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1. Introduction

There are several ways to study singularities of log pairs and one such way is to study
their discrepancies. The discrepancy of a log pair (X, D) is used to measure how singular
the ambient space X and the divisor D on X are. The discrepancy of a non-log canonical
pair is always −∞. In such a case, it gives no more information than non-log canonicity
of the log pair. Meanwhile, we can measure how singular the divisor D is by considering
smaller divisors proportional to D. To be precise, we define the following invariant: the
so-called log canonical threshold. Let X be a normal variety with at worst log canonical
singularities, let Z ⊆ X be a closed subvariety and let D be an effective Q-Cartier divisor
on X. The log canonical threshold of D along Z on X is the number

cZ(X, D) := sup{c ∈ Q | (X, cD) is log canonical in an open neighbourhood of Z}.

For simplicity, we put c(X, D) = cX(X, D). Unlike the discrepancy, the log canonical
threshold can work even when the log pair (X, D) is not log canonical, as long as the
ambient variety X has at worst log canonical singularities.

Now we suppose that the variety X is a Fano variety with at most log canonical
singularities.
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Definition 1.1. The global log canonical threshold of the Fano variety X is the
number

lct(X) := inf
{

cX(X, D)
∣∣∣∣ D is an effective Q-Cartier Q-divisor on X

Q-linearly equivalent to − KX

}
.

Tian, meanwhile, introduced the α-invariant to study the existence of Kähler–Einstein
metrics on Fano manifolds. Let X be a Fano manifold of dimension n and let g be a
Kähler metric on X. In local coordinates (z1, . . . , zn), we may write

gij̄ = g

(
∂

∂zi
,

∂

∂z̄j

)
so that we can obtain a Kähler form

ωg =
√

−1
2

∑
i,j

gij̄ dzi ∧ dz̄j ∈ c1(X)

of the Kähler metric g. Let P (X, g) be the set of smooth functions ϕ in C2(X) such that

gij̄ +
∂2ϕ

∂zi∂z̄j
� 0

and supX ϕ = 0. The α-invariant of the manifold X is defined by the number

α(X, g) = sup
{

α > 0
∣∣∣∣ ∃C > 0 such that

∫
X

e−αϕ dVX � C for all ϕ ∈ P (X, g)
}

where dVX = ωn
g . The number α(X, g) was introduced in [19] and [20].

The α-invariant of a smooth Fano manifold is proved to coincide with its global log
canonical threshold in [9]. Thus, the global log canonical threshold is just another name
for the α-invariant. However, the global log canonical threshold provides algebraic meth-
ods to compute the α-invariant of a given Fano manifold that are relatively easy in
comparison to analytic methods.

The global log canonical threshold turns out to play an important role in both bira-
tional geometry and complex geometry. We have two significant applications of the global
log canonical threshold of a Fano variety X that motivate the present paper.

The first application is for the case in which lct(X) � 1. For this we give the following
definitions.

Definition 1.2 (Prokhorov [18, Definition 4.1.2]). Let (X, D) be a log pair,
where D is a boundary. Then a Q-complement of KX + D is a log divisor KX + D′ such
that D′ � D, KX + D′ ∼Q 0 and KX + D′ is log canonical.

Definition 1.3 (Prokhorov [18, Definition 4.5.1]). Let (X/Z 	 P, D) be a con-
traction of varieties such that there is at least one Q-complement of KX + D near the
fibre over P .
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• Assume that Z is not a point (local case). Then (X/Z 	 P, D) is said to be excep-
tional over P if, for any Q-complement of KX + D near the fibre over P , there
exists at most one (not necessarily exceptional) divisor E such that a(E, D) = −1.

• Assume that Z is a point (global case). Then (X, D) is said to be exceptional if
every Q-complement of KX + D is Kawamata log terminal.

The following statement shows a strong relationship between local and global excep-
tional objects.

Proposition 1.4. Let (V 	 O) be a Kawamata log terminal singularity and let
f : (W, E) → V be a purely log terminal blowup of O. The following are then equiv-
alent:

• (V 	 O) is exceptional;

• f(E) = O and (E, DiffE(0)) is exceptional;

where DiffE(0) is the effective Q-divisor such that (KW + E)|E = KE + DiffE(0).

Proof. See [18, Proposition 4.5.5]. �

Similarly, we also define the weakly exceptional singularities.

Definition 1.5 (Kudryavtsev [15, Definition 1.6]). A log canonical singularity
(V 	 O) is called weakly exceptional if it admits exactly one purely log terminal blowup
up to isomorphism.

Definition 1.6 (Cheltsov et al . [7, Definition 1.5]). A Fano variety X is weakly
exceptional (strongly exceptional, respectively) if lct(X) � 1 (lct(X) > 1, respectively).

The following statement also shows a good relationship between local and global weakly
exceptional objects.

Proposition 1.7. Let V 	 O be a Kawamata log terminal singularity and let
f : (W, E) → V be a purely log terminal blowup of O. The following are then equiv-
alent:

• (V 	 O) is weakly exceptional;

• f(E) = O and E is weakly exceptional.

Proof. See [5, Theorem 3.10]. �

We easily see that strong exceptionality implies exceptionality and that exceptionality
implies weak exceptionality on a Fano variety.

Let X be a quasi-smooth well-formed complete intersection of a hypersurface of degree
d1 and a hypersurface of degree d2 (simply, a complete intersection of multidegree
{d1, d2}) in P(a0, a1, a2, a3, a4). Then the surface X is a log del Pezzo surface if and
only if

∑
ai > d1 + d2. Suppose that the surface X is defined by quasi-homogeneous
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polynomial equations f(x, y, z, t, w) = 0 and g(x, y, z, t, w) = 0 of degrees d1 and d2,
respectively. The quasi-homogeneous polynomial equations

f(x, y, z, t, w) = 0

g(x, y, z, t, w) = 0

}
⊂ C5 ∼= Spec(C[x, y, z, t, w])

define an isolated quasi-homogeneous singularity (V 	 O), where O is the origin of C5.
If the inequality

a0 + a1 + a2 + a3 + a4 − d1 − d2 � 1

holds, then [21, Corollary 2.11] shows that the singularity (V 	 O) is rational. Since V is
a complete intersection, the singularity (V 	 O) is Gorenstein, and hence it is canonical
(see [16, Corollary 5.24] and [17, Remark 2.2]). From the weighted blowup of C5 at the
origin O with weight (a0, a1, a2, a3, a4), we obtain a purely log terminal blowup of the
singularity (V 	 O). It follows from Proposition 1.4 (Proposition 1.7, respectively) that
the following conditions are equivalent:

• the singularity (V 	 O) is exceptional (weakly exceptional, respectively);

• the log del Pezzo surface X is exceptional (weakly exceptional, respectively).

We may obtain much information on the exceptionality of V from the global log canonical
threshold of X. In [12], exceptional log del Pezzo surfaces are called del Pezzo surfaces
without tiger. The study of these surfaces is closely related to the uniruledness of affine
surfaces (see [12]).

The other application of the global log canonical threshold is for the case in which
lct(X) > dim(X)/(dim(X)+1). The following result gives the strong connection between
the global log canonical threshold and the Kähler–Einstein metric.

Theorem 1.8. Suppose that X is a Fano variety with at most quotient singularities.
Then X admits an orbifold Kähler–Einstein metric if

lct(X) >
dim X

dim X + 1
.

Proof. See [4, Appendix A]. �

As we have seen so far, from the global log canonical thresholds of Fano varieties, we
can obtain various geometrical properties.

In spite of the usefulness of the global log canonical threshold, it is usually difficult
to calculate the global log canonical thresholds for arbitrary Fano varieties. However,
there are several results that determine the global log canonical thresholds for various
Fano varieties. First, the global log canonical thresholds of smooth del Pezzo surfaces
were calculated by Cheltsov in [3]. Thus, we are concerned with the global log canonical
thresholds for singular del Pezzo surfaces. In [11], Jonhson and Kollár determined the
complete list of del Pezzo hypersurfaces in three-dimensional weighted projective spaces
with amplitude 1. They also proved that many of those surfaces admit Kähler–Einstein
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metrics. Later, Araujo [1] also proved that the six surfaces in [11] admit Kähler–Einstein
metrics. Meanwhile Boyer et al . [2] extended the results of [11] to the case of higher
amplitude and used these results to construct a plethora of Sasakian–Einstein metrics in
simply connected real five-dimensional manifolds. The completeness of the list in [2] was
proved by Cheltsov and Shramov in [6]. Recently, Cheltsov et al . [7] calculated the global
log canonical thresholds for the examples in [2]. They also determined the existence
of orbifold Kähler–Einstein metrics and classified exceptional and weakly exceptional
quasi-smooth well-formed hypersurfaces in P(a0, a1, a2, a3). The next stage is to consider
complete intersection log del Pezzo surfaces of higher codimensions in weighted projective
spaces.

In this paper, we classify all the quasi-smooth well-formed complete intersection log
del Pezzo surfaces in weighted projective spaces with amplitude α = 1 (see Tables 1
and 2). Note that a quasi-smooth well-formed complete intersection log del Pezzo surface
has codimension at most 2 (see Theorem 4.1).

By calculating their global log canonical thresholds of the classified log del Pezzo
surfaces, we obtain the following theorem.

Theorem 1.9. Let X be a quasi-smooth well-formed complete intersection log del
Pezzo surface of codimension greater than or equal to 2 in weighted projective space
with amplitude α = 1, not the intersection of a linear cone with another hypersurface.
Suppose that the log del Pezzo surface X is not one of the following:

• a complete intersection of multidegree {2N, 2N} in P(1, 1, N, N, 2N − 1), where N

is a positive integer;

• a complete intersection of multidegree {6, 8} in P(1, 2, 3, 4, 5) such that the defining
equation of the hypersurface of degree 6 does not contain the monomial yt, where y

is the coordinate function of weight 2 and t is the coordinate function of weight 4.

Then the global log canonical threshold of the log del Pezzo surface X is strictly greater
than 2

3 . In particular, the log del Pezzo surface X has an orbifold Kähler–Einstein metric.

Unfortunately, for a quasi-smooth well-formed complete intersection log del Pezzo sur-
face of multidegree {4N + 2, 4N + 3} in weighted projective space P(1, 2, 2N + 1, 2N +
1, 4N + 1), where N is a positive integer, we cannot determine whether its global log
canonical threshold is strictly less than 1 or not. Suppose that X is not such a surface.
We can then classify exceptional and weakly exceptional log del Pezzo surfaces by their
global log canonical thresholds.

Theorem 1.10. Let X be a quasi-smooth well-formed complete intersection log del
Pezzo surface of multidegree {d1, d2} in weighted projective space P(a0, a1, a2, a3, a4),
where d1 � d2 and a0 � · · · � a4, with amplitude α = 1, neither the intersection
of a linear cone with another hypersurface nor a complete intersection of multidegree
{4N + 2, 4N + 3} in P(1, 2, 2N + 1, 2N + 1, 4N + 1) for any N .
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(1) The global log canonical threshold of X is strictly greater than 1 if and only if the
septuple (a0, a1, a2, a3, a4, d1, d2) is one of the following:

(2, 2, 3, 3, 3, 6, 6), (2, 3, 4, 5, 5, 8, 10), (2, 3, 5, 6, 7, 10, 12),

(3, 3, 5, 5, 7, 10, 12), (3, 5, 6, 8, 13, 16, 18), (3, 5, 7, 9, 11, 16, 18),

(4, 5, 7, 10, 13, 18, 20), (5, 7, 10, 14, 23, 28, 30), (5, 9, 12, 20, 31, 36, 40),

(5, 14, 17, 21, 37, 42, 51), (6, 7, 9, 11, 14, 18, 28), (6, 8, 9, 11, 13, 22, 24),

(9, 15, 23, 23, 31, 46, 54), (9, 15, 23, 23, 37, 46, 60), (9, 23, 30, 38, 67, 76, 90),

(10, 17, 25, 34, 43, 60, 68), (11, 18, 27, 44, 61, 72, 88), (11, 27, 36, 62, 97, 108, 124),

(11, 29, 39, 49, 59, 88, 98), (11, 29, 39, 49, 67, 78, 116), (11, 29, 38, 48, 85, 96, 114),

(13, 22, 55, 76, 97, 110, 152), (13, 23, 34, 56, 89, 102, 112), (13, 23, 35, 47, 57, 70, 104),

(13, 23, 35, 57, 79, 92, 114), (14, 19, 25, 32, 45, 64, 70).

