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Abstract

This paper investigates structural changes in the parameters of first-order autoregressive
(AR) models by analyzing the edge eigenvalues of the precision matrices. Specifically,
edge eigenvalues in the precision matrix are observed if and only if there is a struc-
tural change in the AR coefficients. We show that these edge eigenvalues correspond to
the zeros of a determinantal equation. Additionally, we propose a consistent estimator
for detecting outliers within the panel time series framework, supported by numerical
experiments.
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1. Introduction and main results
Let {y;: t € N} be a mean-zero time series with the recursion

Vi=pyi-1+z, tEN, (1.1)

where the initial value is set to yo = 0 and {z; : # € N} is a white noise process with unit variance,
i.e. var(zy) = 1. The above recursive model is known as the autoregressive (AR) model of order
1, denoted as AR(1). In the special scenario where {p;} are constants with absolute values less
than 1, the process {y;} converges to a causal stationary AR process. Consequently, we refer to
this model as a stationary AR(1) process.

Given a realization of an AR(1) process, our focus lies in the structure of its AR coef-
ficients. To establish the asymptotic theory, for each n € N, we observe a time series Y, =

O1ns -+ yn,n)—r € R" with the following recursive relationship:
Yi.n = Pt,nYt—1,n + Zt.n» tef{l,..., n} (1.2)

Here yg , = 0 is the initial value, and the AR coefficients are given by

m
pn=p+ Y eile, (0. re{l.....n}, (1.3)
j=1
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where p € (—1, 1)\ {0} denotes the baseline AR coefficient, m € NU {0} is the number of
breakpoints, and for positive m € N, {ﬁi};”z | represent nonzero perturbations, {Ej,n};."= | denote
disjoint intervals on {1, ..., n}, and I4(¢) denotes the indicator function. In (1.3) we adopt the
convention ZJQZI &lg; (1) = 0. Consequently, when m = 0, we have a stationary AR(1) model,
referred to as the null model. However, for m > 0, the associated AR(1) process is no longer
stationary due to structural changes in the AR coefficients. Consequently, we denote the case
m > 0 as the structural change model (SCM) or the alternative model. We refer interested read-
ers to [11] for a general class of time-varying structures of nonstationary time series and its
global approximation by AR processes.

Statistical inference for Hy : m = 0 against H4 : m > 0 was initially developed by [18] using
the cumulative sum (CUSUM) method. While the original CUSUM procedure was intended to
detect changes in the mean structure of independent samples, its approach was soon extended
to time series data (see, e.g., [2, 3,9, 13, 14, 17]). The test procedures outlined in the aforemen-
tioned literature rely on the likelihood ratio or Kolmogorov—Smirnov-type tests, necessitating
the assumption

. |Ej,n| .
lim =7, D, je{l,...,m} (1.4)
n—oo n
to distinguish the asymptotic behaviors of the test statistics under the null and alternative

models.

However, in many real-world applications, particularly those involving economic data,
changes often occur sporadically, meaning that |E; ,| = o(n) as n — oo. In extreme cases, one
may have sup, ¢y |Ej x| < oo for all j€ {1, ..., m}. To detect such abrupt changes, [12] con-
sidered outliers in Gaussian autoregressive moving average (ARMA) models and proposed a
likelihood ratio test; see also [8, 16, 20]. In these outlier models, the time series {Y;} takes the

form B)
w (d)
Z, teZ 1.5
O(S(B) et + 1y S 3 ( )

where {Z; : t € 7} represents an unobserved Gaussian ARMA process, wg denotes the scale,
o(-) and 8(-) are polynomials, B is the backshift operator, and egd) is either a determinis-
tic or stochastic component. However, there is no clear connection between the SCM under
consideration and the outlier model in (1.5).

The aim of this paper is to propose a new approach to characterize structural changes in
parameters when |Ej ,| = o(n) as n — oo. Consequently, within the framework under consid-
eration, conventional likelihood-based approaches are not suitable. Instead, our focus shifts

towards defining

Y[:C()

A, = [var(y_n)]fl eR™ neN, (1.6)

which is the inverse covariance matrix (often referred to as the precision matrix) of Y, Given
that var(yn) is symmetric and positive definite, so is A,. Therefore, we can define the empirical
spectral distribution (ESD) of A, as

1 n
==Y SA, eN, 1.7
A, n; AiAg)s M (1.7)

where 8y denotes the point mass at x € R, and A1(4,) > ... > X,(A,) > 0 denote the positive
eigenvalues of A, arranged in decreasing order. To motivate the behavior of the ESD, we
consider the following two scenarios regarding the AR coefficients:

Null: ps,1000=0.3 and SCM: p; 1000 =0.3 + 0.2I{501(r), te€{l,...,1000}. (1.8)
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FIGURE 1. Time series trajectories for (a) the null model and (b) the SCM. The vertical dashed line
indicates the time of the structural change in the SCM.
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FIGURE 2. Empirical spectral distributions of the precision matrices. (a) Null model and (b) the SCM.
Crosses on the right panel indicate the outliers.

Therefore, there is one and only one change that occurs at = 50 in the SCM. Figure 1 shows
arealization of the time series under both the null model (a) and the SCM (b). The vertical line
in panel (b) denotes the occurrence of the structural change. It is apparent from these plots that
it is hardly distinguishable to identify the presence of a structural change in the SCM.

In contrast, Figure 2 compares the ESDs of the null model (panel a) and the SCM (panel b).
It is evident that

(i) the ESDs of the two models are almost identical;

(i) under the SCM, two outliers (indicated by crosses) are observed, which are separated
from the bulk spectrum.

Hence, it becomes apparent that spectral statistics may offer an important means to charac-
terize the behaviors of the SCM. We also mention that the second observation resembles the
spiked models in the random matrix literature (we refer the reader to [4, 10] for a review).

To rigorously argue the first observation, we study the limiting spectral distribution (LSD)
of 114, under both the null model and the SCM. Let ), be a probability measure on R that
depends solely on p € (—1, 1) \ {0} in (1.3), with distribution

1 2
Fp,(t) = pp((—o0, t]):E/ I(_oo,t](1+p2—2,o cosx)dx, reR. (1.9)
0

Our result, corresponding to the first observation, is as follows.
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Theorem 1. Let A,, be the precision matrix of an AR(1) model, where the AR coefficients adhere
to (1.3) (including the case m = 0). Furthermore, we assume that

lim —— =0, je{l,...,m} (1.10)

n—o00 n

D D
Then, we have 1, —> [Lp as n— o0, where — denotes weak convergence. Moreover, the LSD
Wp is compactly supported.

The above theorem asserts that under the condition (1.10), the ESDs of both the null model
and the SCM converge to the same distribution.

Now, we turn our attention to the second observation. Given a sequence of compactly sup-
ported probability measures {114, }, let out({A,}) denote the set of outliers of {j4,}, as precisely
defined in Definition 1 (see Section 3). Heuristically, out({A,}) represents the limiting edge
eigenvalues of A, that lie outside the bulk spectrum. The following theorem addresses the
outliers in the null model.

Theorem 2. Let {Ag n} be a sequence of precision matrices corresponding to the null model.
Then,

out({Aop,n}) = 9.

Therefore, as anticipated in Figure 2(a), the ESD of the null model does not include any
outliers.

Next, we focus on the outliers of the SCM. In Sections 3.2-3.4, we prove that under mild
conditions,

out({A,}) #@ for all SCMs. (1.11)

This assertion holds even for SCMs with a single change, as exemplified in (1.8). Furthermore,
we demonstrate that out({A,}) can be fully determined by the zeros of a determinantal equation,
making the numerical evaluation of the entries in out({A,}) feasible. In the simplest case where
m=1and |E ,| =1 for all n € N, we derive a closed-form solution for the two (and only two)
outliers, as observed in Figure 2(b). Please refer to Theorem 4 for further details.

The remainder of the paper is structured as follows. In Section 2.1 we introduce the nota-
tion used throughout the paper and present a preliminary result concerning the expression of
A, in (1.6). Section 2.2 investigates the LSD of both the null model and the SCM, and proves
Theorem 1. In Section 3 we define the outliers of {A,} and demonstrate their absence in the
null model (Section 3.1). Sections 3.2-3.4 explore the outliers of the SCM, covering the single
SCM (Section 3.2), the single-interval SCM (Section 3.3), and the general SCM (Section 3.4).
Section 4 addresses the identifiability of parameters in the SCM. In Section 5 we propose
a consistent estimator for out({A,}) within the panel time series framework and demonstrate
its efficacy through numerical experiments. Section 6 provides a proof for Theorem 4, which
derives a closed-form expression for the two outliers in the single SCM. Lastly, additional
properties of the LSD, supplementary proofs, and technical lemmas are presented in the
Appendix.
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2. Limiting spectral distribution of p 4,

2.1. Preliminaries

In this section we introduce the notation and terminology used in the paper and provide a
preliminary result. For the SCM, we denote the disjoint intervals {E; , j’”z | as

E},nz[kj,nalcj,n+hj,n—1]ﬂN, jG{l,...,m},
where we have an ordering
l<kin<kin+hipn—1<kyp<-- <kmn<kmn+hnn—1=<n.

Here, m denotes the number of changes, k; denotes the jth breakpoint, h; denotes the jth length
of change, and ¢; denotes the jth magnitude of change. In particular, when m =1 and hy , =1,
we omit the subscript ‘1’ in k1 , and €1, and express

prn=p+ el (0, tefl, ... n} 2.1)

We refer to (2.1) as the single SCM.

Let A, be a general precision matrix of an AR(1) process. Sometimes, it is necessary to
differentiate between the null model (m = 0) and the SCM (m > 0). In such cases, we denote
Ay, and B;, as the precision matrices for the null model and the SCM, respectively. For a real
symmetric matrix A € R"*", spec(A) = {A;(A)}_, denotes the spectrum of A. Lastly, A and v
denote the minimum and maximum operations, respectively.

