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Density presentations of functors

B.J. Day

The article contains the basic theory resulting from the
presentation of a dense functor N : A+ C by means of an
expansion X(k, C) o NJk = C , the term dense functor being used
instead of the equivalent term left-adequate functor. Results by
various authors on the density type of a functor are formulated

in the V-context for V symmetric monoidal closed and elementary
proofs are given. In particular a characterisation theorem
containing the well-known results of Beck and Ulmer is

established.

Introduction

The concept of density presentation is significant in multilinear
algebra as treated from the categorical viewpoint (ef. Day [7] and Day
[8]). At the same time it is implicit in providing a uniform treatment of
some of the basic characterisation theorems of categorical algebra (cf.
Diers {9] and Diers [10]).

By introducing density presentations one attempts to utilise existing
analogies between categorical algebra and elementary linear algebra. The
precise relationship with elementary analysis is not known because, as yet,

there exists no satisfactory method of "measuring" categorical colimits.

The first step is the introduction of density presentations of
functors N : A > C as expansions X(k, €) o NJk = indexed by k € K .
In Section 2 the relationship of presentations to Kan extensions is

discussed. The basic characterisation theorem is established in Section 3.
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The remainder of the article is devoted to examples and Section 5

deals with the important example of linear monads.

Because one aim of the article is to describe density presentations in
the general context of V-category theory we shall assume that, unless
otherwise stated, the categorical algebra is relative to a fixed and
suitably complete symmetric monoidal closed ground category
V=(V,®, I, ...) . We mainly adhere to the notation and terminology af
Eilenberg and Kelly [11] and Mac Lane [27].

We note that the term dense functor (Ulmer [22]) is used here instead
of the term left-adequate functor (lsbell [16]) without intending to
justify one or discard the other. The closely related (but much stronger)
condition which reduces to topological density when V = R+ (the positive
real numbers as described by Lawvere [18]) is referréd to here as Cauchy

density.

1. Density presentations

Given a category C we denote the discrete category associated with

C by |C| . A presentation of a functor ¥ : A > C consists of an index

functor J : K+ A , a coefficient functor K : KP® |C| » V , and a
structure transformation K(k, C) » C(NJk, C) which is natural in k € K
and ¢ € |C| . In practice the presentation may be "partially natural" in
c .

(o]

If §$:K°° >V and T : K-+ C are functors then we denote their

"mean" tensor product (in the sense of Borceux and Kelly [5]) by Sk © Tk .
Thus, when it exists, Sk © Tk has the defining property

C(SkoTk, C) gI [sk, C(Tk, C)]
k

naturally in ¢ € C .

A presentation is called stromg if the tensor product X(k, C) o NJk

exists in C and the resultant transformation

EC : K(k, C) o NJk > C

is a strong epimorphism in C .
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A presentation is called a density presentation if the tensor product
K(k, C) o NJk exists in C and the resultant transformation

EC:K(k, C) o NJk ~ C

is a regular epimorphism in C such that C(NA, £) is an epimorphism for
all A €A, C€C,and E: K(k, C) o A(4, Hk) + C(NA, K(k, C)oNJk) is
an epimorphism for all 4 €A, C € C . Thus, if N is full and
faithful then the conditions for a density presentation state that the
objects NA are required to be "projective" with respect to the colimits

involved in the presentation.

PROPOSITION 1.1. (a) If (J, K, £) 4s a strong presentation of
N :A~+C then N sgstrongly generates C .

(b) If (J, K, §) <is a density presentation of N : A+ C then N

18 dense.
Proof. (a) The following diagram commutes:

c(g,1)

c(c,p) C(k(k,C)ondk,D)

iR
I [C(wa,c),c(na,D)} —f [K(k,C)oA(A,Jk) ,C(NA,D)] .
A A

Thus the transformation C(C, D) »> J [c(wa, ¢), C(NA, D)] is a strong
A

monomorphism because C(£, 1) is a strong monomorphism.

(b) The proof is similar to that for (a). Let
E =+ Kk, C) o Nk —2> C

be a coequaliser diagram for EC and consider the resultant coequaliser
diagram

K(k, E) © NJk » E 2 K(k, C) o NJk > C .