In which case, the log del Pezzo surface X is exceptional.

(2) The global log canonical threshold of X is exactly equal to 1 if and only if the
septuple (a0, a1, a2, a3, a4, d1, d2) is either one of

(1, 2, 2, 3, 3, 4, 6), (1, 2, 3, 4, 5, 6, 8)∗, (1, 3, 3, 5, 5, 6, 10),

(1, 4, 5, 7, 11, 12, 15), (1, 4, 7, 10, 13, 14, 20), (1, 5, 8, 12, 19, 20, 24),

(1, 5, 9, 13, 17, 18, 26), (1, 7, 11, 17, 27, 28, 34), (1, 7, 12, 17, 23, 24, 35),

(1, 8, 13, 19, 31, 32, 39), (1, 9, 15, 23, 23, 24, 46),

where ∗ indicates that the defining equation of the hypersurface of degree 6 contains the
monomial yt, i.e. the product of the coordinate function y of weight 2 and the coordinate
function t of weight 4, or a member of the infinite series

(2, 2N + 1, 2N + 1, 4N + 1, 6N + 1, 6N + 3, 8N + 2),

where N runs through the positive integers. In which case, the log del Pezzo surface X

is weakly exceptional but not exceptional.

The layout of the paper is as follows. In § 2 we set up the notation that will be used
throughout the paper. In § 3 we recall the necessary background on surfaces with quotient
singularities. In § 4 we explain how to obtain the complete list of quasi-smooth well-formed
complete intersection log del Pezzo surfaces with amplitude 1 in weighted projective
spaces. In § 5 we briefly explain the methods that are used to compute the global log
canonical thresholds of log del Pezzo surfaces appearing in Tables 1 and 2. In § 6 we
provide details of these computations for samples of infinite series of such surfaces and
samples of sporadic cases, referring the reader to [13] for detailed computations in the
remaining cases.
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2. Notation

The following notation will be used throughout the paper.

• P(a0, a1, a2, a3, a4) denotes the weighted projective space Proj(C[x, y, z, t, w]) with
weights wt(x) = a0, wt(y) = a1, wt(z) = a2, wt(t) = a3 and wt(w) = a4, where we
always assume that a0 � a1 � a2 � a3 � a4.

• Px is the point in P(a0, a1, a2, a3, a4) defined by y = z = t = w = 0. The points Py,
Pz, Pt and Pw are defined in a similar way.

• X denotes a quasi-smooth well-formed complete intersection log del Pezzo surface
defined by quasi-homogeneous polynomials F1(x, y, z, t, w) and F2(x, y, z, t, w) of
degrees d1 and d2, respectively, in P(a0, a1, a2, a3, a4), where we always assume
that d1 � d2.

• α is the integer a0 + a1 + a2 + a3 + a4 − d1 − d2. It is called the amplitude of X.

• Cx denotes the curve on X cut by the equation x = 0. The curves Cy, Cz, Ct

and Cw are defined in a similar way.

• Lxy is the one-dimensional stratum on P(a0, a1, a2, a3, a4) defined by z = t = w = 0,
and the other one-dimensional strata are labelled similarly.

• Let D be a divisor on X and let P be a quotient singular point of type (1/r)(a, b)
on X. Then there is an orbifold chart π : Ũ → U for some neighbourhood P ∈
U ⊂ X such that Ũ is smooth and π is a cyclic cover of degree r unramified over
U \ {P}. Note that if r = 1, then P is a smooth point on X. Put DU = D|U and
DŨ = π−1(DU ). Then we write multP (DU ) = multP̃ (DŨ ), where P̃ is a point on Ũ

such that π(P̃ ) = P , and refer to this quantity as the multiplicity of D at P .

• −KX denotes the anticanonical divisor of X.

3. Preliminaries

Let Y be a singular surface with at most quotient singularities, let D be an effective
Q-divisor on Y and let P ∈ Y be a singular point of type (1/r)(a, b). There is an orbifold
chart π : Ũ → U for some neighbourhood U ⊂ Y containing P . Let P̃ be a point in Ũ

such that π(P̃ ) = P . Put DU = D|U and DŨ = π−1(DU ).

Lemma 3.1. The log pair (U, DU ) is log canonical at the point P if and only if the
log pair (Ũ , DŨ ) is log canonical at the point P̃ .

Proof. See [14, Proposition 3.16]. �

Let B be an effective Q-divisor on Y such that any component of B is not contained
in the support of D. Put BU = B|U and BŨ = π−1(BU ). We write multP (D · B) for
multP̃ (DŨ · BŨ ).
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Lemma 3.2. The inequality

B · D �
∑
Q∈Y

multQ(B) multQ(D)
rQ

� 0

holds. Here, the point Q is of type (1/rQ)(aQ, bQ).

Proof. It immediately follows from B · D =
∑

Q∈Y multQ(B · D)/rQ. �

Suppose that (Y, λD) is not log canonical at a point P for a positive rational number λ.

Lemma 3.3. The inequality multP (D) > 1/λ holds.

Proof. It immediately follows from Lemma 3.1. �

Let C be a reduced and irreducible curve on Y . Write

D = mC + Ω,

where m is a non-negative rational number and Ω is an effective Q-divisor whose support
does not contain the curve C.

Lemma 3.4. Suppose that P ∈ Sing(Y ) ∪ Sing(C) and that λm � 1. Then the
inequality

(D − mC) · C >
1
λ

holds.

Proof. The log pair (Y, C + λΩ) is not log canonical at the point P since λm � 1.
The inequality

λΩ · C � multP (λΩ · C) > 1

then follows from [14, Theorem 7.5]. Thus, we obtain the inequality

(D − mC) · C = Ω · C >
1
λ

.

�

Lemma 3.5. Suppose that the point P is a singular point of type (1/r)(a, b) on Y

and the curve C is smooth at P . Then,

(D − mC) · C >
1
λr

.

Proof. This immediately follows from Lemmas 3.1, 3.2 and 3.4. �

Now we suppose that D ≡Q −KY .
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Lemma 3.6. Suppose that there is an effective Q-divisor D0 on Y such that D0 ≡Q

−KY and (Y, λD0) is log canonical at the point P . Then there is an effective Q-divisor D′

on Y such that D′ ≡ −KY , at least one irreducible component of D0 is not contained in
the support of D′ and (Y, λD′) is not log canonical at the point P .

Proof. See [3, Remark 2.1]. �

Lemma 3.7. Suppose that Y is a quasi-smooth well-formed complete intersection
log del Pezzo surface of multidegree {d1, d2} in P(a0, a1, a2, a3, a4). Let π : Y ��� P =
P(a0, a1, a2) be the rational map induced by the projection P(a0, a1, a2, a3, a4) ���
P(a0, a1, a2) centred at Ltw and let Q be a smooth point in Y such that Q ∈ Cx. Suppose
that H0(P, OP(k)) contains

• at least two different monomials of the form xαyβ ,

• at least two different monomials of the form xγzδ,

where k is a positive integer and the four constants α, β, γ and δ are non-negative
integers. Then,

multQ(D) � kd1d2

a0a1a2a3a4

for the case in which Q is not contained in any curve contracted by π.

Proof. The same argument as in the proof of [1, Corollary 3.7] gives the proof. �

We consider a cyclic quotient singularity W = C2/Zm(a1, a2), where the ai are positive
integers and gcd(a1, a2) = 1. Let x1 and x2 be eigencoordinates in C2 for Zm. And let
φ : W̄ → W be the weighted blow-up at the origin with respect to weights (a1, a2). Then
W̄ is covered by affine charts U1 and U2 such that

U1 = C2/Za1(m,−a2), U2 = C2/Za2(−a1, m).

The coordinates in W and in Ui are related by

xi = y
ai/m
i , xj = yjy

aj/m
i , j = i,

where y1 and y2 are eigencoordinates in Ui, for Zai .

Lemma 3.8. Let E := φ−1(P ) be the exceptional divisor of φ. In the above conditions
we have

• KW̄ ≡Q φ∗(KW ) +
(

− 1 +
a1

m
+

a2

m

)
E,

• if F = {xi = 0}/Zm and F̄ is the proper transform of F , then F̄ ≡Q φ∗(F ) − ai

m
E,

• E2 = − m

a1a2
.

Proof. See [18, Chapter 3.2]. �
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4. Classification

In this section, we will classify all the quasi-smooth well-formed complete intersection
log del Pezzo surfaces in weighted projective spaces with amplitude α = 1. For this
purpose, we let Y be a complete intersection of hypersurfaces defined by quasi-homo-
geneous polynomials Fi of degrees di, i = 1, 2, . . . , c, in the weighted projective space
P(a0, . . . , an) ∼= Proj(C[x0, . . . , xn]), where wt(xi) = ai, with amplitude α, not the inter-
section of a linear cone with another hypersurface.

Theorem 4.1. Suppose that the complete intersection Y is quasi-smooth. Then the
codimension c of Y in P(a0, . . . , an) satisfies

c �
{

dim Y + α + 1 if α � 0,

dim Y if α > 0,

where α =
∑

ai −
∑

dj .

Proof. See [8, Theorem 1.3]. �

Theorem 4.1 implies that the codimension of a quasi-smooth complete intersection
log del Pezzo surface in a weighted projective space with amplitude α = 1 is either 1
or 2. Reference [11] provides the complete list of well-formed quasi-smooth hypersurfaces
in three-dimensional weighted projective spaces with amplitude α = 1. In the present
section, we classify codimension 2 cases. The following are the key theorems in this
section. From now on, we assume that c = 2 and that Y is general.

Theorem 4.2. The complete intersection Y is quasi-smooth if and only if for every
set I = {i}, i = 0, . . . , n, one of

QS1(i): there exists a monomial xd1
i in F1,

QS2(i): there exists a monomial xd2
i in F2,

QS3(i): there exist monomials xd1−1
i xe1 in F1 and xd2−1

i xe2 in F2 such that e1 and e2

are distinct elements

holds, and for each non-empty subset I = {i0, . . . , ik−1} of {0, . . . , n}, where k � 2, one
of

• there exists a monomial x
m1,i0
i0

· · ·xm1,ik−1
ik−1

of degree d1 in F1 and there exists a
monomial x

m2,i0
i0

· · ·xm2,ik−1
ik−1

of degree d2 in F2,

• there exists a monomial x
m1,i0
i0

· · ·xm1,ik−1
ik−1

of degree d1 in F1 and there exist mono-
mials x

m2,i0
i0

· · ·xm2,ik−1
ik−1

xeμ of degree d2 in F2 for μ = 1, . . . , k − 1, where the {eμ}
are k − 1 distinct elements,

• there exists a monomial x
m2,i0
i0

· · ·xm2,ik−1
ik−1

of degree d2 in F2 and there exist mono-
mials x

m1,i0
i0

· · ·xm1,ik−1
ik−1

xeμ of degree d1 in F1 for μ = 1, . . . , k − 1, where the {eμ}
are k − 1 distinct elements,
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• for μ = 1, . . . , k, there exist monomials x
m1,i0
i0

· · ·xm1,ik−1
ik−1

xe1,μ
of degree d1 in F1

and x
m2,i0
i0

· · ·xm2,ik−1
ik−1

xe2,μ
of degree d2 in F2 such that {e1,μ} are k distinct ele-

ments, {e2,μ} are k distinct elements and {e1,μ, e2,μ} contains at least k+1 distinct
elements

holds.