The following lemma provides an explicit form of the entries of A,,.

Lemma 1. Let A, be a precision matrix of the AR(1) model. Then, A, is an n X n symmetric
tri-diagonal matrices with entries

1, i=j=n,
2 PR _
(Anlij = l+pi+]’n, l.—].e {1,...,n—1}, 2.2)
' —Pivj.ns li—jl=1,
0, otherwise.
Proof. Let z, = (Z1ns -+ - » zn,n)T, where {z;,} are as defined in (1.2). Then, var(z,) = I,

the identity matrix of order n. Using the recursive formula in (1.2), we obtain the following
linear equation:

1 0 0

~P2n I 0 nxn

gnan)_/n where L, = : . 0 e R"*",
0 0 —Pn,n 1

Taking the variance on each side of the above equation and using the fact that A, =
L,T [var(gn)]_an, we obtain (2.2). O
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2.2. The LSDs of the null model and the SCM and proof of Theorem 1

Let Ag,, be the precision matrix of the null model with the constant AR coefficient p €
(=1, 1)\ {0}. Then, according to Lemma 1, A¢ , can be explicitly written as

1+p> —p 0 0
—p  1+p* —p :
Aon= 0 —0 o | eR™, neNl. (2.3)
: 14+p* —p
0 0 —p 1

For technical reasons, we define the slightly perturbed matrix
Aon=Aon+p’En, neN, (2.4)
where E, =diag(0,...,0, 1) e R™", Since ZO,n is a tri-diagonal Toeplitz matrix, one can

derive explicit expressions for the entire set of eigenvalues and the corresponding eigenvec-
tors of Ag , (cf. [19, Proposition 2]). Specifically, for p € (0, 1), the kth smallest eigenvalue is

given by
~ ki 2
Ant1—k(A0.n) =1 —2p cos +p°, kef{l,...,n}, 2.5)
n+1
and the corresponding normalized eigenvector is 1k = (@1 ns1—ks - - - » Un.nt1—k) | » Where
~ 2 (kg el | 2.6)
Wi nal—k =] — sin[ —— |, ,...,n}. .
j,n+1—k n+t1 n+ 1 J

In the case when p € (-1, 0), the eigenstructure has a similar expression but is arranged in
reverse order. Now, since Ao,, is a Toeplitz matrix, we can directly apply the Szegd limit
theorem to Ag , (cf. [15, Chapter 5]).

Lemma 2. Let ZO,n be defined as in (2.4). Let u, be the probability measure on R with
distribution (1.9). Then,

D
KA, = Mp, 1 —> 00 2.7

Furthermore, [, has support of the form la,, b,] C R, where

a, =inf (supp(u,)) = (1 — |p))? and b, =sup (supp(p,)) = (1 + |p|)*. (2.8)

Proof. Since the eigenvalues of Zo,n are provided in (2.5), (2.7) follows immediately from
the Szegd limit theorem together with (1.9). Equation 2.8) is also clear since the range of
(14 p* —2pcosx)in (1.9)is [(1 — |p)%, (14 |p]?]. O

From the lemma above, we observe that a slightly perturbed matrix of the null model has an
LSD 1,. Next, we explore the LSDs (if they exist) of the null model and the SCM. Note that
the null model is a special case of (1.3) by setting m = 0; thus, it suffices to examine the LSD
of the general SCM based on (1.3).
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The following theorem is key to the proof of Theorem 1.

Theorem 3. Let A, be a precision matrix of an AR(1) model where the AR coefficients

satisfy (1.3), allowing for the case m=0. Let lim,_,  |Ej ,|/n=1€[0,1], je(1,..., m}.
Furthermore, we assume that |p +¢j| <1,j€{l, ..., m}. Then,
D m m
Ha, = (1 -3 fj)Mp + ) Tlpre, N> 00, (2.9)
j=1 j=1
Proof. See Appendix B.1. O
Using the above theorem, we now can prove Theorem 1.
Proof of Theorem 1. Since 1, =0 for je {1, ..., m} due to (1.10), the assertion imme-
diately follows from (2.9). Moreover, the compact support of w, is directly available from
Lemma 3. U

3. Outliers of the SCM

In this section we define the ‘outliers’ of the sequence of Hermitian matrices and study the
outliers of the null model and the SCM. Throughout the section, we assume that |E; ;| = h; ,, =
h; is fixed for all n € N, thus, immediately satisfying (1.10). By Theorem 1, the LSDs of {Ag ;,}
(corresponding to the null model) and {B;} (corresponding to the SCM) are the same and equal
to 11,. However, this does not imply that the null model and the SCM are indistinguishable.
Figure 2 shows that all eigenvalues of Ag , lie within the bulk spectrum, whereas the two
eigenvalues of B, are distinct from the bulk spectrum. Keeping this in mind, we define the
outliers of {A,}.

Definition 1. Let A, be a precision matrix of an AR(1) model, where the AR coefficients sat-
isfy (1.3), allowing for the case m = 0. Furthermore, we assume (1.10), so w4, converges
weakly to p,. Let S, =l[ap, by] be the support of u, given in (2.8). Then, x ¢ [a,, b,] is
called an outlier of the sequence {A,} (or {u4,}) if there exists j € N such that
lim Aj(A,)=x or lim A,p_j(A,)=2x. (3.1
n—oo n—oo

We denote out(A,) as the set of all outliers of {A,} (or {i4,}). Moreover, we define the sets of
left and right outliers by

out; ({An}) = out({A,}) U(—00, a,) and outr({A,}) = out({A,}) N (b,, 00).

Heuristically, the outliers of {A,} are the limit points of the spectrum of A, that are not
contained in the bulk spectrum. The remaining parts of this section are devoted to the outliers
of {Ag n} and {B,}.

3.1. Outlier behavior of the null model and proof of Theorem 2
In this section we study the outliers of the null model. The following lemma states the
behavior of the edge eigenvalues of Ag ;.

Lemma 3. Let Ag ,, be as defined in (2.3) and let a, and b, be as defined in (2.8). Then, for
fixedjeN,

lim Apy1-j(Aon)=a, and lim Aj(Aon) =bp.

n— o0 n— oo
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Proof. We only prove the lemma for p € (0, 1) and the jth smallest eigenvalue A, 1—j(Ao, ).
The cases when p € (—1, 0) and (Ao ,) can be treated similarly. Let

_ g1 —(Aon) — 1= p?

Ajp =
n 2[0

Then, «j, € (cos((n —j+ 1)m/n), cos((n —j+ D /(n+1))) due to [19, Proposition 1].
Therefore, for fixed j € N, lim, , j, = —1, and in turn, lim, o Aut1-j(A0n) =1—20 +
p2 =a,. Thus, we obtain the desired result. O

The above lemma shows that under the null model, the jth smallest (respectively largest)
eigenvalue of A , converges to the lower (respectively upper) bound of the support of the LSD
of Ap . Consequently, we can prove Theorem 2, which states that there are no outliers in the
null model.

Proof of Theorem 2. The assertion is immediately followed by Lemma 3 and the definition
of the outliers. O

3.2. Outliers of the single SCM
In this section we investigate the outliers of the single SCM given by (2.1). To obtain the
explicit form of the outliers, we require the following condition on the breakpoint:

(C1) The breakpoint k=k, of the single SCM is such that lim,_ ook, =1lim,_
(n—ky)=o0.

Next, let
L peet2p) — Vp2e2(e +2p)% +4p2(e + p)?
2(e + p)? ’ 32)
[ pe(e+2p) +pe(e +2p)° + 4p%(e + p)?
2(e + p)?
be the roots of the quadratic equation
(e + p)2x2 — pe(e +2p)x — ,o2 =0. 3.3)

The following theorem provides the closed-form solution for out({B,}) under the single SCM.

Theorem 4. Let {B,,} be the precision matrix of the single SCM. Furthermore, assume the
breakpoint k;, satisfies (C1) and p(p + €) > 0. Then, the following two assertions hold.

@) Iflpl = |p + | then out ({Bp}) = &.
1) Iflpl <|p + €| then out ({B,}) = {m} and outr({B,}) = {9N}, where

(L+p7=pGs+s, 140> = pt+17h) ifpe(=1,0),

’m:
(m, 00 (L+p%—pt+1t71, 14 p> = p(s+s7H) ifpe(0, .

(34)

Proof. See Section 6. O
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Remark 1. (i) The dichotomy in Theorem 4 shows that if the modulus of the AR coefficient
at the breakpoint is smaller than the baseline AR coefficient, then we cannot detect the outlier.
Specifically, when |p 4 €| > |p|, we observe exactly two outliers: one on the left and another
on the right.

(ii) Suppose that the breakpoint k, =k € N is fixed so that condition (C1) is not satis-
fied. Furthermore, assume that p(p 4+ ¢) > 0 and |p| < |p + ¢|. Then, there exists c € (0, 1),
depending only on p, such that

lout, ({Bn}) —m| <& and  |outr({B,}) — M| < K,

where m and 901 are given in (3.4). The proof of this result can be found in step 7 of Section 6.
In practice, k > 5 is sufficiently large to approximate out({B,}) ~ {m, 91}.

3.3. Outliers of the single interval SCM

As an intermediate step, we consider a slight generalization of the single SCM, where the
AR coefficients are given by

Prn=p + el k+r—110),  te€{l, ..., n} (3.5)

This represents a model with a single structural change occurring over a fixed interval length
of h € N. We refer to this model as the single ‘interval’ SCM. Note that, for 4 = 1, the single
interval SCM reduces to the single SCM.