By naturality we obtain a factorisation
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c(c,p) ~ ¢(&(k ,C)oNJk ,D)

!

I [K(k,C)oA(4 ,Jk) ,C(NA,D)]
A

|

f [c(wa,c),c(nA,D)] —— I (C(w4 k(K ,C)oNJK) ,C(NA,D)] .
A A

The transformation C(C, D) + I [c(wa, C), C(WA, D)] is a monomorphism by
A

(a) and is a retraction because the lower arrow is a monomorphism since
C(NA,£ ) is an epimorphism. Thus the transformation is an isomorphism, as

required. //

A density presentation is called a striet presentation if both & and
E are isomorphisms. Indeed, more complex density presentations than those
introduced here do arise but we shall primarily be concerned with strict

presentations.
PROPOSITION 1.2 (The Representation Theorem). If (J, K, E) s a

strict presentation of N : A+ C then the induced transformation

[ [cum,c),cA]»j [k(k, C), Gk]
A k

s an isomorphism for all N : AP 5V oand CeC.

Proof. We have

J [c(ma, ¢), cAl e'J [c(wa, k(k, C)oNJk), GA]
A A

g[ [k(k, C)oAlA, Jk), GA]
A

jk E((k, 0, L (A4, %), oal]

on interchanging limits

1R

g[ [k(x, ), GJK]
k

by the standard representation theorem. //

PROPOSITION 1.3. If (J, K, E) are such that

https://doi.org/10.1017/50004972700023509 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700023509

Functors 43

K(k, C) o A(4, Jk) = C(NA, C)

forall A€A and C €C then & : K(k, C) o NJk >~ C is an isomorphism
iff N strongly generates C and K(k, C) o Al4, Jk) = C(NA, K(k, C)oNJk)
forall A €A and C € C .

The proof is straightforward.

Associated with a presentation P = (J, K, E) of N : A> C for
which

K(k, C) o A4, Jk) = C(N4, C)

for all A €A and C € C , is the category PCc C of P-objects defined

1R

by PC = {c € C; ¢(c, D) f (k(k, ), C(NJk, D)] for all D € c} . If
k

NA € PC for all A €A then N : A-> PC 1is dense because

f [c(ua, c), cuvA,m]gj [K(k, C)oA(a, JK), C(Na, D)]
A A

gf [k(k, €}, C(NJk, D}]
k

~ ¢(c, D) .

In particular, given a strict presentation (J, X, £) of N , each full

subcategory of A through which J factors has such a "closure" in C .

2. Kan extensions and adjoints

PROPOSITION 2.1. Let (J, X, £) be a strict presentation of
N:A+C. Then F : A+ B has a left Kan extension along N if
K(k, C) o PJk exists in B for all C € C .

Proof.

k
K(k, C) o FJk = [[ Kk, C) ® A(4, Jk)] o FA by the representation theorem
= C(N4, C) © FA . //

PROPOSITION 2.2. Let (J, X, £) be a strict presentation of
N:A+C. Then F : C~+ B 1is a left Kan extension along N of its
restriction by N iff F preserves K(k, C) o NJk for all C € C .

Proof. FC = F(K(k, C)ONJk) so we have
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FC = K(k, C) o FlNJk

IR

K
k
U k(k, C) ® A(4, Jk)} o FA by the representation theorem
~(c(NA, C) o FNA
and the result follows. //
Let N : A>C be a functor and let ¥' : C+ [A%?, V] be the
induced Yoneda functor.

PROPOSITION 2.3. Let N : A+ C be dense by strict presentation
(4, X, £) .

(a) If N <is fully faithful them F : C + B has a right N'-adjoint
iff F(k(k, C)oNJk) = K(k, C) o FNJk for all C €C .

(b) F : C > B has a right adjoint iff it commutes with
K(k, C) o NJk for all C € C and FN has a right N-adjoint.
(e) If F TR : B> C then R has a left adjoint
FC = K(k, C) o FJk <if this colimit exists in B .