Proof. See [10, Theorem 8.7]. �

Theorem 4.3. The complete intersection Y is well formed if and only if:

• for all distinct i, j and k, with h = gcd(a0, . . . , âi, . . . , âj , . . . , âk, . . . , an), either
h|d1 or h|d2;

• for all distinct i and j, with h = gcd(a0, . . . , âi, . . . , âj , . . . , an), we have h|d1 and
h|d2;

• gcd(a0, . . . , âi, . . . , an) = 1 for all i.

Proof. See [10, Theorem 6.11]. �

Using Theorem 4.2, we classify all four-dimensional weighted projective spaces with
two quasi-homogeneous polynomials of degrees d1 and d2 that define quasi-smooth well-
formed complete intersection log del Pezzo surfaces with amplitude α = 1. To this end,
we use the septuples (a0, a1, a2, a3, a4, d1, d2) to represent the weighted projective spaces
P(a0, a1, a2, a3, a4) with two quasi-homogeneous polynomials of degrees d1 and d2.

If a septuple (a0, a1, a2, a3, a4, d1, d2) comes from a quasi-smooth well-formed complete
intersection log del Pezzo surface Y with amplitude α = 1, then it must satisfy

a0 + a1 + a2 + a3 + a4 − d1 − d2 = 1. (4.1)

It also satisfies the equations of the form

di = mi0a0 + · · · + mi4a4, (4.2)

where mij , i = 1, 2, j = 0, . . . , 4, are non-negative integers, if and only if the monomials

xmi0
0 xmi1

1 · · ·xmi4
4

appear in the polynomials Fi.
The following theorem shows that one can find upper bounds for mij , i = 1, 2, j =

1, . . . , 4, except for the case of two infinite series.

Theorem 4.4. Let X be a quasi-smooth well-formed complete intersection log del
Pezzo surface defined by two quasi-homogeneous polynomials F1 and F2 of degree d1

and d2, respectively, in the weighted projective space P(a0, a1, a2, a3, a4) with amplitude
α = 1. Suppose that the log del Pezzo surface X is not the intersection of a linear cone
with another hypersurface. Suppose that the septuple (a0, a1, a2, a3, a4, d1, d2) is neither
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of the following:

• (1, 1, M, M, 2M − 1, 2M, 2M),

• (1, 2, 2M + 1, 2M + 1, 4M + 1, 4M + 2, 4M + 3),

where M is a positive integer. Then 8a1 > d2.

Proof. Set S = (a0, a1, a2, a3, a4, d1, d2). In order to prove the statement, we mainly
use the first condition in Theorem 4.2. First of all the septuple S must satisfy one of
QSq4(4), q4 = 1, 2, 3.

Case 1 (the septuple S satisfies QS1(4)). In this case, we have d1 = n4a4 for
some positive integer n4 > 1. Since d1 � d2, we have the inequality a0 + a1 + a2 + a3 +
a4 − 2n4a4 � 1. This inequality shows that d1 = 2a4 and 2a1 > a4. Furthermore, it is
easy to see that d2 = 2a4, and hence 4a1 > d2.

Case 2 (the septuple S satisfies QS2(4) but not QS1(4)). In this case, d2 =
m4a4 for some positive integer m4 > 1 but d1 is not divisible by a4. By the second
condition of Theorem 4.2 for I = {3, 4}, the quasi-homogeneous polynomial F1 has
monomials of the form xm4

4 xm3
3 xe such that m4 + m3 � 1 and e ∈ {0, 1, 2, 3, 4}. Then

d1 = m4a4 + m3a3 + ae, (4.3)

where m3 + m4 = 1 due to (4.1), which implies that d1 � a3 + a0. Thus, d2 = 2a4 due
to (4.1).

If e = 2, 3 or 4, then 2a1 > a4, and hence 4a1 > 2a4 = d2.
Now we consider (4.3) with e = 0 and 1. Then we obtain 2a2 > a4 from (4.1), and

hence 4a2 > 2a4 = d2.
The septuple S must also satisfy one of QSq2(2), q2 = 1, 2, 3.
Suppose that the septuple S satisfies QS1(2). Then d1 = 2a2 and 2a1 > a2. Therefore,

8a1 > 4a2 > d2.
Next, suppose that the septuple S satisfies QS2(2). Then the septuple S satisfies either

d2 = 2a2 or d2 = 3a2. If the septuple S satisfies d2 = 2a2, then a2 = a3 = a4. However,
the well-formed condition contradicts the assumption that the septuple S does not satisfy
QS1(4). Therefore, d2 = 3a2. Since d1 � a3+a0 and a4 = 3

2a2, (4.1) implies that 2a1 > a2,
and hence 8a1 > d2.

Now we suppose that the septuple S satisfies QS3(2) but none of QS1(2) and QS2(2).
Then the septuple S satisfies d1 = n2a2 + ai2 and d2 = m2a2 + aj2 , where i2 = 2, j2 = 2,
i2 = j2, and n2 and m2 are positive integers. Equation (4.1) and d2 = 2a4 imply that
n2 = 1. The inequality 4a2 > d2 implies that m2 is at most 3. If m2 = 1, then the
septuple S is (1, 1, 1, 1, 1, 2, 2), which contradicts our assumption. For the case in which
m2 = 3, (4.1) and (4.3) with the inequality a4 < 2a2 show that i2 = 1, j2 = 0 and
d1 = a3 + a0. Then,

S ∈ {(a0, a1, 2a1 − a0 − 2, 3a1 − 2a0 − 2, 3a1 − a0 − 3, 3a1 − a0 − 2, 6a1 − 2a0 − 6) ∈ Z7

| 1 � a0 � a1}.

Thus, we see that 6a1 > d2.
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Now we suppose that m2 = 2. Since a4 + aj2 < 2a2 + aj2 = 2a4, the index j2 cannot
be 4. If i2 = 3 or 4, then we can easily obtain a4 � 2a1, and hence 8a1 > d2. Therefore,
we consider only the cases i2 = 0 and 1.

If d1 = a2 + a0, then a2 = a3 since d1 � a3 + a0. Then the well-formed condition
contradicts the assumption that the septuple S satisfies neither QS1(2) nor QS2(2).
Therefore, d1 = a2+a1. From this equation we see that e = 0 in (4.3), that is, d1 = a3+a0

or d1 = a4 + a0. If d1 = a3 + a0, then

S ∈ {(a0, a1, a2, a2 +a1 −a0, a2 +a1 −1, a2 +a1, 2a2 +2a1 −2) ∈ Z7 | 1 � a0 � a1 � a2}.

If j2 = 3, then a2 = a1 + a0 − 2. Thus, 2a1 > a2, and hence 8a1 > 4a2 > d2. If j2 = 0,
then a0 = 2a1 − 2 which implies that a1 = a0 = 2 and

S ∈ {(2, 2, a2, a2, a2 + 1, a2 + 2, 2a2 + 2) ∈ Z7 | 2 � a2}.

The well-formed condition implies that a2 divides either d1 or d2, which is a contradiction
since S satisfies neither QS1(2) nor QS2(2).

By a similar method, we can derive a contradiction from the equality d1 = a4 + a0.

Case 3 (the septuple S satisfies QS3(4) but neither QS1(4) nor QS2(4)).
The septuple S then satisfies two equations d1 = n4a4 + ai4 and d2 = m4a4 + aj4 , where
i4 = 4, j4 = 4, i4 = j4 and two integers, n4 and m4, are positive. By substituting these
two equations into (4.1) we see that n4 = 1, m4 = 1 and 2a3 > a4. For each pair (i4, j4),
we can prove the inequality 8a1 > d2 in essentially the same way except for the case in
which (i4, j4) = (0, 1). For this reason, we consider only the cases with (i4, j4) = (0, 2)
and (0, 1).

We first suppose that the septuple S satisfies the two equations d1 = a4 + a0 and
d2 = a4 + a2. The septuple S also satisfies one of QSq3(3), q3 = 1, 2, 3.

If the septuple S satisfies QS1(3), then d1 = 2a3. By substituting d2 = a4 + a2 and
d1 = 2a3 into (4.1), we show that 2a1 > a3. Thus, 8a1 > d2.

Next, if the septuple S satisfies QS2(3), then d2 = 2a3, which implies that

S ∈ {(a0, a1, a2, a1 + a2 − 1, 2a1 + a2 − 2, a0 + 2a1 + a2 − 2, 2a1 + 2a2 − 2) ∈ Z7

| 1 � a0 � a1 � a2}.

Thus, 4a2 > d2. In this case, we consider QSq2(2), q2 = 1, 2, 3.

QS1(2): suppose that the septuple S satisfies QS1(2). Since 4a2 > d2, the septuple S

satisfies either d1 = 2a2 or d1 = 3a2. If d1 = 2a2, then d2 = 6a1 + 2a0 − 6. And if
d1 = 3a2, then d2 = 4a1 + a0 − 4. Thus, 8a1 > d2.

QS2(2): suppose that the septuple S satisfies QS2(2) but not QS1(2). The septuple S

then satisfies either d2 = 2a2 or d2 = 3a2. If d2 = 2a2, then a2 = a3 = a4. By the
well-formed condition, d1 is divisible by a2, which is a contradiction. If d2 = 3a2, then
a2 = 2a1 − 2. Thus, 6a1 > d2.
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QS3(2): suppose that the septuple S satisfies QS3(2) but neither QS1(2) nor QS2(2). The
septuple S then satisfies d1 = n2a2+ae for some n2 ∈ {1, 2} and some e ∈ {0, 1, 3, 4}. If
e = 4, then a0 = a1 = a2. The well-formed condition contradicts the assumption that
the septuple S does not satisfy QS1(2). If e = 3, then n2 = 1 and a2 = a0 + a1 − 1. If
e = 1, then n2 = 2 and a2 = a0+a1−2. Finally, if e = 0, then n2 = 2 and a2 = 2a1−2.
These imply that 8a1 > d2.

We now suppose that the septuple S satisfies QS3(3) but neither QS1(3) nor QS2(3).
The septuple S then satisfies two equations d1 = a3 + ai3 and d2 = m3a3 + aj3 , where
i3 = 3, j3 = 3, i3 = j3 and m3 is a positive integer. From d2 = a4 + a2 and (4.1), we
obtain d2 = 2a3 + a0. From d1 = a4 + a0, we see that i3 must be either 1 or 2. If i3 = 2,
then d1 = a3 + a2. By substituting d1 = a3 + a2 and d2 = a4 + a2 into (4.1) we obtain
a0 + a1 − a2 = 1. Thus, 6a1 > d2. If i3 = 1, then we obtain

S ∈ {(1, a1, a2, a1 + a2 − 2, 2a1 + a2 − 3, 2a1 + a2 − 2, 2a1 + 2a2 − 3) ∈ Z7 | 1 � a1 � a2}.

The septuple S also satisfies one of QSq2(2), q2 = 1, 2, 3.

QS1(2): if the septuple S satisfies QS1(2), then d1 = 2a2 and a2 = 2a1 − 2, and hence
6a1 > d2.

QS2(2): if the septuple S satisfies QS2(2), then d2 = 3a2 and a2 = 2a1 − 3, and hence
6a1 > d2.

QS3(2): suppose that the septuple S satisfies QS3(2) but neither QS1(2) nor QS2(2).
The septuple S then satisfies d1 = n2a2 + ae, where e = 2. If e = 4, then a0 = a1 = a2

since d1 = a4 + a0. If e = 3, then a2 = a1 since d1 = a3 + a1. If e = 1, then a3

is divisible by a2 since d1 = a3 + a1. And if e = 0, then a4 is divisible by a2 since
d1 = a4 +a0. These imply that the septuple S satisfies either QS1(2) or QS2(2), which
is a contradiction.

