all the monomials in M™” are not 0 (in Ay ).

If T is deformed in the direction of v + sv’ + rv”’, the corresponding first-order deformation of u is
written as u + tu’ + su”’ + ru’”’ (and analogously the ones for v, w, B, D, I and M).

Claim: All the monomials in M and in M, are 0.
One has yu = 0 from Equation (v).,. Upon multiplying by u, the other equations in (6.5), one gets the
vanishing for the monomials in M. By deforming Equation (v)y, in the direction of sv’ + rv”’, we get

yu"" + Buv = yu'"’ — Buw = 0.

Multiplying by u these relations and by using the vanishing yu = 0, one gets the claim.

Claim: All the monomials in M3 are 0.

Observe that it is enough to show hat xyw = 0: all the other vanishings come from Equations (6.5)
after multiplication by v or w and vanishing in M; or M.

Let us deform Equation (v’),, in the direction of ry"’:

B xv+ Bxv"” +yv"" = 0. (6.6)
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Multiplying by x, we get the relation X2 = 0. Recalling that Vo = (u, v, w) = Anny,, (xz, y2, zz), let us
consider the vanishing x?v = 0 its deformation in the direction of rv"’ yields x?v"”" + 2xvw = 0. Since,
as just shown, 2" =0, we get xvw = 0, as claimed.

Claim: All the monomials in M™" besides uv? are not 0 and B” = B"” = 0.

We have x3,y?, z> # 0 by assumption, since the general triangle of F cannot have a vertex on the
cubic fourfold. As a consequence of the framework and since the monomials in M| and M3 are 0, we get
that (x, y, z, u, w) C ker(xv- : Al = A3). Hence, xv? cannot be zero; otherwise, by Gorenstein duality,
also xv would be 0, which is not possible as observed in Lemma 5.5. In the same way, one gets that also
xu* and xw? are not 0. For the remaining monomials, they have to be different from 0; otherwise, one
would get a contradiction multiplying the equations in (6.5) by u, v or w.

For the second claim, observe that multiplying by v Equation (6.6), since (Bx + y)v = 0 by Equation
(¥")xy, one gets B"xv? = 0. Being xv2 # 0, as just shown, we have also that B”” = 0, as claimed. In
order to show that B” = 0, one proceeds in an analogous way by deforming Equation (v’), in the
direction of sv’:

—B"xw — Bxw” + yw" = 0. 6.7)

One gets the claim by multiplying by w.

Claim: The monomials in My are 0.
Let us consider the first-order deformation of (v)y, and (v")xy in the direction of sy’ and ry”,
respectively:

B"xv + Bxv" +2Bv* + yv"" =0 — B"'xw — Bxw"" = 2Bw? + yw"" = 0. (6.8)

Since B” = B’” = 0 as shown in the previous claim, if one multiplies the above Equations (6.8) by v
and w, respectively, one gets the claim.

Claim: One has w”’ = v"”" = 0 as tangent vectors.

Let us start by proving that w”’ = 0. Since, by construction, we have that w € V5, one can deform in
the direction of sy’ the relations x>w = y*w = z?w = 0. Recalling that xvw = yvw = zw? = 0 by the
previous claims, one obtains that w”’ € V;, so we can write w”’ = au + v + yw. By substituting this
expression in Equation (6.7), one has

—aBxu + B(-Bx +y)v =0,

which, if multiplied by u, gives aBxu> = 0. Since Bxu? # 0, one has a = 0.
Being @ = 0, it follows S(—Bx + y)v = 0 from the above equation. However, one has (Bx + y)v =0
(see Equation (K;y))’ so B = 0. Indeed, otherwise, we would get xv = 0, which is not possible by

Lemma 5.5. This means that w”’ = 0 in A'/(w).

In order to get v'”” = 0, one proceeds in a similar way: first of all, one proves v’’’ € V, starting from
v € V, and by using previous vanishings. Then, by substituting in Equation (6.6) and by using Equation
(¥’)xy, one concludes as above.