Proof. (a) Suppose F—I-V-,—-IR . Then

B(Fc, B) = [A°P, v](n'c, RB)
~ [A°®, v](w'c, B(FW-, B)) ,
because
B(Fwa, B) = [A°P, V] (¥'(N4), RB) = RB(4)

by the representation theorem and the full faithfulness of & . Thus

B(FCc, B) J [c(wa, c¢), B(FNA, B)]
A

IR

B(C(NA, C)oFNA, B) for all C €C and B €8 .

Thus FC =~ C(NA, C) o FNA for all ( € C and Proposition 2.2 applies.
Conversely, if F(k(k, C)oNJk) = K(k, C) o FNJk for all C € C then we
define R by R(B)(4) = B(FNA, B) and Proposition 2.2 applies.

(b) Suppose FN —— R and F(K(k, C)onJk) = K(k, C) o FNJk . By

Proposition 2.2, F is the Kan extension of its restriction by N . Thus
FC = C(NA, C) © FNA whence F — R because
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B(FC, B) = B(C(NA, C)oFNA, B)

[C(wa, ¢), B(FNA, B)]

1R
—_—

A

(c(wa, c), ¢(wa, RB)]

iR
-

1R
o

(Cc, RB) because N is dense.
Conversely, if F 4 R then F preserves colimits and
B(FNA, B) = C(N4, RB) ,
as required.
(c)

B(Fc, B) = B(k(k, C)oFJk, B)

1k

=B
g[ (k(k, C), B(FJk, B)]
f [K(k, ), C(nk, BB)],

k
k

e

C(x(k, C)oNJk, RB)
= C(c, RB) . //

3. The characterisation theorem

We suppose that N : A > C 1is dense by a strict presentation
P=1(J, K, E) .

THEOREM 3.1. Suppose F —— R : B > C and Fc = k(k, C) o FJk
exists in B for all C € C . Then

(a) F— R 1is a reflective embedding if R reflects
isomorphisms and preserves K(k, RB) o Fjk for all B € 8B
and N = RF : 1in this case F 1is dense;

(b) F—R 1is an equivalence iff R reflects isomorphisms and
preserves K(k, C) o FJk for all ¢ € C and N = RF ;

(e) F— R 1is an isomorphism iff the conditions of (b) hold and
R creates isomorphiems.

Proof. (a) Applying R +to the counit of F — R we obtain:
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R(X(k, RB)oFJk)
=~ K(k, RB) o RFJk
=~ K(k, RB) o NJk
= RB ,

L}

RFRB

so FR=~1 » 88 required. Thus F is dense by index J and coefficients

X(k, EB) .

(b) DNecessity of the conditions is clear. Conversely, by (a), it

remains to show that the unit of F R is an isomorphism. We have

C =K(k, C) o NJk
= K(k, C) o RFJk
= R(k(k, C)oFJk)

C

i

as required.
(¢) This follows from (b).

DEFINITION 3.2. An object D € B is called P-presentable if
B(D, ~) preserves x(k, C) o FJk for all C € B .

THEOREM 3.3. Suppose N is fully faithful, F—N—OR : B>+C, and

FC = X(k, C) o FJk existe in B forall C €C . Then F-R is an
equivalence iff N = RF , F 18 fully faithful and strongly generating,
and each object FJk , k € K, is P-presentable.

Proof. Necessity of the conditions is clear. For sufficiency first
note that R reflects isomorphisms because Rf an isomorphism implies
C(NA, Rf) = B(FA, f) 1is isomorphism for all A4 € A , implies f an
isomorphism since F strongly generates B . By Theorem 3.1 it remains to
prove that R[K(k, C)OFJk] =~ K(k, C) o Ndk =C for all C € C . Because
NJ strongly generates C +this follows from

c(wsn, R(k(k, C)oFJk)) = B(FJh, K(k, C)oFJk)

K(k, C) o B(FJh, Fik)

~ K(k, C) o A(JR, Jk)

= C(NJh, C) for all h €K . /7

R

4. Examples

EXAMPLE 4.1. If N : A+ C is an arbitrary dense functor then there
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[}
=
-

+
=

exists a standard coend presentation of N with K=A , J
K(A, C) = C(NA, C) , and

E:C(NA, CYoNA=C .

It is a simple matter to recover the following from Theorem 3.3.