Finally, we consider the case (i4, j4) = (0, 1), that is, the septuple S satisfies two equations
d1 = a4 + a0 and d2 = a4 + a1. Then we can show that the following are the only cases
that may have 8a1 � d2.

Subcase 1 (the septuple S satisfies QS1(3) and QS1(2)). In this case, we have
d1 = 2a3 and d1 = 2a2. The septuple S then belongs to the set

{(1, a1, a2, a2, 2a2 − 1, 2a2, 2a2 + a1 − 1) ∈ Z7 | 1 � a1 � a2}.

From the condition for I = {2, 3} in Theorem 4.2 and the equality a2 = a3, we see that
either d2 = ma2 or d2 = ma2 + ai for some positive integer m and some i ∈ {0, 1, 4}.
Since d2 = 2a2 + a1 − 1, we obtain either a1 = 1 or a1 = 2. Therefore, the septuple S

must be of the form

(1, 1, M, M, 2M − 1, 2M, 2M) or (1, 2, 2M + 1, 2M + 1, 4M + 1, 4M + 2, 4M + 3),

where M is a positive integer.
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Subcase 2 (the septuple S satisfies QS1(3) and QS2(2)). In this case, d1 = 2a3

and d2 = 2a2. We then obtain a2 = a3 and a0 = a1 = 1. Therefore, the septuple S is of
the form

(1, 1, M, M, 2M − 1, 2M, 2M),

where M is a positive integer.

Subcase 3 (the septuple S satisfies QS2(3) and QSi2(2), i2 = 1, 2). Then
d2 = 2a3 and di2 = 2a2. From these, we obtain a2 = a3 and a0 = a1 = 1 as in the
previous case. Therefore, the septuple S is of the form

(1, 1, M, M, 2M − 1, 2M, 2M),

where M is a positive integer.

Subcase 4 (the septuple S satisfies QS3(3) and QS1(2)). The septuple S sat-
isfies the equations d2 = 2a3 + a0, d1 = a3 + a2 for QS3(3) and d1 = 2a2 for QS1(2).
Then it must be of the form

(1, 2, 2M + 1, 2M + 1, 4M + 1, 4M + 2, 4M + 3),

where M is a positive integer.
For the remaining cases, we can show that 8a1 > d2. We omit the details. �

Now we explain how to obtain the complete list of the septuples (a0, a1, a2, a3, a4, d1, d2)
that represent quasi-smooth well-formed complete intersection log del Pezzo surfaces
defined by two quasi-homogeneous polynomials of degrees d1 and d2 in the weighted pro-
jective spaces P(a0, a1, a2, a3, a4) with amplitude α = 1. We only consider the septuples
with 8a1 > d2 because the other cases are already described in Theorem 4.4.

Let L be a system consisting of the linear equation (4.1) and the linear equations of
the form (4.2) derived from the condition in Theorem 4.2 for each non-empty subset I

of {0, 1, 2, 3, 4}. We fix the coefficients mij of all the linear equations in the system L.
We may then obtain the septuples (a0, a1, a2, a3, a4, d1, d2) that are positive integral
solutions of the system L, if any. By Theorem 4.2, these represent quasi-smooth complete
intersection log del Pezzo surfaces defined by two quasi-homogeneous polynomials in
weighted projective spaces.

Therefore, if we find all such systems of linear equations, then we obtain the complete
list of such septuples. However, we have infinitely many possibilities for these systems
of linear equations because, for the linear equations of the system L derived from the
condition in Theorem 4.2, for the subsets I containing 0 the coefficients mi0 of the
unknown a0 run through all positive integers. So it is hard to perform the procedure that
fixes the coefficients mij and solves the system L using a computer program. For this
reason, instead of L, we consider a reduced system of linear equations consisting of some
linear equations corresponding to some of the index sets I with |I| � 2, 0 ∈ I, and plus
the linear equation (4.1).
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To obtain the reduced system, we first consider the reduced systems L̃ that consist of
the linear equation (4.1) and one of the following:

• d1 = m1iai;

• d2 = m2iai;

• d1 = m1iai + ae1 and d2 = m2iai + ae2

for each i ∈ {2, 3, 4}, where m1i and m2i are positive integers and e1 = i, e2 = i,
e1 = e2. If a reduced system L̃ has only four linear equations, then it must contain the
linear equations dq = mqk1ak1 and dq = mqk2ak2 for some q ∈ {1, 2} and some distinct
k1, k2 ∈ {2, 3, 4}. In such a case, we replace the reduced system L̃ of four linear equations
with linear systems of five types that are obtained by, for each l = 0, 1, . . . , 4, adding one
linear equation

dq̂ = nq̂k1ak1 + nq̂k2ak2 + al, (4.4)

derived from the condition in Theorem 4.2 for the index set I = {k1, k2}, where q̂ ∈
{1, 2} \ {q}, nq̂k1 and nq̂k2 are non-negative integers, to the original system L̃.

The number of the linear equations of each reduced system L̃ is at least five. Since we
only consider the septuples S with 8a1 > d2, we only have to consider the systems L̃

with 1 � mji < 8 and 0 � nji < 8. Then the number of the reduced systems in
our consideration is finite. Furthermore, one can check that the ranks of the reduced
systems L̃ are at least five.

Next, we consider the reduced systems L̂ constructed by adding the linear equa-
tions derived from condition QSi1(1), i1 ∈ {1, 2, 3}, in Theorem 4.2 with coefficients
1 � mji < 8 to the reduced systems L̃.

If a reduced system L̂ is of rank seven, then we solve the system of linear equations.
If it has a positive integral solution with a0 � a1 � a2 � a3 � a4 and d1 � d2, then we
keep it.

If a reduced system L̂ is of rank six, then the solutions are the septuples of the form

(p0N + q0, p1N + q1, p2N + q2, p3N + q3, p4N + q4, p5N + q5, p6N + q6, p7N + q7),

where pi, qj are fixed rational numbers. Among the one-dimensional solutions, we find
positive integral solutions with a0 � a1 � a2 � a3 � a4 and d1 � d2, and keep them.

Finally, there are not so many reduced systems L̂ of rank five among the systems
in our consideration. In such cases, one can easily find positive integral solutions with
a0 � a1 � a2 � a3 � a4 and d1 � d2. For example, there is a reduced system L̂ consisting
of the linear equations d2 = a4 + a1, d1 = a4 + a0, d2 = 2a3 and d2 = 2a2 after removing
dependent linear equations. Then the solutions are

(1, 1, a2, a2, 2a2 − 1, 2a2, 2a2).

Since we solve the reduced systems L̂ instead of the systems L, their positive integral
solutions with a0 � a1 � a2 � a3 � a4 and d1 � d2 are not necessarily septuples
that represent quasi-smooth well-formed complete intersection surfaces. Therefore, in
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order to obtain the complete list of the septuples that represent quasi-smooth complete
intersection log del Pezzo surfaces defined by two quasi-homogeneous polynomials in
weighted projective spaces, we must check whether the obtained positive solutions satisfy
both quasi-smoothness and well-formedness. This can easily be done with the aid of a
computer.

In the way described so far, we can obtain the complete list of the septuples that
represent quasi-smooth complete intersection log del Pezzo surfaces defined by two quasi-
homogeneous polynomials in weighted projective spaces. Tables 1 and 2 in § 6 show the
result.

5. The scheme of the proof

We have 41 families of quasi-smooth well-formed complete intersection log del Pezzo
surfaces in P(a0, a1, a2, a3, a4) in Tables 1 and 2. There are too many of these families for
us to demonstrate all the computations for the global log canonical thresholds. Moreover,
these computations are based on the same methods. In this section, we explain the steps
to evaluate the global log canonical thresholds of these families.

Step 1. Using Lemma 3.1, we compute the log canonical thresholds c(X, (1/a0)Cx),
c(X, (1/a1)Cy), c(X, (1/a2)Cz), c(X, (1/a3)Ct) and c(X, (1/a4)Cw). We then set

μ = min
{

c

(
X,

1
a0

Cx

)
, c

(
X,

1
a1

Cy

)
, c

(
X,

1
a2

Cz

)
, c

(
X,

1
a3

Ct

)
, c

(
X,

1
a4

Cw

)}
.

It follows that the global log canonical threshold lct(X) is at most μ.
We claim that the global log canonical threshold lct(X) is bounded below by some

number λ � μ. In many cases, however, we will use μ for the lower bound λ, so that we
could show lct(X) = μ.

First, we put λ = μ. Next, we proceed with Steps 2 and 3. If we cannot see that λ is
a lower bound for lct(X) using Steps 2 and 3, then we proceed with Steps 2 and 3 for
unknown λ. Then, from Step 3 we obtain inequalities containing λ and can determine
an optimal λ for which we can obtain a contradiction to the assumption of Step 2. This
number λ will be our lower bound for lct(X).

Step 2. We assume that lct(X) < λ. Then there exists an effective Q-divisor

D ≡Q −KX

such that the log pair (X, λD) is not log canonical at some point P ∈ X. In particular,
we obtain multP (D) > 1/λ from Lemma 3.3.

Step 3. We show that the point P cannot be any point of X, so that the assumption
in Step 2 should not hold.

To do so, we first show that the point P cannot be a smooth point of X. For this
purpose, apply Lemma 3.7. However, this method does not always work. If the method
fails, then we try to find an appropriate linear system on X such that it has a member F

passing through the point P and the log pair (X, λF ) is log canonical at the point P .
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Following Lemma 3.6, we then assume that the support of F is not contained in the
support of D. Using Methods 5.1 and 5.2 below, we exclude smooth points.

We then show that the point P cannot be a singular point of X, using Methods 5.1–5.3.
For Methods 5.1 and 5.2, we consider a suitable irreducible curve C. Usually, it will be
taken from the irreducible components of Cx, Cy, Cz, Ct or Cw. In some cases, it is taken
from the irreducible components of a member of an appropriate linear system on X.

Method 5.1. We consider an appropriate irreducible curve C passing through the
point P . We then obtain the inequality

C · D � multP (C) multP (D)
r

>
multP (C)

λr

from Lemma 3.2, where r is the index of the quotient singular point P . If this inequality
derives a contradiction, then the point P is excluded. This method can be applied to
exclude a smooth point.

Method 5.2. We consider a suitable irreducible curve C smooth at P . We write
D = mC + Ω, where Ω is an effective Q-divisor whose support does not contain the
curve C. We check that λm � 1. We then obtain the inequality

(D − mC) · C = Ω · C >
1
λr

from Lemma 3.5. If we can derive a contradiction from the inequality then the point P

is excluded. This method can also be applied to exclude a smooth point.

Method 5.3. Sometimes we cannot obtain a contradiction solely by using Methods 5.1
and 5.2. In such a case, we take a suitable weighted blow-up π : Y → X at the point P .
We can write

KY + DY ≡Q π∗(KX + λD),

where DY is the log pull-back of λD by π. We then apply Methods 5.1 and 5.2 to the
log pair (Y, DY ), or repeat this method until we get a contradictory inequality.

6. Demonstrations of the methods

In the previous section we explained the methods used to compute the global log canonical
thresholds of the 41 families of quasi-smooth well-formed complete intersection log del
Pezzo surfaces in P(a0, a1, a2, a3, a4) in Tables 1 and 2. In the present section we provide
details of these computations for samples of infinite series of such surfaces and samples
of sporadic cases.

6.1. Infinite series

We have three infinite series of families of quasi-smooth well-formed complete inter-
section log del Pezzo surfaces in P(a0, a1, a2, a3, a4), which are listed in Table 1. Here,
we fully describe the computations for the global log canonical thresholds of two infinite
series. For the remaining infinite series we can compute the global log canonical threshold
in a similar way.
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Table 1. Infinite series.

