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§1. A series
(1) Sa,
n=90
has been defined by J. M. Whittaker! to be absolutely summable (A4), if
(2) Sa,2" = f(x)
n=0
is convergent in (0<Ca<1) and f(x) is of bounded variation in
(0, 1), z.e.
(3) ggf(x,)-f(xm);d( (0<K <o)
for all subdivisions 0 = gy < ;<@ < . ... <¥p < L.

As Dr Whittaker has shown,? the absolute convergence of (1)
implies its absolute summability (A4).

In this paper a new sufficient condition for the absolute
summability (4) of (1) is obtained. In §2, it is shown that (1) is
absolutely summable (A), if it is absolutely summable (C, r) where 7 is a
positive integer.

The series (1) is said® to be absolutely summable (C, r), if the

sequence {c\’} of its Cesaro-sums

o) — 7/n—}—r> <n-%—r—l>4 <r> /<n+r>

el [(t(,Q , +a, , ‘ ....+a)17. / r

of order r, (r =1, 2, ....), is of bounded variation, ¢.e., if
=) =P | — e <

wheren=1,2,....; 0< H < «,

1 Proe. Edinburgh Math. Soc. (2), 2 (1930), 1-5, p. 1.

2 L., pp. 1, 2.

5 Fekete, Math. és termész. ért., 29 (1911), 719-726, p. 719. Similarly (1) is said
to be absolutely summable (H, #), if the sequence {A]'} of its Holder-sums
Ml = (A + o+ AT (o + 1) of order r(r=1,2,...; AV =a, + ... + a,)
is of bounded variation; Fekete, Math. és termész. ért., 32 (1914), 389-425, p. 392.
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or, in other words, the series
(4) _ b al,
fi=1
where a{? = ¢’ — ¢ ,, is absolutely convergent.

It is easy to prove! that every absolutely convergent series is
also absolutely summable (C, r) (for any positive integral value of r).
Hence the theorem formulated above includes Whittaker’s result,

It is worth mentioning that in the theorem stated above the
words “absolutely summable (C, r)” can be replaced by the words
““ absolutely summable (H, r),”’% since these absolute summabilities
are equivalent.? 7

This shows the analogy between the theorem considered and
those due to Frobenius and Holder, stating the existence of the Abel

limit lim f(x), i.e., the summability (4) of (1), provided that this
r=>1-0
series is summable (H, 1) and (H, r) (r > 2) respectively.

§ 2. The convergence of (4) involves evidently that of (2) when
0z <1. Thus, to prove our theorem, it must be shown that, the
absolute convergence of (4) being assumed, the function f(x) on the
right of (2) satisfies (3). Since this inequality is equivalent to the
existence of

1
(5) | 7w as
[
now, as is easily verified,
71 () = Ena, -1 = (1— ty <n;{—r> na -1,
n=1 n=1

when 0 ¢ < 1, it is sufficient to prove that

n=1 n=1

<
1 .

(6) j(l — t)i(n j: T> n a1 dt exists and is equal to X|al|,
0

provided that the series at the end converges.?

1 L.e.3, p. 721,

2 L.c.3, pp. 397, 398.

3 (Conversely, the existence of the integral on the left of (6) involves the absolute
convergence of (4). For from the equality (7) follows the inequality

n=1

ja —tySeinynlal | ttdt 2 e S al o 0S 2 <1
n=1
0
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To show this, we derive by integration by parts

m  [a-ws ("f’)nlasmt"-ldt —(1—ayf ("f’)la&?lx"
0 n=1

n=1

+ (l—x)*—loc%lm1 <n—1—r> laHam + ...+ > <ng—r>{af{){x"; 0z< 1.

r—1 n=1
Now, the absolute convergence of (4) being supposed, the last term

of the foregoing sum tends, by Abel’s theorem, to i(aﬁ?l, when
n=1

1

z—>1 — 0, while under the same conditions its other terms, by a
theorem?! of Cesaro, approach 0; this completes the proof.

§3. An infinite series may be absolutely summable (4) without
being absolutely summable (C, r), of any order r. Let
1049 _ § o 2,
n=0
The series on the right converges for 0 {2 <1 and the function

f(z) = e satisfies (5), i.e., f‘,an is absolutely summable (4); but

n=0
this series is not? summable (C, r) and hence, a fortiori, will not be
absolutely summable (C, r) for any value of r.

@« o]
L. . A i . .
1 If a, and B, are positive, then lim Za,a*/X [, 2" = lim a,/f3,, provided
Ze=>1—0 n=0 n=f( n—%

that ioanx", f@nw" converge in (0<x<1l), the limit on the right exists and

n=0 n=0

lim %ﬁn x" = 4 . (Cf. Hobson, Theory of Functions of a Real Variable, 2 (1926),
Ze=>1—0 n=0
GE)tar], Bo= (20

175177.) Apply Cesadro’s theorem for a, =
2 This example is due to H. Bohr. (f. Landau, Darstellung u. Begrundiing einiger
newerer Ergebnisse der Funktionentheorie (1929), §7, p, 51.
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