THEOREM 4.1.1 (Bunge [6]). A category B is equivalent to

[0°P, V] for some small © iff B is cocomplete and has a small strongly
generating subcategory U such that, for each D €D, B(D, -) : B+ V

preserves all colimits. //

EXAMPLE 4.2. If N : A> C is dense then there exists a comma-
category density presentation of ¥ . If P and @ denote the

projections

A t/ji///y/CL\\ia\* C
NP

then we obtain a natural isomorphism

IA B(FNA, GA) = fk B(Fgk, GPk)

°P . B and G : A’ > B . Thus we obtain

which holds for all F : C
C(Qk, C) o NPk = C .

Hence we recall that the V-comma category N/M of functors
N : A+C+« B : M is constructed by taking as objects the morphisms
fe€ CO(NA, MB) and defining the objects of morphisms by means of pull-back

diagrams of the form

A(44') B(BB')
T(-B’)l lT(A-)
[7(4'B"),7(4B')] (T(4B) ,T(4B')]

[1,7(4B')]

where T(4B) = C(NA, MB) .
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EXAMPLE 4.3. Let T = (T, u,n) be a monad on C with Kleisli
category A = CT and Eilenberg-Moore category CT . Let ¥ : A~ CT be

the comparison functor and let D be the free V-category on the category

{2—'1'-» 1} .
—_
8

Let K=DQ® CT with index functor J : K » A defined by

. o0 > TC

I(m, (€, T)) =,

g ;7% - TC

J{s, (C, T))

for each T-algebra (C, r) . The coefficient functor X : K°p® C-r >V
is then defined by
k(d, (¢, ), (0, ) =I1®C(C, D)
=c'(c, D) .

Then we have

k(d, D, ¢) o NJ(d, D) = CT(C, p) o ws(d, D)

fd NJ(d, ©)

by the representation theorem applied to D € CT
colim ¥J(d, C)
= C

IR

IR

because T26‘ -E, TC £, ¢ 1is a coequaliser diagram in CT . This
Ty

isomorphism is natrual in ( € CT and the coequaliser diagram is preserved

by each functor CT(NA, =) C-r + {/ ; hence we obtain a density

presentation of N . From Theorem 3.1 we obtain:

THEOREM 4.4.1 (Beck). 4n adjunction F—U : B+ C is monadic iff
U creates coequalisers of U-split pairs. !/

On applying the underlying-set functor V : I =+ S to Proposition 1.2,

we obtain:
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PROPOSITION 4.3.2. The comparison functor § : C. » C'

T 18 dense

and, for each algebra (C, r) € CT » the natural transformations from

CT(N—, C) to a prealgebra G : A°Y > V correspond to the elements in the

equaliser of
vee —LA yere
————
VGT'g
where p and Ty are regarded as morphisms in CT . !/

More generally we have:

PROPOSITION 4.3.3. If FU :B~+C and € : FU~+ 1 ig a regular
epimorphism then the full image of F 1is dense in B if B has kernel

pairs.
Proof. This is essentially the same as for the monad case except that

one presents each B € B as a coequaliser of the form

a €
D(B) == FUB —=+ B

where D 1is the functorial kernel pair of € . !/

This example admits an evident generalisation. One may suppose that

there is a given a functor ¥ : A > C , a "diagram" 0 , and functors

J:D®C~+>A and H : °P 5y together with a natural transformation
A Hd » c(NJ(d, C), C) such that

D
J #(d) - #I(d, ¢) =cC

holds and this coend is preserved by each of the functors C(N4, -) ,
A € A . Then one obtains a strict presentation of N on taking the

coefficient functor to be
k:0P@ P gc 2o, ygy B,y

EXAMPLE 4.4. Iet V =S and let C be a category with canonical
€ - M factorisations for a proper E - M factorisation system on C
(Freyd and Kelly [12]). Let M also denote the category whose objects are
those of C and whose morphisms are those in M . Let A be a full
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subcategory of C which is closed under E-images and let N : A+ C
denote the inclusion (usually omitted). On taking K =An M and
K(A, C) = M(4, C) we have

A
[ wa, 0 x e, ) 2 s, 0)
naturally in C € M and B € A . Thus, if each object € € C is the

A
union j M(4, C) » A of its subobjects which lie in K then N : A+ C

is dense and

J [cm,c),GA];f (M4, ¢), Ga]
A M

for each functor @ : AP s, It follows from Proposition 1.3 that

A
f M4, ¢) » 4 =2 C if A strongly generates C and each 4 € A is

P-presentable for this P . In the case C =8 any category Ac $ which

is closed under surjective images in 8 satisfies these conditions.