Weight Multidegree lct(X) Singular points

(1, 1, n + 1, n + 1, 2n + 1) {2n + 2, 2n + 2} 2n + 5
4n + 6

Pw

(1, 2, 2n + 1, 2n + 1, 4n + 1) {4n + 2, 4n + 3} � 20n + 4
24n + 5

Pz, Pt, Pw

(2, 2n + 1, 2n + 1, 4n + 1, 6n + 1) {6n + 3, 8n + 2} 1 Pw, Pyz = 3× 1
2n + 1

(2, −1)

Here, n is a positive integer.

Lemma 6.1. Let X be a quasi-smooth complete intersection log del Pezzo surface
defined by two quasi-homogeneous polynomials of degree 2n in the weighted projective
space P(1, 1, n, n, 2n − 1), where n is a positive integer bigger than 1. Then lct(X) =
(2n + 3)/(4n + 2).

Proof. The surface X can be assumed to be defined by the quasi-homogeneous equa-
tions

wx + z(a1z + b1t) + fn(x, y)z + f̂n(x, y)t + f2n(x, y) = 0,

wy + t(a2z + b2t) + gn(x, y)z + ĝn(x, y)t + g2n(x, y) = 0,

where fd, f̂d, gd and ĝd are homogeneous polynomials of degree d. For the surface X to
be quasi-smooth, the polynomials a1z + b1t and a2z + b2t must not be proportional and
a1 = 0, b2 = 0. The surface X is singular at the point Pw.

Let L be the linear system on the surface X cut by the equation λx + μy = 0, where
[λ : μ] ∈ P1. Let Cμ be the member of the pencil L cut by the equation x − μy = 0 on
the surface X. Then Cμ can be defined by the quasi-homogeneous equations

μwy + z(a1z + b1t) + fn(μ, 1)ynz + f̂n(μ, 1)ynt + f2n(μ, 1)y2n = 0,

wy + t(a2z + b2t) + gn(μ, 1)ynz + ĝn(μ, 1)ynt + g2n(μ, 1)y2n = 0

in Proj(C[y, z, t, w]). Consider the affine piece of the curve Cμ defined by y = 0. It is the
affine curve defined by the equations

μw + z(a1z + b1t) + fn(μ, 1)z + f̂n(μ, 1)t + f2n(μ, 1) = 0,

w + t(a2z + b2t) + gn(μ, 1)z + ĝn(μ, 1)t + g2n(μ, 1) = 0

in Spec(C[z, t, w]). Furthermore, it is isomorphic to the affine curve defined by the equa-
tion

z(a1z + b1t) − μt(a2z + b2t) + (fn(μ, 1) − μgn(μ, 1))z

+ (f̂n(μ, 1) − μĝn(μ, 1))t + (f2n(μ, 1) − μg2n(μ, 1)) = 0
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in Spec(C[z, t]). There is a constant μ1 such that the affine curve Cμ1\Cy is defined by

(α1z + β1t + γ1)(α2z + β2t + γ2) = 0,

where αi, βi and γi are constants. Note that the polynomials (α1z + β1t + γ1) and
(α2z + β2t + γ2) must not be proportional; otherwise X would not be quasi-smooth.
Therefore, Cμ1 can be defined by the quasi-homogeneous equations

(α1z + β1t + γ1y
n)(α2z + β2t + γ2y

n) = 0,

wy + t(a2z + b2t) + gn(μ1, 1)ynz + ĝn(μ1, 1)ynt + g2n(μ1, 1)y2n = 0.

Then the curves Cμ1 consists of two irreducible and reduced curves L1 and L2, where Li

is defined by the equations

x − μ1y = 0,

αiz + βit + γiy
n = 0,

wy + t(a2z + b2t) + gn(μ1, 1)ynz + ĝn(μ1, 1)ynt + g2n(μ1, 1)y2n = 0.

A member of the pencil L is always one of the following:

• an irreducible and reduced quasi-smooth curve;

• the sum of two quasi-smooth curves.

On the other hand, we consider the open subset Cμ\Cw of the curve Cμ, which is the
affine curve defined by the equations

μy + z(a1z + b1t) + fn(μ, 1)ynz + f̂n(μ, 1)ynt + f2n(μ, 1)y2n = 0,

y + t(a2z + b2t) + gn(μ, 1)ynz + ĝn(μ, 1)ynt + g2n(μ, 1)y2n = 0

in Spec(C[y, z, t]). We can see that there exists μ2 such that

z(a1z + b1t) − μ2t(a2z + b2t) = (α3z + β3t)2,

where α3 and β3 are constants. The affine curve Cμ2 \Cw is then analytically isomorphic
to the equation

z2 + ψ�2n+1(z, t) = 0,

where t2n+1 ∈ ψ2n+1. We then obtain c(X, Cμ2) = (2n + 3)/(4n + 2) from [14, Proposi-
tion 8.14]. Furthermore, we can see that c(X, C) � (2n+3)/(4n+2) for every member C

of the linear system L.
Suppose that lct(X) < (2n + 3)/(4n + 2). Then there is an effective Q-divisor

D ≡ −KX

such that the log pair (X, ((2n+3)/(4n+2))D) is not log canonical at some point P ∈ X.
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We have the following intersection numbers:

−KX · Cμ =
4

2n − 1
, −KX · L1 = −KX · L2 =

2
2n − 1

,

L1 · L2 =
2n

2n − 1
, L2

1 = L2
2 =

2 − 2n

2n − 1
.

Suppose that P is a smooth point in the surface X. Let C be the unique member in L
passing through the point P . Suppose that the curve C is irreducible. By Lemma 3.6, we
may assume that C is not contained in the support of D. Then the inequality

4n + 2
2n + 3

< multP (D) � D · C =
4

2n − 1

implies a contradiction. Thus, the curve C must be reducible. Put C = L1+L2, where L1

and L2 are irreducible and reduced curves on the surface X. By Lemma 3.6, we may
assume that the support of C is not contained in the support of D. Without loss of
generality we may assume that L2 is not contained in the support of D. Suppose that
the point P lies on the curve L2. Then the inequality

4n + 2
2n + 3

� multP (D) � D · L2 =
2

2n − 1

implies a contradiction. Thus, the point P must belong to L1 \ L2. Put D = λL1 + Ω,
where Ω is an effective Q-divisor on the surface X with L1 ⊂ Supp(Ω). The inequality

λ
2n

2n − 1
= λL1 · L2 � D · L2 =

2
2n − 1

implies that 0 � λ � 1/n. Since λ(2n + 3)/(4n + 2) � 1, the log pair (X, L1 + (2n +
3)/(4n + 2)Ω) is not log canonical at the point P . Then the inequality

4n + 2
2n + 3

< (D − λL1) · L1 =
2

2n − 1
+ λ · 2n − 2

2n − 1
� 2

n

implies a contradiction. Thus, the point P must be the point Pw.
Let π : X̄ → X be the weighted blow-up at the point Pw with weights (1, 1). Let E be

the exceptional divisor of π. Then we have

KX̄ ≡Q π∗(KX) − 2n − 3
2n − 1

E, π∗D ≡Q D̄ +
α

2n − 1
E,

where D̄ is the proper transform of D on X̄ and α is a positive rational number.
For simplicity, put φ = (2n + 3)/(4n + 2). The log pull-back of the log pair (X, φD) is

the log pair
(X̄, φD̄ + θαE),

where
θα =

2n − 3
2n − 1

+
2n + 3
4n + 2

α

2n − 1
.
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Let C be an irreducible member in the linear system L. We then have

π∗C ≡Q C̄ +
2

2n − 1
E,

where C̄ is the proper transform of C. By Lemma 3.6, we may assume that C is not
contained in the support of D. Then we have

D · C = D̄ · C̄ +
2α

2n − 1
.

It follows that
0 � D̄ · C̄ =

4 − 2α

2n − 1
.

Thus, we have θα � 1.
The log pair (X̄, φD̄ + θαE) must not be log canonical at some point p̄ ∈ E. For

the point P̄ ∈ E, there is a curve L ∈ L whose proper transform L̄ passes through the
point P̄ . Suppose that L is irreducible. Then,

π∗L ≡Q L̄ +
2

2n − 1
E.

We have
D · L = D̄ · L̄ +

2α

2n − 1
.

Thus,

D̄ · L̄ =
4 − 2α

2n − 1
.

Since the log pair (X̄, φD̄ + θαE) is not log canonical at the point P̄ , we have

multP̄ (φD̄ + θαE) > 1.

Thus,

multP̄ D̄ >
2

φ(2n − 1)
− α

2n − 1
.

The inequality

D̄ · L̄ � multP̄ D̄ multP̄ L̄ >
2

φ(2n − 1)
− α

2n − 1

implies that
4 − 2α

2n − 1
>

4n + 2
2n + 3

2
2n − 1

− α

2n − 1
.

Thus, α < 8/(2n + 3). By Lemma 3.5,

1 < φD̄ · E = φα <
2n + 3
4n + 2

8
2n + 3

=
4

2n + 1
< 1

for all n � 2. This is a contradiction. Therefore, the curve L must be reducible. Write
L = L1 + L2 and assume that P̄ lies on the proper transform L̄1 of the curve L1. Also,
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we may assume that the support of D does not contain one of the curves L1 and L2. Put
D = μL1 + Ω, where Ω is an effective Q-divisor on the surface X whose support does
not contain the curve L1. Then,

π∗Ω ≡Q Ω̄ +
β

2n − 1
E, π∗L1 ≡Q L̄1 +

1
2n − 1

E, π∗L2 ≡Q L̄2 +
1

2n − 1
E,

where Ω̄ and L̄2 are the proper transforms of Ω and L2, respectively.
The log pull-back of the log pair (X, φD) is the log pair

(X̄, φμL̄1 + φΩ̄ + θβE),

where
θβ =

2n − 3
2n − 1

+
μφ

2n − 1
+

φβ

2n − 1
.

If μ = 0, we obtain an absurd inequality

2 − β

2n − 1
>

4n + 2
2n + 3

2
2n − 1

− β

2n − 1

since
D̄ · L̄1 =

2 − β

2n − 1
and

D̄ · L̄1 � multP̄ D̄ multP̄ L̄1 >
2

φ(2n − 1)
− β

2n − 1
.

Thus, μ > 0.
Since

Ω · L2 = (D − μL1) · L2 =
2

2n − 1
− μ

2n

2n − 1
,

we have
2

2n − 1
− μ

2n

2n − 1
= Ω · L2 = Ω̄ · L̄2 +

β

2n − 1
� β

2n − 1
.

Thus, 2 � 2nμ + β. Furthermore, we have θβ � 1 and φμ � 1.
By Lemma 3.5, the log pair

(E, (φμL̄1 + φΩ̄)|E)

is not log canonical at the point P̄ . We then have

1 < (φμL̄1 + φΩ̄) · E = φ(μ + β).

Thus, μ + β > 1/φ. The log pair

(L̄1, (φΩ̄ + θE)|L̄1
)

is not log canonical at the point P̄ either. We then have

1 < φΩ̄ · L̄1 +
2n − 3
2n − 1

+
μφ

2n − 1
+

φβ

2n − 1
.
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Since
Ω̄ · L̄1 =

2
2n − 1

+ μ
2n − 2
2n − 1

− β

2n − 1
,

we obtain μ > 2/(2n+3). However, there are no μ and β satisfying the following inequal-
ities

2 � 2nμ + β, μ + β >
4n + 2
2n + 3

, μ >
2

2n + 3
.

The obtained contradiction completes the proof. �

In the following case, the global log canonical threshold is bigger than 2
3 . Unfortunately,

however, we are not able to determine whether it is strictly less than 1 or not.