We now investigate the outliers of the single interval SCM. To do so, we define several
functions and values. First, let

f@Q=1+4p>—pG+z"), ze(=1,D\{0} (3.6)
It is straightforward that f is a bijective mapping from (—1, 1) \ {0} to [a,, b,]°, where a,, and
b, are defined in (2.8). Let f~1: [ap, by]° — (=1, 1)\ {0} denotes the inverse mapping of f.
Next, we consider the functions «(x), B(x), and y (x), defined as follows:
—1 -1 -1
px~ +e(e+2p) plx+x")+ele+2p) ox
o) = —m—m, Bx)= ( ) , y(x)= . (37
E+p E+p E+p
By using the aforementioned definitions, we introduce the sequence of tri-diagonal matrix
functions Mj,1(z), heN, on [a,, b,]° by

_ (@) -1
mw—(_4 NH@Q’ (3.8)

and for h e {2, 3, ...},
a(f~1(z) -1
-1 B~ (@)

Mp11(2) = e RUFDx(D (3 9)

B 1(2) -1
-1 y(F~(z)

Below, we prove a connection between the outliers (m, 90t) of the single SCM (corresponding
to h=1) and M>.

Proposition 1. Let m, 9 be as defined in (3.4). Then, m and 9N are the solutions of the
determinantal equation det M»(z) = 0.
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Proof. By simple algebra, it is easily seen that the solutions to det M>(f(x)) = a(x)y (x) —
1 =0 coincide with those of the quadratic equation in (3.3). By definition, the zeros of (3.3)
are s and ¢ in (3.2), implying that the roots of det M>(z) =0 are f(s) and f(¢). Therefore, the
proposition holds for the specified m and 97 in (3.4). t

The above proposition asserts that the two outliers of the single SCM indeed coincide with
the solutions of the determinantal equation det M>(z) = 0. Below, we show that this analogous
relationship also holds for the outliers of the single interval SCM.

Theorem 5. Let B, be the precision matrix of the single interval SCM with change length
h e N. Moreover, we assume that the breakpoint k, satisfies (C1). Then, the following two
Statements are equivalent:

(1) z€out({B,}),
(i) det Mp41(z) =0 for some z ¢ la,, byl.
Proof. See Appendix B.2. (]

3.4. Outliers of the general SCM

We now turn our attention to the outliers of the general SCM described by (1.3). Recall the
ordered disjoint intervals {E; ,, :== [kj ., kj n + hj— Ln]}j’": 1» Where ki < - - - < k. Furthermore,
we assume that the length of change h; , = h; € N is fixed for all n € N.

To investigate the outliers of the general SCM, we introduce the concept of submodels. For

eachje {1, ..., m}, we define B,({) as the precision matrix of the single interval SCM, with the
corresponding AR coefficients ,o,(’,)l given by

P = p+ el dguen— @), (L. n). (3.10)

Thanks to Theorem 5, out({B,({)}) can be fully determined by the solution to a determinantal
equation. For the general SCM, it is anticipated that the outliers comprise the union of outliers
of the submodels. To substantiate this, we require the following assumption on the spacing of
breakpoints.

Assumption 1. For je{l,...,m+1}, let Aj,=kj, —ki_1n where we set ko, =0 and

km+1.n = n. Then, we have

lim A,= lim min A;,=o00. 3.11)
n—oo n—0o0 1§j§m+l

It is worth noting that when m = 1, Assumption 1 is equivalent to condition (CI).
The following theorem addresses the outliers of the general SCM model.

Theorem 6. Let B, be the precision matrix of the SCM as in (1.3), where there are m e N
changes. Moreover, assume Assumption 1 holds. Then,

out({By}) = _J our({BY). (3.12)

j=1

Proof. See Appendix B.3. U
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The following corollary is a direct consequence of Theorems 4 and 6 (we omit the proof).

Corollary 1. Suppose that the same set of assumptions as in Theorem 6 hold. Furthermore, for

J€{l, ..., m}, assume that hj =1, p(¢gj + p) > 0, and |p + &j| > |p|. Then, we have
outt({By}) ={miy, ..., my} and outr({B,}) ={Mi, ..., My},

where, for j € {1, ..., m}, the outlier pair (m;, 93?]-) are as in Theorem 4, but with ¢ replaced

by ¢;.

4. Parameter identification

Letpe (=1, D\{0},meN,e=(e1,...,em), k,=kin, ..., kmn),and h=(hy, ..., hy)
be a set of parameters for the SCM. In this section we focus on the identifiability of out({B,})
given these parameters. Given that the baseline AR coefficient p can be readily estimated
using classical methods such as the Yule—-Walker estimator, and considering that the outliers
are independent of the breakpoints k, due to Theorem 6, we confine our parameter of interest
to 0 =(m, g, h).

Let 0 € §;, be a permutation on {1, ..., m}, and let £, =(5(1), - - -, E5(m))- Here A is
defined similarly. Then, it is easily seen from Theorem 6 that

Out({Bn} | (m’ Qv Il)) = Out({Bn} | (mv Q(Tv ]lg))v g€ Sm»

where out({B,} | (m, €, h)) denotes the outliers of the SCM given the parameters m, &, and h
(assuming that p is known and k,, satisfies Assumption 1).

Therefore, the set of outliers remains unchanged under permutations of (g, ). Below,
we show that in the particular scenario where A= (1, ..., 1), the parameters m and ¢ are
identifiable up to permutations.

Theorem 7. Suppose that the same set of assumptions as in Theorem 6 hold. Moreover, assume

that the length of changes is equal to I forall j € {1, . .., m}. Define £, = (0, oo) for p > 0 and
&y = (=00, 0) for p < 0. Now, suppose that there exist (m;, ;) € {0, 1, ...} X €Z1if0ri ef{l,?2},
such that

out({Bn} | (m1, &1, h)) = out({Bn} | (ma, &,, h)),
then we have m|y = my and g, = (¢)s for some permutation o € Sy, .

Proof. By Corollary 1, out({B,} | (m1, &1, h)) = out({B,} | (m2, &,, h)) implies that m; =
my =m.

Let outr({By} | (m, ). b)) = out,({Bu} | (m, &5, b)) = {my, ..., m,} and let outr({By}|
(m, g1, b)) = outp({Bp} | (m, g5, B)) ={My, ..., My}, where O <my <--- <M, <a, and
by <My <--- <IMy. Then, by Proposition 1, there exists a permutation (ji, ..., jm) € Sy
such that, for each i € {1, ..., m}, there exists &; € £, such that £~ (m;) andf’l(imjl.) are the
zeros of the quadratic equation

—(&i + ,0)222 +eip(ei +2p)z+ p> =0. 4.1)

We denote m; =m(g;) and I, = M(e;) to indicate the dependence on ¢;. After some alge-
bra, for p > 0, it can be shown that m(¢) is a decreasing function and 9(¢) is an increasing
function of ¢ € £,. Hence, if m; <...<9,, theng| > ... > g, leading to M;, > ... >IN, .
Consequently, we have (ji, ..., jn) =(, 2, ..., m). Similarly, for p <0, it can also be shown
that (ji, ...,jm) =, ..., m).
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Lastly, given an outlier pair (m;, 91;), the magnitude of change ¢; € £, is uniquely deter-
mined by (4.1). Consequently, the sets ¢, and &, are identical up to some permutation. Thus,
we obtain the desired result. (]

Remark 2. (Conjecture on the general case.) Although we do not yet have a proof, we conjec-
ture that the results of Theorem 7 are also true for the general length of changes h. Specifically,
let 0 = (m, g, h), and for o € Sy, let 6, = (m, &, h, ). Suppose that there exist #; and 6, such
that out({B,,} | 61) = out({B,} | 62). We conjecture that m; = m; and there exists a permutation
0 € Sy, such that 6, =07 .

5. Outlier detection of a panel time series

In this section we leverage the theoretical results established in Section 3 within the context
of a panel time series. Consider the panel AR model given by

Yjt.n = Pr.uYji—1,n + Zj,t.ns neN, te{l,...,m}, je{l,...,B}. 5.1

Here, we assume that y; 0., =0, {zj+,»} are independent and identically distributed (i.i.d.) ran-
dom variables with mean 0 and variance 1, and {p; ,} are the common AR coefficients across j
that follow the SCM described in (1.3).

Let Vi = Ojns - s y]-,,“,)—r € R” be the jth observed time series, with a common vari-

ance matrix Var(yj_n) =X, € R Our objective is to construct a consistent estimator for
out({2,}), where ,, = (En)’l. To achieve this, we first investigate a consistent estimator for
;. A natural plug-in estimator for X, is given by

B

Sns=B"Y" 0 = Vi), — Fiala) | € RV, (52)
j=1

where y; , = % Y i1 Yj.t.n and 1, is a column vector of 1s.

However, as stated in [21], when n increases at the same rate as B, the estimator fn, B NO
longer consistently estimates X,. To obtain consistent estimation of X, and €2, in the high-
dimensional regime (where n >> B), one typically needs to assume some sparsity condition on
Q,, which, fortunately, holds in our framework due to Lemma 1. Now, we use an estimator
based on a constrained £; minimization method proposed by [7]. Specifically, let Q) be the
solution to the minimization problem

n
min Y Q] subject o | 52 — Iulloo < An:
ij=1

where, for a matrix A = (a;j)1<ij<n, llAllco =Maxi<;j<, |a;j| denotes the maximum norm.

Here, X, € (0, c0) above is the tuning parameter. Let SNZ,,, p be a symmetrized version of ?21,
defined as

(Qp)ij=(Qij A Q1)jis ijell, ... n) (5.3)

Next, we require the following mild assumptions on the tail behavior of y Lo’

Assumption 2. There exist n € (0, 1/4) and K € (0, 00) such that logn/B < n and

SUp,en max B exp(yinl®) <K, te =, 1.
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Note that the Gaussian innovations satisfy the above assumption. The following theorem
gives a concentration result between 2, p and €2,,.