This presentation occurs in the study of pro-objects and model-
induced monads (see Appelgate and Tierney [1], Hofmann [151, Kennison and
Gildenhuys [171, and Lim [19]). Given Ac C we form

PC {c €C; IA M4, C)e4 gc}

{¢ € C; colim 4 =} .
M(4,c)

PROPOSITION 4.4.1. If PC is closed in C under E-quotients and

colim A € PC for all C € C them PC 4is coreflective in C .
M(4,C)

Proof. The coreflection RC of C € C is defined by the E - M

factorisation of the canonical transformation colim 4 + C . //
We generalise a result of Lim [79], Theorem 5.1.

THEOREM 4.4.2. If there exigts UG : S+ PC then UG generates
the density comonad on UO =UN .
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Proof.

A pccc
e
S s

A
GX = f PC(A, GX) » A by the representation theorem

o rl S(ua, x) - A

i

A
whence UGX = I S(UDA’ X) - UbA . //

COROLLARY 4.4.3. If PC 1is comonadic with respect to G = UG then
PC is category equivalent to the category of coalgebras model-induced by
Uy = UN . //

COROLLARY 4.4.4. Ifeach A €A 1s GX for some X €S then SG

is dense and codense in PC . //

Most of these results are valid for V = Ab ; however, for general
V , one must postulate that E - M is suitably related to € in the

first place.
EXAMPLE 4.5. If a composite functor of the form

J N

K—=— A—C

is dense then we can ask when the resultant expression C{NJk, C) o NJk = C

gives a density presentation of N . Clearly this is so iff
Clugk, ¢) o A4, Jk) = C(M4, C)

for all A €A and Cc € C . If N is a full embedding this is so iff J

is Cauchy dense in the sense that

Kk
[ Ak, 4') ® A4, Jk) = A4, 4")

for all 4, A' € A .

+
For example, let V = R with the usual monoidal closed structure
+

generated by addition on R (Lawvere [718]). Then V-categories are
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simply metric spaces in a suitably general sense. The unit circle is
V-dense in the unit disc in C , a presentation being given by the rational
points on the circle. The Kan extension (Day [8]) of addition of the
rational points is the multiplication of the points in the disc.

EXAMPLE 4.6. Suppose that N : A+ C is a functor and, for each

C € ICI , there exists a free V-category K, and a functor PC : KC »> A

c
together with a colimit cone 5c : colimk NPk = C such that
colim.k A(4, Pk) =~ C(NA, C) for all A4 € A . Then (P, X, £) determines a

density presentation of ( on setting

K=Y K, and 7= (p

] : K> A,
€| ¢

and defining K : K°P® |C| + V by the Kronecker condition

K(k, C)

I if k€K, ,

x(k, C)

0 if k f KC .
For example, if V = S then the "discrete" comma-category
presentation of a dense functor N is given by KC = N/C for each

¢ € C . Furthermore, given any functor N : A+ C the condition
colimk Al4, Pk) = C(NA, C) 1is satisfied for all A € A and C € C by the

representation theorem. Thus, by Proposition 1.3, we have:

) PROPOSITION 4.6.1. ¥ : A> C 18 dense iff N 1is strongly
generating and C(NA, colim, NPK) =~ colim, A(4, Pk) for all A €A and

cecC. //

In particular, if C is an S-based category and o 1is a regular
cardinal number then A4 € C is called o-presentable if C(4, =) : C + S
preserves o-filtered colimits (see Gabriel, Ulmer [13]). Let Ca denote

the full subcategory of C determined by the «-presentable objects.