Lemma 6.2. Let X be a quasi-smooth complete intersection log del Pezzo surface
defined by two quasi-homogeneous polynomials of degrees 4n + 2 and 4n + 3 in the
weighted projective space P = P(1, 2, 2n+1, 2n+1, 4n+1), where n is a positive integer.
Then lct(X) � (20n + 4)/(24n + 5).

Proof. The surface X can be assumed to be defined by the quasi-homogeneous equa-
tions

x2f4n(x, y) + xf2n(x, y)z + xf̂2n(x, y)t + a1y
2n+1 + zt + xw = 0,

xg4n+2(x, y) + g2n+2(x, y)z + ĝ2n+2(x, y)t + x(a2z
2 + a3t

2) + cxzt + yw = 0,

where the ai are non-zero constants, c is a constant and fj , f̂j , gj and ĝj are quasi-
homogeneous polynomials of degree j. The surface X is singular at the points Pz, Pt

and Pw.
The curve Cx is defined by the quasi-homogeneous equations

a1y
2n+1 + zt = 0,

b1y
n+1z + b2y

n+1t + yw = 0

in Proj(C[y, z, t, w]), where b1 = g2n+2(0, 1) and b2 = ĝ2n+2(0, 1). Then Cx = L1 + L2 +
Rx, where L1, L2 and Rx are irreducible and reduced quasi-smooth curves defined by

L1 = {x = y = z = 0},

L2 = {x = y = t = 0},

Rx = {x = a1y
2n+1 + zt = b1y

nz + b2y
nt + w = 0}.

Then we have L1 ∩ L2 = {Pw}, L1 ∩ Rx = {Pt}, L2 ∩ Rx = {Pz} and L1 ∩ L2 ∩ Rx = ∅.
We also have c(X, Cx) = 1.

Suppose that lct(X) < (20n + 4)/(24n + 5). There is then an effective Q-divisor

D ≡Q −KX

such that the log pair (X, ((20n + 4)/(24n + 5))D) is not log canonical at some point
P ∈ X.
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Since H0(P,OP(2n + 1)) contains the monomials x2n+1, z and t, from Lemma 3.7, we
obtain the inequality

multQ(D) � (2n + 1)(4n + 2)(4n + 3)
1 × 2(2n + 1)(2n + 1)(4n + 1)

=
4n + 3
4n + 1

<
24n + 5
20n + 4

for the point Q ∈ X \ Cx. It follows that the point P belongs to Cx.
We have the following intersection numbers:

−KX · L1 = −KX · L2 =
1

(2n + 1)(4n + 1)
, −KX · Rx =

1
2n + 1

, L1 · L2 =
1

4n + 1
,

L1 · Rx = L2 · Rx =
1

2n + 1
, L2

1 = L2
2 = − 6n + 1

(2n + 1)(4n + 1)
, R2

x = − 1
2n + 1

.

We may assume that the support of the curve Cx is not contained in the support of D.
Suppose that the curve Li is not contained in the support of D. Put D = βjLj +βRx+Ω,
where i = j and Ω is an effective Q-divisor such that Lj and Rx are not contained in the
support of Ω. We have

1
(2n + 1)(4n + 1)

= D · Li � βjLj · Li + βRx · Li =
βj

4n + 1
+

β

2n + 1
.

The inequalities

(4n + 1)(D · Li) =
1

2n + 1
<

24n + 5
20n + 4

,

(2n + 1)(D − βjLj) · Lj � (2n + 1)
(

1
(2n + 1)(4n + 1)

+
1

2n + 1
6n + 1

(2n + 1)(4n + 1)

)
=

8n + 2
(2n + 1)(4n + 1)

<
24n + 5
20n + 4

,

(D − βRx) · Rx � 1
2n + 1

+
1

4n + 1
1

2n + 1
<

24n + 5
20n + 4

imply the contradiction that the point P cannot lie on Cx. Therefore, the support of D

must contain the curves L1 and L2. Put D = α1L1 + α2L2 + Δ, where Δ is an effective
Q-divisor whose support contains neither L1 nor L2. The inequality

1
2n + 1

= D · Rx � α1L1 · Rx + α2L2 · Rx = α1
1

2n + 1
+ α2

1
2n + 1

implies that α1 + α2 � 1. We have

(2n + 1)(D · Rx) = 1 <
24n + 5
20n + 4

.

Thus, P ∈ Rx. Moreover, we have

(D − α1Lk) · Lk � 1
(2n + 1)(4n + 1)

+
6n + 1

(2n + 1)(4n + 1)
=

6n + 2
(2n + 1)(4n + 1)

<
24n + 5
20n + 4

for k = 1, 2. Thus, the point P must be the point Pw.
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Without loss of generality, we assume that α1 � α2. From

24n + 5
20n + 4

< (4n + 1)(D − α1L1) · L1 =
1

2n + 1
+ α1

6n + 1
2n + 1

we obtain (8n + 1)/(20n + 4) < α1 � 1/2.
Let π : X̄ → X be the weighted blow-up at the point Pw with weights (1, 1). Let E be

the exceptional divisor of π. Then,

KX̄ ≡ π∗(KX) +
1 − 4n

4n + 1
E, π∗L1 ≡ L̄1 +

1
4n + 1

E,

π∗L2 ≡ L̄2 +
1

4n + 1
E, π∗Δ ≡ Δ̄ +

α

4n + 1
E,

where α is a positive rational number and L̄1, L̄2 and Δ̄ are the proper transforms of
L1, L2 and Δ, respectively. Let Oi be the intersection point of E and Li for i = 1, 2. Put
ε = (20n + 4)/(24n + 5). The log pull-back of the log pair (X, εD) is the log pair

(X̄, ε(α1L̄1 + α2L̄2 + Δ̄) + θE),

where

θ =
4n − 1
4n + 1

+ ε
α1

4n + 1
+ ε

α2

4n + 1
+ ε

α

4n + 1
.

This is not log canonical at some point O ∈ E. The inequalities

0 � Δ̄ · L̄1 = Δ · L1 +
α

(4n + 1)2
E2

=
1

(2n + 1)(4n + 1)
+ α1

6n + 1
(2n + 1)(4n + 1)

− α2
1

4n + 1
− α

1
4n + 1

,

0 � Δ̄ · L̄2 = Δ · L2 +
α

(4n + 1)2
E2

=
1

(2n + 1)(4n + 1)
+ α2

6n + 1
(2n + 1)(4n + 1)

− α1
1

4n + 1
− α

1
4n + 1

imply that α � 1. Then, θ < 1. Suppose that the point O is contained in the set
E \ (L̄1 ∪ L̄2). We have

Δ̄ · E = α < 1 <
1
ε
,

which is a contradiction. Thus, the point O is either O1 or O2.
Suppose that the point O is the point O1. Then the log pair (X̄, εα1L̄1 + εΔ̄ + θE) is

not log canonical at the point O1. Since εα1 � 1, we have

εΔ̄ · L̄1 + θE · L̄1 = ε

(
1

(2n + 1)(4n + 1)
+ α1

6n + 1
(2n + 1)(4n + 1)

− α2
1

4n + 1
− α

1
4n + 1

)
+

(
4n − 1
4n + 1

+ εα1
1

4n + 1
+ εα2

1
4n + 1

+ εα
1

4n + 1

)
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= ε
1

(2n + 1)(4n + 1)
+

4n − 1
4n + 1

+ εα1
6n + 1

(2n + 1)(4n + 1)
+ εα1

1
4n + 1

� 24n + 3
24n + 5

< 1,

which is a contradiction. Thus, the point O must be the point O2. However, the same
argument shows that this is not possible either. This completes the proof. �

6.2. Sporadic cases

There are 38 sporadic families of quasi-smooth well-formed complete intersection log
del Pezzo surfaces in weighted projective spaces and these are listed in Table 2. Here we
describe the computations for the global log canonical thresholds of five sporadic cases.

Lemma 6.3. Let X be a quasi-smooth complete intersection log del Pezzo surface
defined by two quasi-homogeneous polynomials of degree 6 and 8 in the weighted projec-
tive space P(1, 2, 3, 4, 5). If the defining equation of degree 6 contains the monomial yt,
then lct(X) = 1. If not, then lct(X) = 7

12 .

Proof. The surface X can be assumed to be defined by the quasi-homogeneous equa-
tions

xf(x, y, z, t) + y(y2 + at) + z2 + xw = 0,

xg(x, y, z, t, w) + t(by2 + t) + zw = 0.

Here, f and g are quasi-homogeneous equations of degrees 5 and 7, respectively; a and b

are constants with ab = 1. The surface X is singular at the point Pw.
The curve Cx is defined by the quasi-homogeneous equations

y(y2 + at) + z2 = 0,

t(by2 + t) + zw = 0

in Proj(C[y, z, t, w]). The curve Cx is an irreducible and reduced curve on the surface X.
It is smooth at Cx ∩ Cw. Consider the open set Cx \ Cw of the curve Cx that is a
Z5-quotient of the affine curve

y(y2 + at) + z2 = 0,

t(by2 + t) + z = 0

in Spec(C[y, z, t]). This affine curve is isomorphic to the curve defined by the equation

y(y2 + at) + t2(by2 + t)2 = 0

in Spec(C[y, t]). From this equation, we can see that c(X, Cx) = 1 if a = 0; c(X, Cx) = 7
12

if a = 0.
Put c(X, Cx) = λ and suppose that lct(X) < λ. There is then an effective Q-divisor

D ≡Q −KX

such that the log pair (X, λD) is not log canonical at some point P ∈ X.
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Table 2. Sporadic cases.

Weight Multidegree lct(X) Singular points

(1, 1, 1, 1, 1) {2, 2} 2/3
(1, 2, 2, 3, 3) {4, 6} 1 Pt, Pw

(1, 2, 3, 4, 5) {6∗, 8} 1 Pw

(1, 2, 3, 4, 5) {6∗∗, 8} 7/12 Pw

(1, 3, 3, 5, 5) {6, 10} 1 Py, Pz, Pt, Pw

(1, 4, 5, 7, 11) {12, 15} 1 Pt, Rw

(1, 4, 7, 10, 13) {14, 20} 1 Pw

(1, 5, 8, 12, 19) {20, 24} 1 Pw

(1, 5, 9, 13, 17) {18, 26} 1 Py, Pw

(1, 7, 11, 17, 27) {28, 34} 1 Pz, Pw

(1, 7, 12, 17, 23) {24, 35} 1 Pt, Pw

(1, 8, 13, 19, 31) {32, 39} 1 Pt, Pw

(1, 9, 15, 23, 23) {24, 46} 1 Py, Pz, Pt, Pw

(2, 2, 3, 3, 3) {6, 6} � 6/5 Pxy = 4 × 1
3 (1, 1)

(2, 3, 4, 5, 5) {8, 10} � 9/8 Py, Pt, Pw

(2, 3, 5, 6, 7) {10, 12} � 3/2 Pw, Pyt = 2 × 1
3 (1, 1)

(3, 3, 5, 5, 7) {10, 12} � 7/4 Pz, Pt, Pw, Pxy = 4 × 1
3 (1, 1)

(3, 5, 6, 8, 13) {16, 18} � 5/3 Py, Pw, Pxz = 3 × 1
3 (1, 1)

(3, 5, 7, 9, 11) {16, 18} � 14/11 Py, Pz, Pw, Pxz = 2 × 1
3 (1, 2)

(4, 5, 7, 10, 13) {18, 20} � 2 Pz, Pw, Pyt = 2 × 1
5 (3, 4)

(5, 7, 10, 14, 23) {28, 30} 35/12 Pw, Pxz = 3 × 1
5 (2, 4), Pyt = 2 × 1

7 (5, 3)
(5, 9, 12, 20, 31) {36, 40} 55/24 Pw, Pxy = 2 × 1

5 (3, 4), Pyz = 1
3 (1, 1)

(5, 14, 17, 21, 37) {42, 51} 10/3 Px, Pw, Pyt = 1
7 (5, 3)