7’

Claim: The monomials in M5 are 0.
We have shown that zv> = 0 and xvw = 0 for the general triangle T, so we can deform these equations
in the direction of sv’. By using Equation (v),, and w”" = 0, one can write these relations as

Iv?w + 2vzv” = I(Vw — 2xwv”’) = 0 V2w +xwv” = 0.

As observed above, I is not 0; thus, we deduce vZw = 0.
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For the vanishing vw? = 0, one works in a similar way by deforming zw? = 0 and xvw = 0 in the
direction of rv”’, and by using Equation (v"’)x;, v’ = 0 and M # 0.

Claim: v’ € (v,w) and u’ does not depend on y.
Proceeding as we have done above for proving v'”/,w” € V,, one can also obtain that v/ € V, =
(u, v, w). Consider the first-order deformation of the Equation (v’), in the direction of #v, namely

B'xv + Bxv' + Buv + yv' = 0.

Upon multiplication by u, using B # 0 and the various vanishing shown above, one gets xuv’ = 0. Since
xu? # 0and xu - (x,y,z,v,w) =0, one has that v/ € (v, w).

For the second claim, by deforming (v)y, in the direction of tv, one gets yu’ = 0 so y*u’ = 0, and
this implies that u” does not depend on y, since y3 # 0 and y2 -{x,z,u,v,w) =0.

Claim: uv? #0in Ay,

Assume, by contradiction, that uv?> = 0. We claim that v/ = 0 as tangent vector. Consider the first-
order deformation of the Equation zv2 = 0 in the direction of tv — that is,

0= Duv? +2zvv’ = 270",

Since v/ € (v, w) (by the previous claim), zv> = 0 and zvw # 0, one has that v/ = 0 as tangent vector.
Since we are assuming that uv?> = 0 for the general triangle in F, we can deform this equation in
the direction of ¢v. This operation yields the relation 0 = v?u’ + 2uvv’ = v>u’. Now recall that u’ does
not depend on y, vZ - (z, v, w) by previous vanishings and uv> = 0, by assumption. Since xv> # 0, from
vZu’ = 0, one has that u’ does not depend on x.
This yields a contradiction by deforming x?u = 0 in the direction of ¢v. Indeed, one has 0 =

X2u’ + 2xu? = 2xu? but xu® # 0.

Claim: Elements r, r» and r3 are 0.

The relation r; = x(Iw?> — Mv?) = 0 is easily obtained from Equations ("), and (»”),, upon
multiplication by w and v, respectively.

We prove now that o = u(Mv?* — Iw?) = 0. Consider the first-order deformation in the direction of
sv’ of the Equations zuw = 0 and xuv = 0, together with Equation (6.8); multiplied by «, namely

Tuw? + zuw” +zwu” =0 wv? +xuv” +xvu” =0 Bxuv” + 2Buv? + yuv” + B”xuv =0.  (6.9)
Now, since w”’ = zw + Mxv =0, and B” = yu = 0 # B, we have
Tuw? — Mxvu” =0 xuv” +2uv? =0,
which give the desired relation, if substituted into Equation (6.9);;.
The other relation, namely 73 = u(Dw? + Mvw) = 0, is obtained in a similar way from the first-order
deformation in the direction of rv”” of the Equations (v),, and (v)., upon multiplication by suitable

elements (more precisely, the first one by w and Mv and the second one by w, respectively).
To sum up, we have proved that if we define

i=0

5
R={ri,r2,r3} VU (U Ml-) U {LHS of relations in (6.5)},

then

R C Anng(f) and M™ N Anng(f) = 0. (6.10)
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Now we would like to partially reconstruct the cubic fourfold f from the information about its
apolar ring A ¢ obtained so far. For simplicity, we are using the same symbols for the indeterminates in
S =K[xp,...,xs] andin £ =K][yq,...,ys] = K[x,y, z,u, v, w]. Consider the following cubics in S3:

3
so=x° S| =y s =27 S3=()C—DZ)M2 s6 = U’

s = x(IV2 + Mw?) + yB(Mw? — IvV?) = 2IMzvw 55 = =2Duvw + u(Iv? + Mw?).
It is easy to see that
W= (si)o={f €S°|R C Amp(f)}.