Theorem 8. Let {y;; .} be a sequence of panel time series with recursion (5.1), where the
common AR coefficients follow the form in (1.3). Additionally, assume that Assumption 2 holds.
Then, for all T € (0, 00), there exists a constant C; € (0, 00) such that

~ logn _r
P\ max |Ai(Q2,p) — Ai(2p)] < C¢ >1—4n".
1<i<n B

Proof. From Lemma 1, €2, is a tri-diagonal matrix, and there exists a constant 7" € (0, co)
such that [|€2, || = max|<j<, Yo (R0, jl < T.Therefore, 2, belongs to the uniformity class
U(g =0, so(n) = 3), as defined in [7, Section 3.1].

For 7 € (0, 00), let Cyp = 217’2(2 + 17+ n’lesz)z, where n and K are parameters from
Assumption 2. By applying [7, Theorem 1(a)], we obtain

~ !
P(nszn,s — Q2 < 144CoT? %) >1—dn,

where || - |2 denotes the spectraLnorm. ~
Finally, since maxi<j<p [Ai($2,,8) — 1i(21)| < ||2n,8 — 2|2 due to Lemma 8§ below, we
obtain the desired result with C; = 144CyT2. O

From the above theorem, we conclude that Shin, B is positive definite and consistently esti-
mates €2, with high probability, provided the number of panels B = B(n) is chosen such that
lim,,—, oo log n/B(n) = 0. Now, we proceed to estimate the outliers of {€2,} using the consistent
estimator §~2n, g (with high probability). To accomplish this, let p, (n € N) be the consistent
estimator of the baseline AR coefficient p (e.g. the Yule—Walker estimator). Define

out(2y ) = spec(Qy ) N [az,, bz, 1, (5.4)

where aj, and by, are defined as in (2.8), but replacing p with p,,. For sets X and Y, let

dpX,Y)= max{supxex inf |x — yl, sup inf |x —yl}
yey eX

yey X

be the Hausdorff distance between X and Y.
The following theorem provides a consistent result for the outlier estimator.

Theorem 9. Suppose that the same set of assumptions as in Theorem 8 hold. Furthermore,
assume that B = B(n) is such that lim,,_, , log n/B(n) = 0. Then,

dp(@iit({Sn,5)). out({Qu}) >0,  n— oo, (5.5)

P . e
where — denotes convergence in probability.

Proof. See Appendix B.4. U

5.1. Numerical experiment

To validate our proposed outlier estimator, we conduct a simple numerical experiment. For
the true model, we consider a single SCM as given in (2.1), with the length of the time series

https://doi.org/10.1017/apr.2024.69 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2024.69

920 J. YANG

TABLE 1. The average and standard deviation (in parentheses) of the MAE of the single SCM for each
combination of (p, €, B).

B
0 e/p 100 500 1000 5000

0.1 0.5 0.15 (0.03) 0.05 (0.02) 0.03 (0.01) 0.01 (0.00)

1 0.13 (0.03) 0.05 (0.02) 0.03 (0.01) 0.01 (0.01)

0.10 (0.03) 0.03 (0.02) 0.03 (0.01) 0.01 (0.01)

0.3 0.5 0.09(0.05) 0.04(0.02) 0.02(0.01) 0.02(0.01)

1 0.13(0.04) 0.04(0.02) 0.04(0.02) 0.02(0.01)

2 0.22(0.08) 0.08(0.04) 0.06(0.04) 0.04(0.02)

0.5 0.5 0.20(0.08) 0.07(0.04) 0.07(0.03) 0.04(0.02)

1 0.23(0.10) 0.12(0.07) 0.10(0.05) 0.06(0.03)

0.39(0.19) 0.21(0.11) 0.17(0.09) 0.09(0.04)

0.7 0.5 0.28(0.15) 0.08(0.04) 0.04(0.02) 0.03(0.02)

1 0.39(0.20) 0.09(0.05) 0.07(0.05) 0.05(0.03)

0.67(0.31) 0.17(0.10) 0.15(0.10) 0.10(0.06)

0.9 0.5 0.48(0.22) 0.13(0.07) 0.07(0.05) 0.04(0.03)

1 0.55(0.29) 0.14(0.08) 0.09(0.07) 0.05(0.04)

0.54(0.33) 0.26(0.18) 0.18(0.12) 0.07(0.06)

set to n =100 and the breakpoint to k, =50. We set the baseline AR coefficient p to take
values in {0.1, 0.3, 0.5, 0.7, 0.9}, and the magnitude of change ¢/ p to take values in {0.5, 1, 2}
for each given p. For each model, we vary the panel size B in {100, 500, 1000, 5000}.

For the given parameter values in the single SCM, we generate the panel time series {y; 1}
as in (5.1), where {z,} are i.i.d. standard normal random variables. Let €2, be the true
precision matrix of i and let Qn p be its estimator as in (5.3). According to Theorem 4,
the single SCM has two outliers out({2,}) = {Ar, g}, where the explicit expressions of
AL <ap <b, < Ag are provided in the same theorem. As an estimator, we use

out(Qp) = (A, Ar},  where Az = A, ($.5) and g = A1 (Ry.p).

All simulations are conducted with 1000 replications and, for each simulation, we calculate
the outliers (Az;, Ag;) for i e {1, ..., 1000}. To assess the performance of our estimator, we
compute the mean absolute error (MAE)

MAE,; = ([ — hrl + kg — 2&),  i€{l,..., 1000}, (5.6)

which is an equivalent norm to the Hausdorff norm.

Table 1 displays the average and standard deviation (in parentheses) of the MAE for each
parameter setting under consideration.

In all simulations, as the panel size B increases, the MAE decreases and tends to O.
Moreover, the finite sample bias of Az and Ag due to n and k is negligible for moderate base-
line AR coefficients (i.e. p € {0.1, 0.3}) and reasonably small for larger p € {0.5, 0.7, 0.9}.
These observations align with Remark 1(ii), which states that the bias due to the breakpoint
k is bounded by ¢* for some c € (0, 1), where ¢ = c(p) approaches 1 as |p| approaches 1,
leading to a larger bias. However, the effect of the magnitude of change ¢ is not consistent.
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For p € {0.3, 0.5, 0.7, 0.9}, the bias tends to increase as &/ p increases. In contrast, an opposite
trend is observed for p =0.1.
6. Proof of Theorem 4

This section contains the proof of Theorem 4. For brevity, we primarily focus on the case
p € (0, 1). The proof for p € (—1, 0) can be treated similarly. The proof strategy is motivated
by Theorem 2.1 of [5]. To prove the theorem, it suffices to show the following four statements.

e In the case when |p| <|p + €|, there exists ¢ € (0, 1) such that, for any fixed j € N,
(A) A (Bp) =M + O(cF) as n — oo,
(B) An(By) =m+ O(c*) as n — oo,
(C) limy— o0 Ajt1(By) = b, and limy, 00 Ay—j(Bp) = ap.
o In the case when |p| > |p + €|, for any fixed j € N,
(D) lim,—, o0 Aj(By) = by, and limy,—, oo Ant1—j(By) = ap.

The proof of (A)—(D) above can be divided into seven steps, which we briefly summarize
below.

1. We show that there are at most two outliers in the sequence {B,}, one on the left and one
on the right of the bulk spectrum.

2. Using spectral decomposition, we obtain a 3 x 3 matrix, where the zeros of the
determinant of this matrix represent the potential outliers.

3. We show that the matrix from step 2 is a block diagonal matrix with block sizes
1 and 2.

4. We show that the 1 x 1 block from step 3 does not have a zero within the possible range
for outliers. Therefore, the potential outliers are the zeros of the determinant of the 2 x 2
submatrix.

5. We prove that if |p| > |p + €| then there are no zeros of the determinant of the 2 x 2
submatrix within the possible range, implying no outliers exist.

6. We show that if |p| < |p + €| then there are exactly two zeros, and we derive their
explicit forms.

7. We calculate the approximation errors due to the breakpoint k to complete the proof.

Now, we provide detailed explanations for each step.

Step 1: Let ﬁ‘(l" and B, be the precision matrices under the null ancl the single ~SCM, respec-
tively, and let Ag , be defined as in (2.4). Define P, = B, — Ao,, and P,, = B, — Ao . By using
Lemma 1, we have

ee+2p), GH=k-—-1,k-1), ~
[Pn]l,]= —&, (17])6{(k_17k)7 (k,k— l)}v andPi’lZPn_szYh (61)
0, otherwise,
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where E, =diag(0, ..., 0, 1) € R™". Therefore, provided that ¢ #0, P, has exactly two
nonzero eigenvalues, which are the solutions of the quadratic equation

2 -+ 208)7 — &2 =0.

We denote these two nonzero eigenvalues as o < 8. Since off = —£2 <0, wehave o <0 < .
Therefore, the eigenvalues of P, are given by A1(P,) =8, L,(Py) =«, and A (Py)=...=
An—1(Py) = 0. Next, by applying Lemma 6 below, we have

Aj+1(A0.n) < Aj(Bn) < Aj—1(A0n), J€{2,...,n—1}
Therefore, by Lemma 3 and the sandwich property, we have

lim Ajy1(By)=b, and lim A, j(B,)=a,, jeN.
n—oo n—oo

This proves (C) and part of (D). Next, by Theorem 3, since up, i) Wp as n — oo, we conclude
that the possible outliers of {B,} are the limiting points of A1(B;,) or A, (B,).