(6, 7, 9, 11, 14) {18, 28} � 7/2 Pt, Pyw = 2 × 1
7 (5, 4), Pxz = 1

3 (1, 1)
(6, 8, 9, 11, 13) {22, 24} � 3 Pz, Pw, Pxz = 1

3 (1, 1)
(9, 15, 23, 23, 31) {46, 54} � 23/6 Py, Pw, Pzt = 2 × 1

23 (18, 7), Pxy = 1
3 (1, 1)

(9, 15, 23, 23, 37) {46, 60} 45/8 Px, Pz, Pt, Pw, Pxy = 1
3 (1, 1)

(9, 23, 30, 38, 67) {76, 90} 81/14 Py, Pw, Pxz = 1
3 (1, 1)

(10, 17, 25, 34, 43) {60, 68} 6 Pz, Pw, Pxz = 1
5 (4, 3), Pyt = 2 × 1

17 (3, 16)
(11, 18, 27, 44, 61) {72, 88} 77/16 Pz, Pw, Pxt = 2 × 1

11 (7, 5), Pyz = 1
9 (4, 7)

(11, 27, 36, 62, 97) {108, 124} 121/24 Px, Pw, P1 = 1
9 (4, 7)

(11, 29, 39, 49, 59) {88, 98} �117/16 Py, Pz, Pw

(11, 29, 39, 49, 67) {78, 116} 77/10 Px, Pt, Pw

(11, 29, 38, 48, 85) {96, 114} 99/14 Px, Py, Pw

(13, 22, 55, 76, 97) {110, 152} 117/20 Px, Pw, Pyz = 1
11 (4, 9)

(13, 23, 34, 56, 89) {102, 112} 104/15 Px, Py, Pw

(13, 23, 35, 47, 57) {70, 104} 65/8 Py, Pt, Pw

(13, 23, 35, 57, 79) {92, 114} 91/12 Px, Pz, Pw

(14, 19, 25, 32, 45) {64, 70} 28/3 Py, Pz, Pw

∗The polynomial of degree 6 contains the monomial yt.
∗∗The polynomial of degree 6 does not contain the monomial yt.
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By Lemma 3.6, we may assume that the curve Cx is not contained in the support of D.
Suppose that the point P is the point Pw. Since the curve Cx is singular at the point Pw

with multiplicity at least 2, we have

2
λ

< 2 multPw
(D) � 5D · Cx = 5

1 × 1 × 6 × 8
1 × 2 × 3 × 4 × 5

= 2.

This is a contradiction. Thus, the point P cannot be the point Pw.
For every point Q in Cx \ {Pw}, we have

multQ(D) � D · Cx =
1 × 1 × 6 × 8

1 × 2 × 3 × 4 × 5
=

2
5

<
1
λ

.

Therefore, P ∈ Cx.
Let L be the pencil on X cut by the equation

αx2 + βy = 0,

where [α, β] ∈ P1. There is a curve C in the pencil L that passes through the point P .
Since the point P lies outside Cx, the curve C is cut by an equation y = αx2 for some α.
Therefore, the curve C is defined by the quasi-homogeneous equations

y = αx2,

xf(x, y, z, t) + y(y2 + at) + z2 + xw = 0,

xg(x, y, z, t, w) + t(by2 + t) + zw = 0.

The curve C is quasi-smooth at the point Pw at which the curve Cx and C meet. The
affine piece of C defined by x = 0 is the curve

f(1, α, z, t) + α3 + aαt + z2 + w = 0,

g(1, α, z, t, w) + bα2t + t2 + zw = 0

in Spec(C[z, t, w]). This is isomorphic to the curve defined by

t2 + bα2t−z(f(1, α, z, t)+α3 +aαt+z2)+g(1, α, z, t,−(f(1, α, z, t)+α3 +aαt+z2)) = 0

in Spec(C[z, t]). Since the equation keeps the monomial t2 regardless of the constants α,
a and b, we have multQ(C) � 2 for any point Q on C. Thus, we have c(X, 1

2C) � λ.
Furthermore, the equation always has the monomials t2 and z3 and so the curve C must
be irreducible. Therefore, we may assume that the curve C is not contained in the support
of D. Then,

1
λ

< multP (D) � D · C =
1 × 2 × 6 × 8

1 × 2 × 3 × 4 × 5
=

4
5
.

This is a contradiction. The obtained contradiction completes the proof. �

Lemma 6.4. Let X be a quasi-smooth complete intersection log del Pezzo surface
defined by two quasi-homogeneous polynomials of degrees 18 and 26 in the weighted
projective space P = P(1, 5, 9, 13, 17). Then, lct(X) = 1.
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Proof. The surface X can be assumed to be defined by the quasi-homogeneous equa-
tions

xf(x, y, z, t) + z2 + yt + xw = 0,

xg(x, y, z, t, w) + t2 + zw = 0,

where f and g are quasi-homogeneous equations of degrees 17 and 25, respectively. The
surface X is singular at the points Py and Pw.

The curve Cx is defined by the quasi-homogeneous equations

z2 + yt = 0,

t2 + zw = 0

in Proj(C[y, z, t, w]). The divisor Cx consists of Lyw and an irreducible and reduced curve
Rx. Note that the curves Lyw and Rx meet at the points Py and Pw.

Consider the open subset Cx \ Cw of the curve Cx that is a Z17-quotient of the affine
curve

z2 + yt = 0,

t2 + z = 0

in Spec(C[y, z, t]). The affine curve is isomorphic to the curve defined by the equation

yt + t4 = 0 ⊂ Spec(C[y, t]).

It shows that the log pair (X, Cx) is log canonical along Cx \ Cw. Consider the open
subset Cx \ Cy of the curve Cx that is a Z5-quotient of the affine curve

z2 + t = 0,

t2 + zw = 0

in Spec(C[z, t, w]). The affine curve is isomorphic to the curve defined by the equation

zw + z4 = 0 ⊂ Spec(C[z, w]).

Therefore, the log pair (X, Cx) is log canonical along Cx\Cy. Consequently, c(X, Cx) = 1.
Suppose that lct(X) < 1. There is then an effective Q-divisor

D ≡Q −KX

such that the log pair (X, D) is not log canonical at some point P ∈ X.
Since H0(P,OP(9)) contains the monomials x4y, x9 and z, by Lemma 3.7, we have the

inequality

multQ(D) � 9 × 18 × 26
1 × 5 × 9 × 13 × 17

=
36
85

< 1

for each point Q ∈ X \ Cx. Therefore, the point P must belong to Cx.
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We have the following intersection numbers:

−KX · Lyw = 1
85 , −KX · Rx = 3

85 , −KX · Cx = 4
85 ,

Lyw · Rx = 22
85 , L2

yw = − 21
85 , R2

x = − 19
85 .

By Lemma 3.6, we may assume that the support of the curve Cx is not contained in the
support of Supp(D).

Suppose that Supp(D) does not contain the curve Rx and put D = μLyw +Δ, where Δ
is an effective Q-divisor with Lyw ⊂ Supp(Δ). The inequality

3
85 = D · Rx � μLyw · Rx = 22

85μ

implies that 0 � μ � 3
22 . Therefore, the log pair (X, Lyw + Δ) is not log canonical at the

point P and the point P lies on the curve Lyw. However, this is impossible because of
the inequality

multQ(Δ|Lyw) � 17(D − μLyw) · Lyw = 17( 1
85 + μ 21

85 ) < 1

for each point Q on Lyw.
Now we suppose that Supp(D) does not contain the curve Lyw and put D = νRx +Ω,

where Ω is an effective Q-divisor with Rx ⊂ Supp(Ω). Then the inequality

1
85 = D · Lyw � Rx · Lyw = 22

85ν

implies that 0 � ν � 1
22 . For any point Q on Rx we have

multQ(Ω|Rx) � 17(D − νRx) · Rx = 17( 3
85 + ν 19

85 ) < 1.

From this inequality we can derive a contradiction as before.
Consequently, lct(X) = 1. �

Lemma 6.5. Let X be a quasi-smooth complete intersection log del Pezzo surface
defined by two quasi-homogeneous polynomials of degree 6 in the weighted projective
space P(2, 2, 3, 3, 3). Then, lct(X) � 6

5 .

Proof. The surface X is defined by the quasi-homogeneous equations

f3(x, y) + f2(z, t, w) = 0,

g3(x, y) + g2(z, t, w) = 0,

where fi and gj are homogeneous polynomials of degrees i and j, respectively. For X to
be quasi-smooth, the equation f3(x, y)g3(x, y) = 0 must define six distinct points in P1

and for any [a, b] ∈ P1, the rank of the quadratic form af2(z, t, w) + bg2(z, t, w) must be
at least 2.

The surface X is singular only at the points P1, P2, P3 and P4 of type 1
3 (1, 1), which

are contained in the set {x = y = f2(z, t, w) = g2(z, t, w) = 0}.
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Let L be the pencil on X cut out by the equation

αx + βy = 0,

where [α, β] ∈ P1. Let Cβ be the member of the pencil L cut out by the equation
x − βy = 0, that is, Cβ is defined by the quasi-homogeneous equations

f3(β, 1)y3 + f2(z, t, w) = 0,

g3(β, 1)y3 + g2(z, t, w) = 0

in Proj(C[y, z, t, w]). Note that the quadratic form

g3(β, 1)f2(z, t, w) − f3(β, 1)g2(z, t, w) = 0

is of rank either 2 or 3. Furthermore, there is a constant β′ such that the corresponding
quadratic form is of rank 2. The curve Cβ′ is defined by the equations

(λ1z + μ1t + ν1w)(λ2z + μ2t + ν2w) = 0,

g3(β′, 1)y3 + g2(z, t, w) = 0,

where the two points [λ1 : μ1 : ν1] and [λ2 : μ2 : ν2] are distinct in P2. The divisor Cβ′

consists of two irreducible and reduced curves C1 and C2. Each curve Ci is defined
by x − β′y = λiz + μit + νiw = g3(β′, 1)y3 + g2(z, t, w) = 0. The curves C1 and C2

intersect transversally. Note that a member C in the pencil L is quasi-smooth if its
corresponding quadratic form is of rank 3. Thus, for each member C of the pencil L, we
have c(X, 1

2C) = 2.
Now, we claim that lct(X) � 6

5 . Suppose not. Then there is an effective Q-divisor

D ≡Q −KX

such that the log pair (X, 6
5D) is not log canonical at some point P ∈ X.

We have the following intersection numbers:

−KX · C1 = −KX · C2 = 1
3 , C1 · C2 = 1, C2

1 = C2
2 = − 1

3 .

Suppose that P ∈ X \Sing(X). Then there is a curve C ∈ L passing through the point P .
If the curve C is irreducible then we have

multP D � D · C =
1 × 2 × 6 × 6

2 × 2 × 3 × 3 × 3
=

2
3

<
5
6
.

Therefore, the curve C must be reducible. It consists of two irreducible curves C1 and
C2. By Lemma 3.6, we may assume that the support of the curve C is not contained in
Supp(D). Without loss of generality, we can assume that C1 ⊂ Supp(D). Since we have

multP C1 � D · C1 = 1
3 < 5

6 ,

https://doi.org/10.1017/S0013091515000012 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091515000012


Log canonical thresholds of complete intersection log del Pezzo surfaces 477

the point P must belong to C2. Put D = μC2 + Ω, where Ω is an effective Q-divisor
whose support contains neither C1 nor C2. The inequality

1
3 = D · C1 � μC1 · C2 = μ

implies that 0 � μ � 1
3 . Then the log pair (X, C2 + 6

5Ω) is not log canonical at the
point P . However,

Ω · C2 = (D − μC2) · C2 � 1
3 + 1

3 × 1
3 = 4

9 < 5
6 ,

which is a contradiction. Thus, P ∈ Sing(X). We may assume that the point P is the
point P1 without loss of generality.