This can be checked directly by hand by writing f = Y @y, - m, where m runs over the set of monomials
of degree 3 in S. Each element in R is a linear differential equation satisfied by f and thus gives a linear
closed condition on the vector space S3. For example, since r, = u(M v:i—1 wz) € R, we have the
corresponding condition 2Ma,,,» — 21«,,,,» = 0 on the coefficients of f.

Hence, any cubic polynomial that we are analysing in this case can be written as f = Z?:o pis; for
suitable p; € K. Having proved that M N Ann,(f) = @ gives nontrivial open conditions, indeed, it
is translated into

D0, P1, P2, P3, P4, P5s # 0, (6.11)

so all the cubic fourfolds satisfying Conditions (6.10) live in a dense open subset of |W|. Notice that the
base locus of |W| is the line L = V(x, y, z, u). Moreover, as p4, B, I, M # 0 and since

yo(Hlr = pa(Iv* + Mw?) (Dl = paB(Mw? — Iv?),

we have that the general cubic in |W| is indeed smooth on the points of L and thus smooth everywhere
by Bertini.

Claim: One has D # 0.

Consider the first-order deformation of vZw and of z2v in the direction of sv’, namely

20wy + w2 = 2vwv” =0 22y +2Iz7vw = 0, (6.12)

where we also used w”’ = 0. Assume, by contradiction, that D = 0. Then, from the expression of f and
as ps # 0, we have that uvw = 0in Ay. Hence, vw - (x, y, u, v, w) = 0. Then, by previous vanishings and
since zvw # 0, from Equation (6.12);, we get that v"* does not depend on z. This implies that z2v" = 0,
so Equation (6.12);; yields 2Izvw = 0, and thus, I = 0, which is impossible.

Claim: If f satisfies the Conditions in (6.10), then Sing(? s ) is of dimension 2 near [x].
By changing coordinates, we can simplify a little the expression of f. Indeed, as B, D, I, M, p4 and
ps are not 0, by an easy change of coordinates, and by redefining the p;s, one can write

2f = po(x3) +pi (y3) + pz(z3) + pz((x - Z)uz) + ps(u3)+
+(x +u) (W +v2) + y(w? =v?) —2(/lz+/l_1u)vw (6.13)

with 4, po, p1, p2, p3 # 0.

By construction, [x] € P(A!) «» (1:0:0:0:0:0) € P" is a vertex of a triangle for Hy so
[x] € Sing(H ). We are assuming also that there exists a family of dimension 5 — 2 = 3 whose general
element is a triangle dominating via the first projection a component of dimension 3 of Sing(H s ). Then,
in order to conclude the proof of the lemma, it is enough to show that the local dimension of Sing(H s )
near [x] is actually 2.
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The Hessian matrix of f is

3pox 0 0 p3u v w
0 3P1y 0 0 -V w
_| 0 0 3psz —p3u —Aw —Av
Hy = pau 0 —p3u pax —p3z+3peu v—-A2"w —Alv+w (6.14)
voo—v =Aw v—A1"tw x—y+u —Az—A"u
woowo =y A ew  —Az-A2"w x+y+u

Since f is smooth, we have that Sing(H ¢ ) = D4(f). In particular, Sing(H s ) is cut out by 21 quintic
equations corresponding to the minors of order 5 of the Hessian matrix (there are 36 minors but 15
appear twice since Hy is symmetric). Let m;; be the minor obtained by removing the i-th row and the
J-th column. We are interested in the local expression of Sing(? s ) near [x]. Notice that the linear form
(yiy;j)(f) (defined as the second partial derivative of f as in Equation (2.1)), depends on x if and only if
(i, 7) € {(0,0),(3,3), (4,4),(5,5)}, sono term of 2 can have as exponent of x an integer greater than
4: this is a confirmation of the fact that [x] € Sing(#H s ). By differentiating m; ;, it is easy to see that [x] is
singular for V(m;;) if (i, j) ¢ {(1,1),(1,2), (2, 1), (2,2)}. Consider the variety Z = V(m 1y, m2, m23)
and notice that Sing(# s) C Z by construction. Being defined by 3 equations, one has that dim(Z) > 2.
We claim that Z has dimension 2 near [x]; to do that, we will show that (1 :0:0:0:0 : 0) is isolated
inZNV(u,v) =V(my,myz, ma,u,v).