Step 2: Let Ao n=Up\, U be an elgendecomposmon where U, _(u(") (")) is

an orthonormal matrix and A, = dlag()\l(Ao n)s - (Ao »)) is a diagonal matrix (exphclt
expressions of U, and A, are given in (2.5) and (2.6), respectlvely) For the sake of
convenlence we omit the index n and write u; = u( " and A=A (Ao n)-

Next, let Pn =V,0, V be a spectral decomposmon of P,,, where r is the rank of Pn, O, is
a diagonal matrix of the nonzero eigenvalues of P, and V,, is an n x r matrix with columns
consisting of r orthogonal eigenvectors. Since the explicit form of P, is given in (6.1), we can
fully determine the elements in the spectral decomposition of P, by

r=3, Vy=(aiex—1+biex, arex—1 +brex, e,) and O, =diag(b;, 62, 63). (6.2)

Here, (ay, b 1)T and (ay, bz)T are the two orthonormal eigenvectors of the matrix

2 —1
8(8:’) 0), 6.3)

ey is the kth canonical basis of R”, and 6;, i € {1, 2, 3} are given by

8(‘9+2,0)—\/(£+2,0)2+4 (e+2p)++/(e+2p)2+4
2 9

6 = 9
! 2

92:8

93:—,0 .

We note that the eigenvalues corresponding to the eigenvectors (aj, by )T and (az, bz)—r of (6.3)
are 01 and 6, respectively.
Since U, is orthogonal, we have

Bn ZZO,n +13n = Un(An + Unvn®rV;I—U;—)UI'
Therefore, spec(B;,) = spec(A, + Sn®rS,T), where
Sn = UnVy = (ar1ug—1 + bruk, azug—1 + boug, up). 6.4)

Next, by using Theorem 2.3 of [1], z € [a,, b,]° \ {A1, ..., Ay} is an eigenvalue of B, (thus,
an eigenvalue of A, +5,0,S,)) if and only if

det(l, — S} (zly — Ap)™'S5,0,) =0. (6.5)
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Therefore, we conclude that z is an eigenvalue of B, but not of Zo, n if and only if the matrix
My, =1,—S!(zl, — Ay 'S,0, e R¥3 (6.6)
is singular.

Step 3: The (i, j)th (i, j € {1, 2, 3}) component of M,, , is given by

My i = 8imj — > 1S} Diel(ln — M)~ " 1e.e[Sule 10

(=1

— 8, Z [Sx] £, z[Sn]Ej
=0 z— he(Ao)

Z Sn]e i[Sn]lj
Si=j =0 2p cos(drm/(n+ 1)+ (z— 1+ p2)

6.7)

We make an approximation of the above term. Let a = (z — (1 + p?))/2p. Therefore, if z >
b,=(1+ ,0)2, thena > 1;ifz < (1 — ,o)2 then a < —1. From (2.6), we have
2”: [SulealSales  2a Z sin(nér /(n+ 1)) sin(klrr /(n + 1))
cos(m/(n+1)+a n+1 = cosdm/(n+1))+a

(=1
n

2bq Z sin(nlm /(n+ 1)) sin((k + )¢ /(n + 1))
n+1 cosUm/(n+1))+a

=1
2a; 2”: (=D sin(er /(n + 1)) sin(klr /(n + 1))

Tt i cos(¢r/(n+ 1)) +a

261 < (=D sin(er /(n + 1) sin((k + 1)er /(n + D)
+

n+1 = cos(dr/(n+1))+a

where a1 and b; are from (6.2). Therefore, by using Lemma 4 below, we have

l+1 (%14 : kém
7 M (=1 sin ( +1) sin (—n+1>

n—oo n+ 1 L
=1 cos (n+1> +a

151 . ktm
2« Sm(n+1)sm m)

_n—>oo 4
n+1 e cos (ﬁ)-l—a

: 144 : kb
n A ke
. 2 s (n+l) sin n+1)
— lim 1 ’
—
oo n A £:even COS( n)+a

=1 (G(1, k) — G(1, k)
:0,
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where G(1, k) is from Lemma 4 (see Appendix C). This indicates that lim,—, o [M; ]1,3 =0.
Let M, =lim,,—, oo M, . Then, by using similar calculations with the help of Lemma 4, M, can
be written as

M, =

o T
o N
>0 O

for some p, g, r, A, which we elaborate on in the next step. Therefore, the singularities of M,
come from either solving A = 0 or solving pr — ¢*> = 0.

Step 4: First, we calculate A. Using Lemma 4, we have

n n -2 A

S, S, 2 sin® -2

lim Z [ n]€,3[ n]l,3 — lim n+l
"= 0= cos (f%) +a "mont1li cos (n%) +a

2 T : 2
:_/ sin“ x dx
T Jo cos(x)+a

1 2 2
:_/ sin” x dr
T Jog cos(x)+a

=G(1, 1).

Therefore, from (6.7), we have A=1—63G(1, 1)/2p) =1+ pG(1, 1)/2. Let p € (0, 1) and
letz <a,. Since z < a,, wehave a ={z — (1 + ,02)}/(2,0) € (—oo, —1). Let

fn=—a—+va?—-1 and zpn=—a+vVa?—-1.

Then, by Lemma 4 again, we have

2 1
G(1, 1) = E(l - )= ——m(l —(—a—va? =1} =2a+Va® - 1).

This indicates that G(1,1) is a decreasing function of a on the domain (—oo, —1), thus,
G(1,1)>—-2and A=1+4 pG(1, 1)/2 > 1 — p > 0. Therefore, we conclude that there is no
z € (=00, a,) such that A(z) = 0. Similarly, we can show that there is no z € (b,, 0o) such that
A(z)=0.

By using similar techniques with help of Lemma 4, elements in [M,]1.1, [M,]2,2, and [M,]; 2
are given by

n

lim [Snle,1[Sn]e,1 _% ™ sin(kx) sin(kx)

n— 00 1213 o cos (x)+a
¢=1 COS (,1+1)+a 0

+

2_b% /ﬂ sin((k + 1)x) sin ((k + 1)x) "
0

T cos(x)+a
n 2a1bq /” sin(kx) sin ((k + 1)x)
T 0 cos (x) +a

= a3Gk, k) + D2G(k + 1, k+ 1) + 2a1b1 G(k, k + 1),
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n
SulelS
im 3 Snle2lSale =Gk, k) + b3G(k + 1, k+ 1) + 2a:6,G(k, k + 1),

P o (1)
lim [Sule, 10Sn]e2
naooe 1 cos (né+1) ta

=a1a2G(k, k) + b1b2G(k+ 1, k+ 1) + (a1b2 + a2b1)G(k, k + 1).

Furthermore, for k — 0o, we have

1 1 1
LGk _ — G(2),

20 a 21 a Je—a)z—b,) 65

1 22 ~,
— Gk, k+ 1)~ —————— =G(2).
2p 2p(z2 — 21)

The approximation errors above are of order O(|z1|F A |z2|¥) as k— oo. By (6.8) and
Lemma 5(a,b) (see Appendix C), the 2 x 2 submatrix of M, limits to
& (1 — 01 (G(2) +2a1b1G(2))  62(arbs + azb1)G(2) )
r—1= .

~ ~ (6.9)
01(a1by + a2b1)G() 1 — 0, (G(2) + 2a26,G(2))

Therefore, we have

det Mr—l =1 -61G)1 —6,G) — 2((1 — 6,G)01a1by + (1 — 91G)92a2b2)6
+ 491926116@1)1[7262 —016(a1by + azbl)zéz.

Furthermore, by using Lemma 5(b—g), det 1\~4r,1 can be further simplified as

det My_1 = (1 — 61G)(1 — 6,G) — 2(B1a1by + 62a252) G — 616>G>

e (6.10)
=(1-60,G)(1 — 6,G) +2¢G + £>G>.

We note that since we use an approximation in (6.8), the exact determinant of the submatrix of
M, (which is pr — ¢?) is not identical to det M,_,. However, by using the approximation error
as in (C.2), we have

Z4k+2
pr—q =detM,_; +0 | —2—— k — oo. (6.11)
(1 -3

Step 5: We first show thatif |p + €| < |p| then det M,_; does not have zeros in lap, by]¢. Let
p €(0, 1), so € € (—p, 0). Moreover, we only consider the case when z > b, or equivalently,

a > 1. The case when z < a,, can be treated similarly. By using 61 4 6, = &2+ 2p¢e and 016, =

—&2, we have

fi(e)=det M, = (G* — G* — G)e> + 2(G — pG)s + 1. (6.12)
Recall that

2 1 ~ 222 22

= = and G= = .
20(z2—z1)  J(z—ap)z—b,) 20(z2—z21)  J(z—ap)z—b,)
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Since 72 € (—1, 0), we have 6(z) <0< —6(z) < G(z). Therefore, the leading coefficient of
f>(&) is negative. Since f;(0) > 0, we conclude that

f:(+) does not have a solution in € € (—p, 0)
= f(—p) =G =G = G)p? —2G - pG)p+1>0, z>b,.
Next, we parametrize zp = cosx for x € (;r/2, ) (since z3 € (—1, 0)). For simplicity, let
C =cosx and S = sin x. Then, we have

2 C ~ 22 C?

G=g————=-—0 and G=z—— = (6.13)
2p(z2=1/z22)  pS 2p(z2=1/z22)  pS

By substituting (6.13) into f.(—p) and multiplying by S?, we obtain
Sf(—p)=—C>+ pC+2C*+§> =1+ pC>0.

Therefore, when |p + ¢| < |p|, there is no solution for det M,_; =0, thus, we conclude that
the eigenvalues of B, do not have outliers. This completes the proof of (D).

Step 6: Consider the case |p| < |p + €| and assume that 0 < p < p + €. The case when
p + ¢ < p <0 can be treated similarly. Now, we obtain the solution of (6.12) in two different
regions.

First, we assume that z € (b,, 00). Then, using the same parametrization as in (6.13), we

have
ct c: c\, c: c
f(e) = W—W‘Fs—z e +2 _F—i_? e+1=0
= —(e+p)’C* +ep(e +2p)C+ p> =0.

(6.14)

Since e(e 4+ 2p) > 0 (here we use the condition 0 < p < p + ¢), solution C € (—1, 0) of (6.14)
is given by

_ pe(e +2p) — /p2e2(e +2p)* + 4p2(e + p)?
2(e + p)? '

Recall that zp = —a++a? — landa={z — (1 + ,02)}/(2,0). Thus, the solution z € (b,, 00) is

C=2n

M=1+p>—p(C+CH.