Let π : X̄ → X be the weighted blow-up at the point P1 with weights (1, 1). Let E be
the exceptional divisor of π. We then have

KX̄ ≡ π∗(KX) − 1
3
E, π∗D ≡ D̄ +

α

3
E,

where D̄ is the proper transform of D and α is a positive rational number. The log
pull-back of the log pair (X, 6

5D) is the log pair(
X̄,

6
5
D̄ +

(
1
3

+
6
5

× α

3

)
E

)
.

This is not log canonical at some point O ∈ E. We then obtain

5
9

− α

3
< multO(D̄).

Let N be the sublinear system of |OP(3)| that consists of curves passing through the
point P1. We can find two constants a and b such that the quadratic form af2(z, t, w) +
bg2(z, t, w) is of rank 2. Then the surface X is defined by the quasi-homogeneous equations

(c1x + d1y)(c2x + d2y)(c3x + d3y) + (λ1z + μ1t + ν1w)(λ2z + μ2t + ν2w) = 0,

g3(x, y) + g2(z, t, w) = 0,

where (c1x+d1y)(c2x+d2y)(c3x+d3y) = af3(x, y)+bg3(x, y) and (λ1z+μ1t+ν1w)(λ2z+
μ2t+ν2w) = af2(z, t, w)+bg2(z, t, w). Note that the equations x = y = λ1z+μ1t+ν1w =
g2(z, t, w) = 0 define two singular points, say P1 and P2, of the four singular points of X.
Let N be the member of the linear system N cut out by the equation λ1z+μ1t+ν1w = 0.
Then N consists of the three irreducible and reduced curves M1, M2 and M3 intersecting
each other at the points P1 and P2.

By Lemma 3.6, we can assume that the support of D does not contain one of M1, M2,
M3. Without loss of generality, we can assume that the curve M1 is not contained in the
support of D. The inequality

0 � D̄ · M̄1 = D · M1 +
α

9
E2 =

1
3

− α

3
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implies that α � 1. Since
1
3

+
6
5

× α

3
� 1,

the log pair (X̄, 6
5D̄ + E) is not log canonical at the point O. For the point O ∈ E there

exists a member C in the pencil N whose proper transform C̄ on X̄ passes through the
point O. Suppose that C is irreducible. Then we have

π∗C ≡ C̄ + E.

We have
1 = D · C = D̄ · C̄ + α,

and hence D̄ · C̄ = 1 − α. Thus,

5
9

− α

3
< multO D̄ � D̄ · C̄ = 1 − α

implies that α < 2
3 . However, by Lemma 3.5, we have

5
6 < multO(D̄|E) � D̄ · E = α,

which is a contradiction. Thus, the member C must be reducible. Then C consists of
the three curves L1, L2 and L3. We can assume that the support of the member C is
not contained in the support of D. Without loss of generality, we can assume that the
curve L1 is not contained in the support of D. Put D = α2L2 +α3L3 +Ω, where Ω is an
effective Q-divisor such that L2 and L3 are not contained in the support of Ω. We then
have

π∗Ω ≡ Ω̄ +
β

3
E.

The inequality
1
3 = D · L1 � α2L2 · L1 + α3L3 · L1

implies that α2 + α3 � 1
3 . If O ∈ L̄1, then

1
3

− α

3
= D̄ · L̄1 � multO D̄ >

5
9

− α

3
,

which is a contradiction. If O ∈ L̄2, then we consider the log pair

(X̄, 6
5 (α2L̄2 + α3L̄3 + Ω̄) + θE),

where

θ =
1
3

+
6
5

(
α2

3
+

α3

3
+

β

3

)
.

Since it is not log canonical at the point O that lies on L̄2 \ L̄1, we have

1 <
6
5
Ω̄ · L̄2 + θE · L̄2 =

6
5

(
1
3

+
1
3
α2 − α3 − β

3

)
+

1
3

+
6
5

(
α2

3
+

α3

3
+

β

3

)
.

Thus, α2 − α3 > 1
3 , which is a contradiction. Similarly, if O ∈ L̄3, we can obtain a

contradiction. �
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Lemma 6.6. Let X be a quasi-smooth complete intersection log del Pezzo surface
defined by two quasi-homogeneous polynomials of degrees 28 and 30 in the weighted
projective space P = P(5, 7, 10, 14, 23). Then, lct(X) = 35

12 .

Proof. The surface X can be defined by the quasi-homogeneous equations

t(t − y2) + xw = 0,

(z − b1x
2)(z − b2x

2)(z − b3x
2) + yw = 0,

where the bi, i = 1, 2, 3, are distinct constants. The surface X is singular at the point Pw.
The surface X also has three singular points of type 1

5 (2, 4) at P1 = [1 : 0 : b1 : 0 : 0],
P2 = [1 : 0 : b2 : 0 : 0] and P3 = [1 : 0 : b3 : 0 : 0] and two singular points of type 1

7 (5, 3) at
Q1 = [0 : 1 : 0 : 0 : 0], Q2 = [0 : 1 : 0 : 1 : 0].

The curve Cx is defined by the quasi-homogeneous equations

t(t − y2) = 0,

z3 + yw = 0

in Proj(C[y, z, t, w]). It shows that the curve Cx consists of two irreducible and reduced
curves Cx,1 and Cx,2. The curve Cx,1 is defined by x = t = z3 + yw = 0 and the second
curve Cx,2 is defined by x = t − y2 = z3 + yw = 0. Consider the open set Cx \ Cw of the
curve Cx that is a Z23-quotient of the affine curve

t(t − y2) = 0,

z3 + y = 0

in Spec(C[y, z, t]). The affine curve is isomorphic to the curve defined by

t(t − z6) = 0 ⊂ Spec(C[z, t]).

It shows that the log canonical threshold of the log pair (X, Cx) at the point Pw is 7
12

and the log pair is log canonical elsewhere. Therefore, c(X, 1
5Cx) = 35

12 .
The curve Cy is defined by the quasi-homogeneous equations

t2 + xw = 0,

(z − b1x
2)(z − b2x

2)(z − b3x
2) = 0

in Proj(C[x, z, t, w]). Then Cy = Cy,1 + Cy,2 + Cy,3, where the Cy,j are irreducible and
reduced curves defined by the equations y = t2 + xw = z − bjx

2 = 0. Consider the open
set Cy \ Cw of the curve Cy that is a Z23-quotient of the affine curve

t2 + x = 0,

(z − b1x
2)(z − b2x

2)(z − b3x
2) = 0

in Spec(C[x, z, t]). The affine curve is isomorphic to the curve defined by

(z − b1t
4)(z − b2t

4)(z − b3t
4) = 0 ⊂ Spec(C[z, t]).
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This shows that the log canonical threshold of the log pair (X, Cy) at the point Pw is at
least 5

12 and the log pair is log canonical elsewhere. Therefore, the log pair (X, 5
12Cy) is

log canonical.
Suppose that lct(X) < 35

12 . Then there is an effective Q-divisor

D ≡Q −KX

such that the log pair (X, 35
12D) is not log canonical at some point P ∈ X.

Since the space H0(P, OP(35)) contains the monomials x7, y5 and xz3, for each point
Q ∈ X \ (Cx ∪ Sing(X)) we obtain the inequality

multQ(D) � 35 × 28 × 30
5 × 7 × 10 × 14 × 23

<
12
35

from Lemma 3.7. It follows that the point P must belong to Cx ∪ Sing(X).
We have the following intersection numbers:

−KX · Cx,1 = −KX · Cx,2 =
3

7 × 23
, Cx,1 · Cx,2 =

6
23

, C2
x,1 = C2

x,2 = − 27
7 × 23

,

−KX · Cy,1 = −KX · Cy,2 = −KX · Cy,3 =
2

5 × 23
,

Cy,1 · Cy,2 = Cy,1 · Cy,3 = Cy,2 · Cy,3 =
4
23

, C2
y,1 = C2

y,2 = C3
y,3 = − 26

5 × 23
.

By Lemma 3.6, we may assume that the support of the curve C is not contained in
Supp(D). Suppose that Cx,2 is not contained in the support of D. Put D = μCx,1 + Δ,
where Δ is an effective Q-divisor whose support does not contain the curve Cx,1. The
inequality

3
7 × 23

= D · Cx,2 � μCx,1 · Cx,2 = μ
6
23

implies that 0 � μ � 1
14 . For any point O2 other than Pw on Cx,2, we have

multO2(D) � 7(D · Cx,2) = 3
23 < 12

35 ,

and for any point O1 on Cx,1 other than Pw, we have

multO1(Δ|Cx,1) � 7(D − μCx,1) · Cx,1 � 7
(

3
7 × 23

+
1
14

× 27
7 × 23

)
<

12
35

.

These show that the point P must be one of the singular points of X other than Q1

and Q2. Similarly, if the curve Cx,1 is not contained in the support of D, then we can
derive the same conclusion.

By Lemma 3.6, we may assume that the support of the curve Cy is not contained in
Supp(D). Suppose that Cy,1 is not contained in the support of D. Put D = ν2Cy,2 +
ν3Cy,3 + Ω, where Ω is an effective Q-divisor whose support contains neither Cy,2 nor
Cy,3. The inequality

2
5 × 23

= D · Cy,1 � ν2Cy,2 · Cy,1 + ν3Cy,3 · Cy,1 =
4
23
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implies that ν1 + ν2 � 1
10 . We have

multP1(D) � 5(D · Cy,1) =
2
23

<
12
35

,

multP2(D|Cy,2) � 5(D − ν2Cy,2) · Cy,2 � 5
(

2
5 × 23

+
1
10

× 26
5 × 23

)
<

12
35

,

multP3(D|Cy,3) � 5(D − ν3Cy,3) · Cy,3 � 5
(

2
5 × 23

+
1
10

× 26
5 × 23

)
<

12
35

.

Thus, the point P cannot be any of the points P1, P2 or P3. Similarly, if either Cy,2 or
Cy,3 is not contained in the support of D, then we obtain the same result. Thus, the
point P must be the point Pw.

Let π : X̄ → X be the weighted blow-up at the point Pw with weights (4, 1). As before,
we may assume that D contains neither Cx,i nor Cy,j for some i ∈ {1, 2} and some
j ∈ {1, 2, 3}. Let E be the exceptional divisor of π. Then,

KX̄ ≡Q π∗(KX) − 18
23

E, π∗Cx,i ≡Q C̄x,i +
1
23

E,

π∗Cy,j ≡Q C̄y,j +
4
23

E, π∗D ≡Q D̄ +
α

23
E,

where C̄x,i, C̄y,j and D̄ are the proper transforms of Cx,i, Cy,j and D, respectively, and
α is a positive rational number. The divisor E contains one singular point O4 of type
1
4 (1, 1) on the surface X̄. The point O4 is contained in C̄x,i but not in C̄y,1.

The log pull-back of the log pair (X, 35
12D) is the log pair(

X̄,
35
12

D̄ +
(

35
12

× α

23
+

18
23

)
E

)
.

This is not log canonical at some point O ∈ E. We have the inequality

0 � C̄y,j · D̄ = Cy,j · D +
4α

232 E2 =
2

5 × 23
− α

23
.

Hence, we have α � 2
5 . Since

35
12

× α

23
+

18
23

< 1,

the log pair
(X̄, 35

12D̄ + E)

is not log canonical at the point O. Since

35
12

D̄ · E =
35
12

× α

4
< 1,

the point O must be the singular point of X̄ on the exceptional curve E, which is the
point O4. The inequality

1 < multO

(
35
12

D̄ +
(

35
12

× α

23
+

18
23

)
E

)
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implies that
12
161

− α

23
< multO(D̄).

However,

multO(D̄) � 4D̄ · C̄x,i = 4
(

3
161

− α

4 × 23

)
,

which is a contradiction. The obtained contradiction completes the proof. �
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