We compute now the local expression of m 1, m, and my; modulo (i, v) in the local ring A,,,, where
A =K][y, z,u,v,w] and m is the maximal ideal of the origin in A>. By the explicit expression of H r in
Equation (6.14), one can easily see that

miz(1,y,2,0,0,w) = =3pg - w? - (w? — p32%z(1 - 2)) = 0, (6.15)

so one between w and w? — p312z(1 — z) is zero.
Assume first that w = 0. By a direct computation, one can see that

mi(1,y,2,0,0,0) =9popap3 - 2(z — DN+ 222 1) ~ 2

m22(1,y, Zs 0,0, 0) = 9p0p1p3 . y(Z _ 1)(y2 +/12Z2 _ 1) ~y

since pg, p1, p3 # 0 by assumption and since both z — 1 and y> + A2z> — 1 are invertible in A,,. This
shows that [x] is isolated in Z NV (u, v, w).

Assume now that w? = p342z(1 — z). Again, by a direct computation, one can show that w appears
only with even powers in m;;(1,y,z,0,0,w) for i, j € {1,2}, so one can substitute p3%z(1 - z) to w?
in order to obtain the two expressions

ri=ps-z(z=1)- (3pzy +(3p2 = p3A*)(z - 1)) : (3poy +(p3Ah) 2 = A2(3po + p3)z + 3po)

A2 3po + A2
rn =9popips- (z=1)- (y+z-1)- (yz LS Chl i E R A 1))-
3po 3po 3p1

In A,,, one has
4 p3A?
rio~z (3pzy +(3p2 — p3d")(z - 1)) rn~y-g(y,2)+ 3—plZ(z -1)

with g(0,0) # 0. Since w? = p342z(1 — z), if we assume z = 0, we also have that w = 0, so we can
conclude by the previous case. We can then suppose that 3p,y + (3p2 — p3A*)(z = 1) = 0 in the local
ring. This can happen if and only if 3p, = A*p3 and y = 0. However, if y = 0, from the expression of
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r11, one has that z(z — 1) = 0, and thus again, w? = 0. This shows that [x] is isolated in Z NV (u, v) too
and thus that the local dimension of D4(f) = Sing(# s ) near [x] is 2. O

With this lemma, we also conclude the proof of Theorem 5.1 in the case of cubic fourfolds.

Acknowledgements. The authors want to express their gratitude to Carlos D’Andrea and Giorgio Ottaviani for stimulating
discussions and for pointing out some interesting papers related to some of the topics treated here. The authors also thank the
anonymous referee for the useful observations.

Competing interest. The authors have no competing interests to declare.

Funding statement. The authors are partially supported by INDAAM-GNSAGA and by PRIN 2022 ‘Moduli spaces and special
varieties’. The first and second authors are partially supported by the INJAM — GNSAGA Project, ‘Classification Problems in
Algebraic Geometry: Lefschetz Properties and Moduli Spaces’ (CUP_E55F22000270001). The first author is holder of a research
grant from Istituto Nazionale di Alta Matematica (INdAAM).