Since (e 4+ 2p) > 0 (using the condition 0 < p < p + ¢), the solution C € (—1, 0) of (6.14) is
given by

_ pe(e +2p) — /p2e2(e +2p)% + 4p2(e + p)?
2(e + p)? '

Recall that zp = —a++a? — landa={z — (1 + ,02)}/(2,0). Thus, the solution z € (b,, 00) is

C=2n

M=1+p>—p(C+CH.

Second, we assume that z € (—00, a,). In this case, we have a={z—(1+ pz)}/(Zp) €
(—o0, —1), thus,

2 —1 ~ 271 —21

G= = and G= = .
20(zi —z2)  J(z—ap)z—by) 20(zi —z2)  J(z—ap)z—by)
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Since 0 <z; <1 < zp, we parametrize z; =cosx=C’ for some x € (0, 7/2). Then, (6.14)
remains the same, but our solution is in (0,1). Thus,

Oz PEEH20) +VP2e2e +2p) + 40%(e + )’
2(e + p)? '
Using a similar argument as above, the solution for z € (—o0, a,) is
m=1+p>—p(C + ().

To conclude, when |p| < |p + €|, we show that there are exactly two outliers: one on the right
(= 99) and the other on the left (= m). This proves (A).

Step 7: Lastly, we consider the effect of the breakpoint k and prove Remark 1(ii). Let X(z) =
—(e+ ,0)2z2 +ep(e +2p)z+ ,02. Then, it is easy to check that X(1) <0 < X(p). Therefore,
there exists 7 € (p, 1) such that X(Z) = 0. Moreover, it is easy to check that 7 is not a multiple
root. Therefore, around z =7, X(z) changes its sign. By (6.11),

(pr—gH@=XG) +0(ﬂ)
ET= A/

Therefore, for a sufficiently large k, there exists ¢ € (0, 1) and an interval IZ) = [Z — X, 7+
1 c (=1, 0) such that (pr — ¢*)(z) has a zero in I(Z). Let the solution be Z. Then, M =1 +
p? — pZ+7"") is the ‘true’ outlier, and m = 1 4+ p> — pZ+7Z~!) is an approximate solution
as described in step 6. Since [z —7Z| = O(c¥), we can show that | — m| = O(c¥). Similarly, we
have |90t — M| = O(cb).

Combining all seven steps above, we prove the theorem. U

7. Concluding remarks and extensions

In this paper we study structural changes in nonstationary AR(1) processes when the change
period of the AR coefficients is very short. Our approach focuses on the edge eigenvalues of
the precision matrix of the observed time series. We show that under the null hypothesis of
no structural change, all eigenvalues of the precision matrix lie within the bulk spectrum, with
the distribution explicitly described in (1.9). Conversely, under the alternative hypothesis of
structural change, we show that there are outliers (edge eigenvalues) that deviate from the bulk
spectrum observed in the null case.

We also propose a consistent estimator for the outliers (under both null and SCM scenarios)
within the panel time series framework. Unlike traditional CUSUM and disturbed ARMA
models, which make estimations and inferences based on a single realization of the time series,
our proposed method requires the panel size B = B(n) to satisfy logn <« B(n) < n as n — oo.
This requirement arises because traditional methods assume that 7; > 0 in (1.4), relying on
sufficiently large observations with structural changes, whereas our statistical model assumes
that 7; = 0.

By using the dichotomy in Theorem 1 and (1.11), one can examine the hypotheses
Hy : out(2,) = & versus H, : out(2,) # < and utilize &Tt(fzn,g) as a test statistic to formu-
late tests for structural change within the panel time series framework. However, deriving the
asymptotic behavior of o/LTt(’SVZ,,, p) under both the null and SCM scenarios is a highly nontrivial
task, making direct calculation of the «-level critical region infeasible. Therefore, alternative

https://doi.org/10.1017/apr.2024.69 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2024.69

928 J. YANG

approaches, such as bootstrap methods to construct confidence intervals, could be useful in this
context. This will be investigated in future studies.

Lastly, the problem under consideration in this paper is specific to AR processes of
order 1. We discuss the possible extension of our results to nonstationary AR processes of gen-
eral order p € N. To do so, similar to (1.2), suppose that we observe Y, = Oty - - - yn)n)—r with

recursion y; , = Zle ¢g31yf_j,n + 2z, neN, tefl, ..., n}. Analogous to (1.3), we assume
that Qt n= (qbt(,ln), e, ¢,({7,,))T € RP satisfies

—t.n -

¢, =0+ el 0. te{l,... n).
Jj=1

Here, the baseline AR(p) coefficient ¢ = (¢, .. ., ¢>p)T issuch that ¢(z) =1 — 5-7:1 quzj does
not have zeros on or inside the unit circle. Then, using similar techniques to those used in the

proof of Theorem 1, we can show that

D
WA, = ¢ asn—> 00,

provided (1.10) holds. Here, the LSD 4 is the probability measure on R with distribution

1 2 )
Fas®=ng((=00, D= 5= [ lCsatoe™Pras, 1R

However, generalizing the outlier results stated in Section 3 to higher-order AR processes,
even for p =2, seems challenging. This difficulty arises because, when calculating the outliers
for the AR(1) SCM, we need to determine the explicit expression of lim,,_, oo M}, , = M, where
M, , is defined as in (6.6). Deriving expressions for M, when p = 1 involves detailed calcula-
tions, and a general expression for M, for p € N and {gj}j’.":] appears intractable. However, we
conjecture that, for nonstationary AR(p) models, Theorem 2 holds under the null hypothesis of
no structural change, and outliers are observed when structural change occurs. This will also
be investigated in future studies.

Appendix A. Properties of 1,

For a probability measure u on R, the Stieltjes transform of u is defined as

1
Gu(z) = / du), zeR\ supp(p),
supp(n) £ — X

where supp(u) denotes the support of 1.

The Stieltjes transform plays a crucial role in characterizing the behavior of the ran-
dom measure. Under certain regularity conditions, it satisfies G, (z) = Z/fo:o mp(u)z ¥, where
m() = f x% duu(x) denotes the kth moment of . In general, obtaining an explicit form of the
Stieltjes transform for a given px can be challenging. However, within our framework, we have
a simple analytic form for G, . where (1, has a density function as described in (1.9).

https://doi.org/10.1017/apr.2024.69 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2024.69

Edge eigenvalues of nonstationary AR(1) processes 929

Theorem 10. Let (1), be as defined in (1.9), and let a, and b,, be the lower and upper bounds
of the support of j,, respectively, as defined in (2.8). Then, for any z € [a,, by, the Stieltjes
transform of ., is given by

1
(z—ap)z—byp)
1

— if z<a,.

V(@—ap)z—1bp)

Proof. Let {u,} be a sequence of compactly supported measures on R. It is well known

if 2> by,
Gup(z):

that Y w if and only if G, (z) = G, (z) for all z € R\ supp(x). Combining this fact with
Lemma 2, it is sufficient to show that

1
- ifz>b,,
lim G, ()= (€= ap)z=by)
n—oo 0,n .
— ifz<a,,
V(@—as)z—1by)
where ;{O,n is defined as in (2.4).
By definition, we have
Guz, (2 1 Xn: : €lap, byl°
- (=- ————, z€lay, .
Phon™ " n = 2 — Mi(Ao.n) e

i=1

Letgz, (x) = (1 + p%) — 2p cos x be the generating function of the Toeplitz matrix Zo) n. Then,
by applying the Szegé limit theorem, we have

) 1 n - 1 2
Jim, 2 3 oo =5 [ Fli, e (A1)

for any continuous function f: [a,, b,] — R. In particular, setting f(x) = (z —x)"! for ze
lay, by, we have

2

lim G,%n(z)=g A 183, () dx

2
_ L/ ! dx
2 Jo 2pcos(x)+(z— (14 p2))

1
ifz> by,
V@ —ap)z—bp)
1
— ifz<a,.

(z— ap)(Z - bp)

Here, the last identity can be proven using similar techniques as in Lemma 4 (details omitted).
O
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The following corollary provides an expression of the moments of 11 .

Corollary 2. The kth moment of i, is given by
1 2 ) f
m(fhp) = — (1+p“—2pcosx) dx, keN.
2 0

Proof. This follows immediately from (A.1) by setting f(x) = x*. O

Appendix B. Additional proofs of the main results

This section contains additional proofs from the main paper. For simplicity, we mainly focus
on the case p € (0, 1). The proof for p € (—1, 0) can be treated similarly.

B.1. Proof of Theorem 3

We only prove the results for the case when m = 1, and the general case when m > 2 can be
treated similarly. Let Ag , and B, be the precision matrices under the null and SCM, respec-
tively. We first show (2.9) for |E; ,| =1, and then extend the result to the general case where
|E1,n] €N.

Case 1: |E1 | = 1. Suppose that we have shown the following:

N S N S .
lim —tr(B)) = ;11220 ;tr(AO’n) =mj(p), je{0,1,...}. (B.1)

n—oon

Here mj(u,) is the jth moment of . Then, by Lemma 7 together with [6, Theorem 30.2], we

D .
get up, — [y as n— oo. Therefore, it suffices to show (B.1).
Let R, = B, — Ao.». Then, from (2.2), the entries of R,, are zero except fora2 x 2 submatrix.
Next, by using linearity, we have

)

w(B) = (Ao + R = Y (X .. X, ), (B.2)

aj€fo, x}

where X\ = Ao.n and XY =R,

Observe that R, has nonzero elements in [R,]; j for (i, ) e {(k— 1, k— 1), (k =1, k), (k, k —
1)}, where k = k;, is the breakpoint. Therefore, for any matrix X € R"*", the columns of XR,
are zero vectors except for the (k — 1)th and kth columns. Next, using the commutativity of the
trace operator, we get

(@j)
X - X, ) = tr(Ag! R - A R (B.3)
for some orders (ni, ..., n;, my, ..., m). Since Agp HR?” has at most two nonzero columns

(specifically, the (k — 1)th and kth columns), so does the product. Therefore, Xf,“‘) .- ~X£Laj ) has
at most two nonzero diagonal elements unless all X,(f") are Ap . Hence, we can find a constant
Bj € (0, oo) that does not depend on n such that

max |[X§l°”) . -Xf,a")]i,,-| < Bj, for all {¢;} that are not all equal too.