COROLLARY 4.6.2 (Gabriel, Ulmer [13], Theorem T.4). A composite
inclusion of the form A cC Ca c C 48 dense if A strongly gemerates C

and A/C 1is a-filtered for each C € C ; in particular, if A is closed
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wnder o~filtered colimits in C . //

A cocomplete category C is then said to be locally a-presentable if
it contains a small strongly generating set of o-presentable objects. For
results involving the characterisation of locally a-presentable categories

we refer directly to Diers [10], Example 5.3.

Agein suppose that V =S . An object ¢ € C 1is a Z-object (is
"connected") if the functor C(C, -) : C + S preserves coproducts in C .

An object C € C is Z-gemerated if C =Y C, with each C, a Z-object.
PROPOSITION 4.6.3 (R.-E. Hoffmann). The inclusion of the category
of Z-objects in the category of Z-generated objects ig dense. //

EXAMPLE 4.7. Suppose EC : Kc(k) o NJCk > (¢ is given for each

. g°P
C € C vhere KC : KC + ! and JC

Ky(k) o A(4, J k) =C(HA, C) for all A4 €A and C €C . Thena

: KC + A and

presentation of ¥ : A > (C 1is given by
K = K, and J=(J,) : K~+A
ce%c! ¢ ¢

with

Kk, C) = Kc(k) if k € Kc .

k(k, C) =0 if k&KC.
For example, if ¥ =S and N : A+ C is dense then Ng : N/B - C/B
is dense for all B € C because N/C E;NB/g for a1l g € C(C, B) . A

presentation of NB is given on setting Kg = N/C and

Jé =N/g : N/C + N/B for each g € C(C, B) and ¢ € C . The coefficients

are then given by Kg : 8/c°P > 8, Kg(x) = C(¥4, C) wvhere zx : NA~> C .

The result is the "reduced" coend presentation of NB :
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C(NA ,C)oNA 222 ¢

g

PR

This example extends to any cartesian closed category V .

5. Linear monads

Many of the density presentations arising in monad theory are not
strict. Thus a more complex form of Theorem 3.1 is often needed. Here,
however, we are mainly concerned with the presentations themselves and

results along the lines of Theorem 3.1 will appear elsewhere.

Suppose that a monad T = (T, u, n) is given on C and denote the
usual resolution of this monad into a Kleisli category and an Eilenberg-

Moore category by

C ¥, C
\\ 7
where M 1is the dense comparison functor.

PROPOSITION 5.1. Given a dense functor N : A -+ CT the composite

My A CT 18 dense.

Proof. Because N is dense we have C = ( (IVA C) o NA in CT .

Thus MC = C,(NA, C) o MVA for each (C, ) € ' . Thus there exists a

B

density presentation of MW with structure M+ C . //

tc

The concept of a density presentation is related to the idea of a
monad with rank (see Barr [2] and [3], Freyd and Kelly [12], Gabriel, Ulmer
[73], and Linton [20]). Suppose N : A+ C is a full embedding with
density presentation P = (J, K, £)

DEFINITION 5.2. (a) T is a P-monad if C(NA, TE) and
k(k, C) o C(NA, TNJk) + C(NA, T(K(k, C)oNJk)} are both epimorphisms for
all A €A and C €C .
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(b) T is P-linear if K(k, C) o TNJk exists in C for all C € C
and the canonical maps K(k, C) o TNJk *+ TC are epimorphisms for all
ce C.

PROPOSITION 5.3. 4 P-monad ig P-linear.

Proof . Consider the diagram

k
f K(k,C)® C(NA,TNJk) + C (A, T(K(k,C)oNIk))
C(1,7¢)

C(NA K (k,C)oTNIK) c(mva,1C)

The diagonal is an epimorphism because T is a P-monad. Thus, by density
of N , the maps K(k, C) o TNJk + TC are epimorphisms. //

For the given density presentation P of N define categories K'
and A' and functors J' and N' as follows: A' is the full image of

FN : A> CT , K' is the full image of FJ : K-> A' , and N' s AN CT ,

J' : K' + A' are the induced functors such that FN = N'F and FJ =J'F :
J'

NP I

T

F F F

AR——
P— >

— —_— C
J N

A coefficient functor k' : (K')°P x |CT[ + V is defined as
K'(Fh, FPC) = K'(Fh, Fk) o XK(k, C) , and E' : K'(Fh, Fe) o N'J'(Fh) > FC
is defined by:

K'(Fh, FC) o N'J'(FR) = (K'(Fh, Fk)ok(k, C)) o n'J'(Fh)
=~ k(k, C) o N'J'(Fk) by the representation theorem
> K(k, C) © FNJk
= P(k(k, C)oNJk)
+> FC ,

thus giving a presentation P’ of W' .