References

[1] A. Adler and S. Ramanan, Moduli of Abelian Varieties (Lecture Notes in Mathematics) vol. 1644 (Springer-Verlag, Berlin,
1996). https://doi.org/10.1007/BFb0093659
[2] V. Beorchia, ‘Generic injectivity of Hessian maps of ternary forms’, Preprint, 2024, arXiv:2406.05423.
[3] E. Bertini, ‘Sui sistemi di ipersuperficie di S, aventi le stesse prime polari’, Rom. Acc. L. Rend. 5 (1898), 217-227; 275-281.
[4] D. Bricalli and F. F. Favale, ‘Standard Artinian algebras and Lefschetz properties: a geometric approach’, in Deformation of
Artinian Algebras and Jordan Type (Contemp. Math.) vol. 805 (2024), 125-138, https://doi.org/10.1090/conm/805/16130
[5] D. Bricalli, F. F. Favale and G. P. Pirola, ‘A theorem of Gordan and Noether via Gorenstein rings’, Selecta Math. (N.S.)
29(74), (2023). http://doi.org/10.1007/s00029-023-00882-7
[6] D. Bricalli, F. F. Favale and G. P. Pirola, ‘On the Hessian of cubic hypersurfaces’, Int. Math. Res. Not. IMRN 10 (2024),
8672-8694. http://doi.org/10.1093/imrn/rnad324
[7]1 W.Buczy’nska,J. Buczy’nski, J. Kleppe and Z. Teitler, ‘Apolarity and direct sum decomposability of polynomials’, Michigan
Math. J. 64 (2015), 675-719. http://doi.org/10.1307/mmj/1447878029
[8] C. Ciliberto and G. Ottaviani, “The Hessian map’, Int. Math. Res. Not. IMRN 8 (2022), 5781-5817. http://doi.org/10.1093/
imrn/rnaa288
[9] C.Ciliberto, G. Ottaviani, J. Caro and J. Duque-Rosero, ‘The general ternary form can be recovered by its Hessian’, Preprint,
2024, arXiv:2406.05382
[10] E. Dardanelli and B. van Geemen, Hessians and the moduli space of cubic surfaces, in Algebraic Geometry (Contemp.
Math.) vol. 422 (Amer. Math. Soc., Providence, RI, 2007), 17-36. https://doi.org/10.1090/conm/422/08054
[11] A. Degtyarev, 1. Itenberg, and J.C. Ottem, ‘Planes in cubic fourfolds’, Aigebr. Geom. 10 (2023), 228-258. https://doi.org/
10.14231/ag-2023-007
[12] LV. Dolgachev, Classical Algebraic Geometry: A Modern View (Cambridge University Press, Cambridge, 2012). https://
doi.org/10.1017/CB0O9781139084437
[13] M. Fedorchuk, ‘Direct sum decomposability of polynomials and factorization of associated forms’, Proc. Lond. Math. Soc.
120 (2020), 305-327. https://doi.org/10.1112/plms.12293
[14] W.Fulton and J. Hansen, ‘A connectedness theorem for projective varieties, with applications to intersections and singularities
of mappings’, Ann. of Math. 110 (1979), 159-166. https://doi.org/10.2307/1971249
[15] R. Gondim and F. Russo, ‘On cubic hypersurfaces with vanishing hessian’, J. Pure Appl. Algebra 219 (2015), 779-806.
https://doi.org/10.1016/j.jpaa.2014.04.030
[16] P. Gordan and M. Néther, ‘Ueber die algebraischen Formen, deren Hesse’sche Determinante identisch verschwindet’, Math.
Ann. 10 (1876), 547-568. https://doi.org/10.1007/BF01442264
[17] T. Harima, T. Maeno, H. Morita, Y. Numata, A. Wachi and J. Watanabe, The Lefschetz Properties (Lecture Notes in
Mathematics) vol. 2080 (Springer, Heidelberg, 2013). https://doi.org/10.1007/978-3-642-38206-2
[18] R.Hartshorne, Algebraic Geometry (Graduate Texts in Mathematics) vol. 52 (Springer-Verlag, New York-Heidelberg, 1977).
[19] J. L. Hutchinson, ‘The Hessian of the cubic surface. II’, Bull. Amer. Math. Soc. 6 (1900), 328-337. https://doi.org/10.1090/
S0002-9904-1900-00716-6
[20] D. Huybrechts, The Geometry of Cubic Hypersurfaces (Cambridge Studies in Advanced Mathematics) vol. 206 (Cambridge
University Press, Cambridge, 2023). https://doi.org/10.1017/9781009280020
[21] R. Lazarsfeld, Positivity in Algebraic Geometry. 1 (Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series
of Modern Surveys in Mathematics) vol. 48 (Springer-Verlag, Berlin, 2004). https://doi.org/10.1007/978-3-642-18808-4
[22] C. Longo, ‘Sui sistemi di ipersuperficie di S; aventi lo stesso sistema primo polare’, Rend. Matematica 7 (1948), 243-273.
[23] E.S. Macaulay, The Algebraic Theory of Modular Systems (Cambridge Mathematical Library) (Cambridge University Press,
Cambridge, 1994). Revised reprint of the 1916 original.