1<i<n
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Using this bound, we have
1 . . ; 2B;
lim —|tr(B),) —tr(A'{) DI < lim 2 -1)x -y, je{o,1,...}.
n—>oo n ’ n—o00 n

This proves (2.9) for |Ey ,| = 1.

CasNe 2: |E1n| > 1andlim,— o |E1,4|/n =7t =0. By using a similar method as above, there
exists B; € (0, oo) that does not depend on n such that

(I ; 2 ~
;Itr(B’n)—tr(Ao,,,)I = (Eial+ DB, je{0.1...}. (B.4)

Since lim,—, o |E1,|/n =t =0, the right-hand side of (B.4) converges to 0, thus proving (2.9).

Case 3: |Ey | > 1and t € (0, 1). Let the structural change occuron {k, ..., k+h — 1} for
some h € {2, 3, ...}. Define the n x n matrix:

—p}, G H=G*—-2,k-2),

(P)ij= =Pty ifGH=Ck+h—2k+h—2), (B.5)
Dk-+h if@,)=k+h—1,k+h),k+hk+h—1),
0 otherwise.

Then, rank(P,) <4, so P, has at most four nonzero eigenvalues.

Let INB,, = B,, + P,. It is easily seen that §,, is a block diagonal matrix of the form
En = diag(gl,n, EZ,n’ E3,n)’

where E,-,n forms an inverse Toeplitz matrix of the null model but with different baseline AR
coefficients. Specifically, El,n and Eg’n correspond to the precision matrices of the null model
with the baseline AR coefficient p, and Ez, n corresponds to the null model with the baseline
AR coefficient p + ¢.

Since P, has a finite number of nonzero eigenvalues, by using the same proof techniques as
above, the LSD of B, and B, are the same. Moreover, since B,, is a block diagonal matrix, we
have, forallje {0, 1, ...},

1 ~: 1~ — .
lim —u(B)) = lim -, ,)+uB),)+ B, ) = tmi(ppe) + (1= Ty,

n—oon

Thus, we obtain the desired results. U

B.2. Proof of Theorem 5

We only prove the theorem for the case p € (0, 1), the case when p € (—1, 0) can be treated
similarly. The proof of the theorem is similar to that of Theorem 4, so we only sketch the proof,
which is divided into two steps.

Step 1: Let Ag,, and B, be the precision matrices under the null model and single interval
SCM, respectively. Let Ao » be as defined in (2.4), and let Ao = Uy, Un be its eigende-
composition as described in step 2 of Section 6. Let My, be as in (6.6). Then, according to
step 2 of Section 6, z is an eigenvalue of B, but not of A , if and only if M, , is singular. In the
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single interval SCM, the rank r = h + 2, where &k € N is the length of the change. Moreover, we
have the following reduced form P, = B,, — Ay, by considering only the nonzero submatrix in
(6.1):

e+2p -1

-1 e+2p
P/’L+1 =& .. .. GR(h+1)X(h+l). (B6)
e+20 -1
-1 0

Let P11 = Vi+1Op41 V; 1 be the spectral decomposition. Then, by similar arguments from
step 3 of Section 6, we have the (2 + 1) x (h + 1) leading principal matrix of M, ., denoted

My jv1, given by Myt = It — Sy @y — D)™ Shy1 Ops1. Here, Sppt = (51, -, sne1)
for s; = Z;’:ll vj,ittgyj. Here, Uy = (u1, ..., u,) is as in step 2 of Section 6, and v; ; denotes the
(j, Hth element of Vi1 = (v1, ..., Vat1).

Next, define M), 1 =1lim,, o0 My h+1, then the possible outliers of B, are the solutions to
det Mj+1 =0. By (6.7), the (i, j)th element of M| is given by

[Sule,ilSnle
20 cos( ) te—d +02)

[Mh11ij = i — 6 nlggoz

Observe that

n

lim [Snle,ilSnle.i

n— 00 [%14
¢—1 COS (n+l) +a

. (k+p)lr . (k+q)tm
-« o g sin () sin (547)
- Z Vp.iVa. nlin;o Z n+1 (44
p.g=1 =1 cos (n+1) ta
h+1
= Z Vp,ivejGlk+p, k+q) = v,TG;H_lvj,
p.q=1

where Gyt =[Gk + i, k+ j));; € ROTD*+D and Gk +1i, k +j) is as defined in (C.2).
Therefore, the possible outliers of B,, satisfy the determinantal equation

1
det<1h+1 - %VLlGhHVhH@hH) =0. (B.7)

Step 2: Since h+1Vh+1 VhHVhJrl =Ip41 and Vh+1®h+1Vh+1 = Pp41, solving (B.7) is
equivalent to solving

1
det<1h+1 - ZGhHPhH) =0. (B.8)

For z > b, (the case when z < a, can be treated similarly), by Lemma 4, the explicit form of
an element of Gy, is given by

2k
HGhitlpg= 3Gk +p k+ @ =2 - 1)~ L(pal _ gtk
Z
=@ -1 q'+0< ol ) (B.9)
We note that the error on the right-hand side of (B.9) vanishes, provided (C1).
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Next, we observe that the leading term %[Gh+]]p)q=ZZ(Z% — 1)_lzl2p -l has the same
form (up to a constant multiplicity) as the covariance matrix of a stationary AR(1) process.
Therefore, an explicit form of its inverse is

1 -2
— 1+ -»
| 1 1 . .
(th-‘rl) R — —22 c. c. . (B.lO)
2
1+ -2
-2 1

Since det(—%GhH);&O, solving (B.8) is equivalent to solving det(—(%Gh+1)_1+
(1/p)Pp+1) =0. Using (B.10), we get

-1

_<1Gh+1> +1Ph+1 — (1 +£) .. .. .. GR(h+1)X(h+1), (B.11)

) P P . . .

B -1

where «, 8, and y are defined as in (3.7).

Lastly, note that the actual outlier is z =1+ p> — p(z2 + % D, Itis easy to check that z ¢
[ap, b,] if and only if (B.11) holds forffl(z) € (—1, 1), where f is as defined in (3.6). Thus,
we get the desired results. U

B.3. Proof of Theorem 6
Forje{l,...,m},let ng)“ € RUFTDx+1) be defined as in (B.6), but with & replaced by
gj. Let 0, € R™" be the zero matrix and let
. 1
P, =diag(0a, 2, Pgtl)—&-l’ .oy 04,2, PEIVZ)-H’ 04—¢,) € R™*,

Then, it is easy to show that P, = B,, — Ao ,, where Ag , is as defined in (2.3). Let Py, =

diag(Pglll)Jr], o P;:Z)Jrl) € RUFm)x(htm) \here h = Y- hy, be the reduced form of Py,
Givenie{l,...,h+m},let £(i) € {1, ..., m} be the unique index such that

£(i)—1 £(0)

Y a1 <i<) (ha+1).
a=1 a=1
Here, we set 3.0_; (hy +1)=0. Let g(i) = hep + (i — 27" (hy + 1)). Then, g(i) is the
location of the column of P, that is the same as the ith column of Pg.
Next, similar to the proof of Theorem 5, [Step 1], we can show that the corresponding
Ghym € RUAMXB+m) matrix of Pg is

[(Ghimlij=G(g@), g()), 1=<i,j<h+m,

where G(-, -) is defined as in (C.2). Therefore, using similar arguments to those in the proof of
Theorem 5, [Step 2], there exists ¢ € (0, 1) such that
Z1limjl g e .
1 2@ -7z if £(i) = £()), A
re e 2 2 0 , .
2[ h+m]l,] {0 if €3i) £ £0)), + O0(c™) n— oo
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Therefore, under Assumption 1, the leading term of G4, is a block diagonal matrix of the

form diag(Gglll)H, e GEZL_I), where GE’IJ) 1 € RGFDXUHD corresponds to the G matrix of

the jth submodel defined as in the proof of Theorem 5, [Step 1].
Next, by using simiar techniques to those in the proof of Theorem 5, [Step 2], outliers of B,
are the zeros of the determinantal equation

1
det(lh+m — ZG;H_mP/H.m) =0. (B]Z)

Since Gy, and Py, are block diagonal matrices, (B.12) is equivalant to solving
m
det( 1, LG pyir) =0
l—[ et\ 1 — 2p bt ) =5
j=1

Lastly, from the proof of Theorem 5, the zeros of det(lhi+1 — Ggl’]) +]Phj+l /2p)=0 are
indeed the outliers of the jth submodel. Thus, we have

out({B,}) = _J out({BY}).

J=1

which proves the theorem. O

B.4. Proof of Theorem 9
ForasetA C R, let
out (A) =AU (—00, a,), outr(A) =AU (b, 00), and out(A)=AUla,, byl°.

We define out; (A) and outg(A) similarly, but replacing a o and b, with ag, and b, , respectively.
By the triangle inequality, we have
dp (0t (2, ). 0Ut({2n})) < dry (UK B). 0UH()) + dpg(OUH(2), OUH( )
+ dy(out(2y), out({2,})).