THEOREM 5.4. T is a P-monad iff P' 1is a density presentation of
N' .

Proof. Because F —U , CT[N'FA, EEEJ is an epimorphism for all
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FA € A' ifr C(w4, 15& is an epimorphism for all 4 €A ;

C(nFa,ep) =C (ma,g,) =C(ma, £ .
Moreover,

XK' (Fk, FC) o A' (FA, J'Fk) = (K' (Fk, Fh)oK(h, C)) o A'(FA, J'Fk)
= K(h, C) o A'(FA, J'Fh)
by the representation theorem
= K(h, C) o CT(IV'FA, N'J'Fn)

= K(h, C) o C' (FNA, FNJR)

=~ K(h, C) o C(NA, TNJR)

c(wa, (x(k, C)oNIK))

c(ma, u(x(k, C)oFNJk)) since F— U
o CT(FNA, K' (Fk, FC)oN'J' FK)

¥

IR

which is an epimorphism iff
k(h, C) o (nA, tWan) + C(va, T(k(h, C)oRJH))
is an epimorphism. //

In order to demonstrate the relationship of P-monads to monads with
rank consider Proposition 4.6.2 where V =S and o is a regular

cardinal. Suppose each A/C is oa-filtered and P, : A/C+ A be

c

projection. Suppose A is small and C is cocomplete.

PROPOSITION 5.5. The following conditions are equivanlent:

B
(a) f C(NB, C) x C(NA, TNB) = C(NA, TC) ;

A
(b) f c(na, C) = TNA = TC ;
(¢) T preserves colim IVPc,k for all C €C ;

(d) T preserves o-filtered colimits.
Proof. (b) = (d) since WNA € Ca for all 4 € A . (d) ® (c) because

A/C is o-filtered for all C € C . (e) = (b) because
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1

A A
f c(na, C) - TNA J C(w4, colim IVPCk) - TNA

IR

A
colim f C(wA, NPk} + TNA because NA € C_

iR

colim TNPCk by the representation theorem

1R

= T(colim WP k) by (e)
~TC .

Finally (a) <> (e) because

R

B B
J C(NB, C) x C(NA, TNB) = f C(¥B, colim IVPCk] x C(NA, TNB)

B
colim J ¢ (wB, IVPCJ() x C(NA, TNB)

—
1R

because NB € Ca

Il

colim C(NA, TNP k)

by the representation theorem
C (¥4, colim TNP k) because NA € C

1%

= C (¥4, T(colim NP K)) = C(n4, TC) . //
Suppose that Ao € A is a base object such that
NA = C(NAO, NA) . NAO and let P be the standard coend presentation of
N:A->C.

PROPOSITION 5.6. T is a P-monad iff

B
f c(nB, ¢) x c(#ay, TNB) > C(nAy, TC)

O’
i8 an epimorphism.

Proof. Necessity is clear. For sufficiency, we have
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B B
f C(NB, €) x C(NA, TNB) = [ ¢(wB, colim NP k) x C(NA, TNB)

1§

colim C(NA, THP k)

&

c(¥a, colim TP k)

:

o (v, #4), C(WAy, colim TNP )]

I

B
[C(NAO, w4, f Cs, ¢) x c(na, TIVB]]
(c(wa,, na), C(way, 1c)]

¢

because epimorphisms split in S
> C(N¥A, TC) . //

R

Thus, if we regard C(IVAO, TC] as the set of C(-ary operations of T

then T is a P-monad iff each C(-ary operation factors appropriately

through some ~NA-ary operation. With suitable modifications IVAO can
clearly be replaced by a dense subcategory of C which lies in A .

Instances of P-monads occur widely in finitary universal algebra over

a suitable closed category V (see Borceux and Day [4]).
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