https://doi.org/10.1017/fms.2025.36 Published online by Cambridge University Press


https://doi.org/10.1007/BFb0093659
https://arxiv.org/abs/2406.05423
https://doi.org/10.1090/conm/805/16130
http://doi.org/10.1007/s00029-023-00882-7
http://doi.org/10.1093/imrn/rnad324
http://doi.org/10.1307/mmj/1447878029
http://doi.org/10.1093/imrn/rnaa288
http://doi.org/10.1093/imrn/rnaa288
https://arxiv.org/abs/2406.05382
https://doi.org/10.1090/conm/422/08054
https://doi.org/10.14231/ag-2023-007
https://doi.org/10.14231/ag-2023-007
https://doi.org/10.1017/CBO9781139084437
https://doi.org/10.1017/CBO9781139084437
https://doi.org/10.1112/plms.12293
https://doi.org/10.2307/1971249
https://doi.org/10.1016/j.jpaa.2014.04.030
https://doi.org/10.1007/BF01442264
https://doi.org/10.1007/978-3-642-38206-2
https://doi.org/10.1090/S0002-9904-1900-00716-6
https://doi.org/10.1090/S0002-9904-1900-00716-6
https://doi.org/10.1017/9781009280020
https://doi.org/10.1007/978-3-642-18808-4
https://doi.org/10.1017/fms.2025.36

36 D. Bricalli, F. F. Favale and G. P. Pirola

[24] C. Mammana, ‘Una caratterizzazione delle ipersuperficie che non sono individuate dal loro sistema primo polare’, Le
Matematiche 12 (1957), 125-134.

[25] D. Martinelli, J. C. Naranjo and G. P. Pirola, ‘Connectedness Bertini theorem via numerical equivalence’, Adv. Geom. 17
(2017), 31-38. https://doi.org/10.1515/advgeom-2016-0028

[26] F. Russo, On the Geometry of Some Special Projective Varieties (Lecture Notes of the Unione Matematica Italiana) vol. 18
(Springer, Cham; Unione Matematica Italiana, Bologna, 2016). https://doi.org/10.1007/978-3-319-26765-4

[27] M. Sebastiani and R. Thom, ‘Un résultat sur la monodromie’, Invent. Math. 13 (1971), 90-96. https://doi.org/10.1007/
BF01390095

[28] B. Segre, The Non-Singular Cubic Surfaces (Oxford University Press, Oxford, 1942).

[29] R.Thom, ‘Problemes rencontrés dans mon parcours mathématique: un bilan’, Inst. Hautes Etudes Sci. Publ. Math. 70 (1989),
199-214 (1990).

https://doi.org/10.1017/fms.2025.36 Published online by Cambridge University Press


https://doi.org/10.1515/advgeom-2016-0028
https://doi.org/10.1007/978-3-319-26765-4
https://doi.org/10.1007/BF01390095
https://doi.org/10.1007/BF01390095
https://doi.org/10.1017/fms.2025.36

	1 Introduction
	2 Preliminaries and first results
	3 Characterisation of TS Polynomials
	4 Families of triangles of high dimension
	5 Proof of main theorem: the cubic threefold case
	6 Proof of main theorem: the cubic fourfold case
	6.1 The end of the proof

	References