Now, we bound the three terms above. The last term in (B.13) is non-random, and by the
definition of outliers,

(B.13)

dy(out(2y,), out({2,)) —> 0, n— oo. (B.14)

Next, we bound the second term in (B.13). Here, we only consider the case when out ({€2,,})
and outr({€2,}) are nonempty. The case when either set is empty is straightforward. Let a =
sup out; ({2,}), thus, a < a,. Let n = (a, — a)/2 € (0, co) and let § > 0. Then,

P(dp(out (), outr () > 8)
= P(dp(out(2), outr(2n)) > 8 | lag, — ap| > MP(lag, —apl > 1)
+ P(du(outr(2n), outr(2)) > 8 | lag, — ap| < MP(lag, —a,| < n).

If |ag, —apl <n then, for large enough n €N, supout;(2,) <ap,. Thus, out; (2,) =
outr () and dy(outr (), outr(2,)) = 0. Therefore, for large enough n e N,

P(dp(outr(Q), out (2,)) > 8)
= P(dp(out (), out () > 8 | lap, — a,| > MP(lap, — ap| > 1)
< P(lag, —ap| > n).
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Now, by using the continuous mapping theorem, P(|ag, — a,| > n) — 0 as n — oo. Thus, we

have dy(outr (), outy () £ 0. Similarly, we can show that dy(outg(2,,), outr($2,)) kN 0.
Since the left and right outliers are disjoint, we have

dp(0ut(Qy), our(Q)) = dp(outr (), outr () v dp(outr(2n), outr(2y))-

Therefore, we conclude that

di(OTH(Qy), out(2,)) 5> 0,  n— oo. (B.15)
Lastly, we bound the first term in (B.13). Let é € (0, oo). Then,

P(dy(0ut($2, ), out(2,)) < 8)
> P(dp(0ut($2,,p), 0ut(2)) < 8, |0ut(S2,,p)| = [0Uut(2,))).

By using Lemma 8, it can be shown that, for large enough n € N, |0/\m(§n,3(n))| = |out(2,)|
with a probability greater than (1 — 4n~1/2). Therefore, for large enough n € N and given that
|0ut(Qn,B(n))| = |out(2,)| = ¢,

d(0ut(S2n, B(n)), 0UH(2)) = Max |As, (R B(ny) — Ai; ()| < mMax [ Ai(2p By — 1i( )],
1<i<t 1<i<n

where t1, . . ., t; are indices of eigenvalues that are outliers. This indicates that

PUdp(@iit(S, ), GUH(R2)) < 8. |00 ()] = 001}
> P max 1%(Sn,50) = ()] = 8, 600, p)| = o)1)
<n

1<i
Next, by using Lemma 8 again, for large enough n,
P(dp (0ut(S2n, Bw), 0uH()) < 8)
> P(max (S, — 20| < 8, 160, 00)| = 1002, )
<i<n

>1—8n71/2,

This implies that
A Gut(n pny), GUH)) - 0, 11— 0o. (B.16)

Combining (B.14), (B.15), and (B.16), we get
dp(Gu(Qy 5). out({2,)) =0, n— oo,
which proves the theorem. O

Appendix C. Technical lemmas

Lemma 4. Let a € R be a constant such that |a| > 1 and let

z1i=—a—vVa>—1 and p=—a+vVa?—1. (C.1)
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Then, for any ki1, ko € N, we have

U kel _ _kitk
- — 1
1 1 27 Gin(k in(k _ (22 o ), a>1,
EG(kl’kZ)Zz . [ sin( 1_);) sin(k2x) dee 12 ] 21 C2)
T a COS Xx —
' g, e

Therefore, for fixed h € N, as k — oo,

“ L iogab 1
——— 2lM), a>1,
2 _
Gk, k+h) = 'Z'V‘ll !
h k
———7' + 0(|21]"), a<-—1,
lal Va2 —1 "

and limy 0 G(k, k+h) =0.

Proof. We only prove the identities for a > 1, and the case when a < —1 can be treated
similarly. Let z=e™, where i = +/—1. Then, we have (i) dz = izdx, (ii) cosx = %(z—f— b,
and (iii) sin (kx) = (zk -z /2i. Let C be a counterclockwise contour of the unit circle in the
complex plane starting from 1, and let 56C denote a contour integral along C. Then,

1 fzn sin (k1x) sin (k»x) G 1 f —1 — Rk - z—kz))dz
27 Jo a+cosx 27w Je %(z—i—z*')—i—a iz

11 f (M — 7Rk —Z_kz)d
c

227 (z—z1)(z—z22)
O

Since a > 1, we have |z2| < 1 < |z1]. Therefore, the poles of (21 — 1)(z%%2 — 1) /(12 (7 —
21)(z — 22)) inside the contour C are z with multiplicity 1, and 0 with multiplicity (k1 + k2).
Therefore, by using Cauchy’s integral formula,

1 @ — D —1)
2ri Jo Frth(z — 21)(z— 22)

=Res< (Z2k| _ 1)(Z2k2 _ 1) ) N 1 dk' +ky—1 ((ZZkl _ 1)(Z2k2 _ 1))

FhE—me-2) ) Gtk =D dRRT T itk g

Z

z=0

B (Zgl _ Z]II)(ZQZ _ Z’;Z) 1 dk1+k2—1 (ZZkl _ 1)(Z2k2 _ 1)
B 2 -2 (ki +ky — 1)) dehitha=1\  Zhthk(z — 7))

z=0

Here, Res denotes the residue, a(z) = (z%*1 — 1)(z%2 — 1)/{(z — z1)(z — z2)}, and a™ denotes
the nth derivative of a(-). For the second equality, we use the fact that z, I'=2z,. Next, since
|z/z1], |1z/z2] < 1 for z near the origin, we have the following Taylor expansion of a(z) at z =0:

a5y — 1 (2lath) _ 2k _sz2+1)|:l< 1 >_l< 1 ):|
2 —21 z71\1—1z/z1 2 \1—2z/20

;(Zz(kl_l_kz) _szl _Z2k2 + 1)|:i i(i)l _ i i(i)l}

2 =12 21 =0 <1 22 =0 22

(C.3)
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Next, without loss of generality, assume that k; <k,. Noting that
(1/(ky + ky — DYha®1T%2=D(0) is the coefficient of zX1T%2~1 in the power series expansion of
a(z) at z=0, we have the following two cases: (a) k; = k> =k and (b) k| < k».

For the first case, we have 1 <k; + ko — 1 < {2(k1 + k), 2k1, 2kp}; thus, the coefficient of
Zth=1in (C3)is

1
(ki+k2=1 )y — —2k _ —2ky _ 2k 2k
4 0)=——@E"~2 = 5 =27
CEES 0= @ 2> @ =)
Therefore,
1 27 sin (k1x) sin (kox) dy — 11 (R — 1)k — 1)
2 Jo a+cosx T 2270 Je Rz — )z — ) ¢
N R e =)
= 25—z 5 =2
T2y 2T 1
1
= (1-25.
22—z

For the second case, we have {1, 2k;} <k; +ky — 1 < {2(k; + k2), 2k;}; thus, the coeffi-
cient of X1k~ in (C.3) is

1 1
(ki1+k2—1 )y — —(k1+k2) —(kp—k1) —(k1+k2) —(ka—k1)
(k1 + ko — 1)! © Z2—Zl(1 1 2 2 )
k1 +k: k k k1+k; ky k
( 1+ka ki 2 Zl1+2 lezzl).
ZZ — <21

Therefore,

L 27 sin (k1x) sin (kox) dx

2w Jo a + cos X
S k +k k ke kithks | ko k
—k ki +k
(Z - z2lJr 2).
-z
In both cases,
2 . .
i " sin (k1x) sin (k2x) dx — 1 (Z|k1 —ka| Zkl-i-kz)
27 Jo a-+cosx n-u 2 2 '

which proves the lemma.
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Lemma 5. Let (a1, b1) " and (a2, by) T be the two orthonormal eigenvectors of the matrix

e+2p -1
(5 9)

where the corresponding eigenvalues are 61 and 6. Then, the following hold:
@ a+bl=d+b=1,
(b) araz +bi1by =0,
(c) aiby —axby = =1,
2 2
(d) aj=b3,
2 2
(e) a; =b7,
(f) O1a1b1 + Orarby = —e(at + a3) = —¢,
(2) 616, =—¢.
Proof. The proof is elementary. We omit the details. U

Lemma 6. (Weyl inequalities.) Let A,, and B,, be n x n Hermitian matrices, and let X, = A, —
By Let i1 >y > >y, V1 =V > --->v,, and & > & > - - - > &, denote the eigenvalues
of An, By, and X, respectively. Then, for all i, j, k,r,se€{l,...,n} such thatr+s—1<i<
j + k —n,

Vj"‘f_éfkfl/«if vy + &.

Lemma 7. A compactly supported probability measure on R is uniquely determined by its
moments.

Proof. This can be easily proved using [6, Theorem 30.1]. U

Lemma 8. Let A and B be n x n Hermitian matrices. Then,

max |A;(A) — Ai(B)| < ||A — Bll2,

1<i<n

where ||A||2 = /A1(AA¥) is the spectral norm.

Proof. By using the Courant—Fischer min—max theorem, for any n x n Hermitian matrix A,
we have
Vv, iell,..., n}.

Li(A) = supy; _. inf
i(A) Pdim (v)=i VeV, [vl=1

Let V be a subspace with dim (V) = i. For any v € V with ||v|| = 1, we have
V(A 4+ By =v*Av +v* By <v*Av + ||B|2.

Taking the supremum over all subspaces V with dim (V)= and the infimum over all unit
vectors v eV, we get A;j(A+ B) < Xi(A) + ||B||2. Therefore, by substituting A <— A + B and
B < —B into the inequality, we get A;(A) < A;(A + B) + ||B||2. This indicates that, for all i €
{1,...,n}, |Ai(A+ B) — 1i(A)| < | B||2. Finally, taking the maximum over i and substituting
B < B — A, we get the desired result. U
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