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Numerical range of Toeplitz and weighted
composition operators on weighted
Bergman spaces

Anirban Sen, Subhadip Halder, Riddhick Birbonshi, and Kallol Paul

Abstract. In this article, we completely describe the numerical range of Toeplitz operators on weighted
Bergman spaces with harmonic symbol. We also characterize the numerical range of weighted
composition operators on weighted Bergman spaces and classify some sets which are the numerical
range of composition operators. We investigate the inclusion of zero in the numerical range, and
compute the radius of circular and elliptical disk contained in the numerical range of weighted
composition operators on weighted Bergman spaces.

1 Introduction

Let B(H) be the C∗-algebra of all bounded linear operators on a complex Hilbert
space H. For T ∈ B(H), the numerical range of T , denoted by W(T), is the subset of
the complex plane C defined by

W(T) = {⟨T f , f ⟩ ∶ f ∈ H, ∥ f ∥ = 1}.

It is well known that W(T) is a bounded and convex subset of C. The spectrum of
T , denoted by σ(T), is contained in the closure of W(T). We refer to [8, 19] for the
detailed proofs of these results and other properties of the numerical range.

The numerical ranges of Toeplitz and composition operators have been studied
over the years. In 1972, Klein [12] completely described the numerical range of Toeplitz
operators on the Hardy–Hilbert space of the unit disk. Later, the numerical ranges of
Toeplitz operators on Bergman space and polydisk were studied in [6, 17, 18]. In [13],
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the numerical ranges of composition operators on the Hardy–Hilbert space induced
by monomials were characterized. Bourdon and Shapiro [2, 3] studied the numerical
range of composition operators and the containment of the origin. Recently, the
numerical ranges of weighted composition operators on Hardy–Hilbert space and
weighted Bergman spaces were explored in [7, 21].

In this article, we study the numerical ranges of Toeplitz operators and weighted
composition operators on weighted Bergman spaces. The article is structured as
follows. In Section 2, we introduce some notation, recall some definitions, and present
some preliminary results. In Section 3, we completely describe the numerical range
of Toeplitz operators on the weighted Bergman spaces with harmonic symbol. We
provide an example to justify that the harmonic condition is necessary for the char-
acterization given in Theorem 3.5. Then, we obtain the numerical range of some par-
ticular classes of weighted composition operators on the weighted Bergman spaces.
Further, we characterize some bounded and convex sets which are the numerical
range of weighted composition operators. Our main aim of Section 4 is to study when
the origin is contained in the numerical range of weighted composition operators
acting on weighted Bergman spaces. Then, we derive some sufficient conditions on the
closedness of the numerical range of weighted composition operators. In Section 5,
we identify several classes of weighted composition operators whose numerical range
includes a circular disk or an elliptical disk. Furthermore, we determine the radius of
the circular disk as well as the lengths of the minor and major axes of the elliptical
disk.

2 Preliminaries

Let D = {z ∈ C ∶ ∣z∣ < 1} be the open unit disk. Let H(D) be the space of all analytic
functions on D and H∞ be the space of all bounded analytic functions on D. We will
use the notation X , ∂X , int X , Rel int X , and X∧ for the closure, boundary, interior,
relative interior, and convex hull, respectively, of the set X ⊂ C.

For α > −1, the weighted Bergman space L2
a(dAα) on the unit disk is defined as

L2
a(dAα) = { f ∈ H(D) ∶ ∫

D

∣ f (z)∣2dAα(z) < ∞} ,

where dA denotes the normalized Lebesgue area measure on D and

dAα(z) = (α + 1)(1 − ∣z∣2)α dA(z).

Clearly, L2
a(dAα) = H(D) ∩ L2(D, dAα) and when the weight parameter α = 0, the

weighted Bergman space becomes the classical Bergman space L2
a(dA). Here, we

note that L2
a(dAα) is a closed subspace of L2(D, dAα) and has the orthonormal basis

{en}∞n=0 , where

en(z) =
�
����(n + α + 2)

n!�(α + 2) zn for all n ≥ 0.
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Numerical range of Toeplitz and weighted composition operators 3

For f , g ∈ L2
a(dAα), the inner product on L2

a(dAα) can also be expressed as

⟨ f , g⟩ =
∞
∑
n=0

n!�(α + 2)
�(n + α + 2) f̂n ¯̂gn ,

where f (z) = ∑∞n=0 f̂nzn and g(z) = ∑∞k=0 ĝnzn . It is well known that the weighted
Bergman spaces are reproducing kernel Hilbert space and the reproducing kernel of
L2

a(dAα) at the point w ∈ D is given by

kα
w(z) = 1

(1 − w̄z)α+2 .

The normalized reproducing kernel at w ∈ D is given by

k̂α
w(z) = (1 − ∣w∣2) α

2 +1

(1 − w̄z)α+2 .

For more details about the weighted Bergman spaces, we refer to the book [20].
Let Pα denote the orthogonal projection of L2(D, dAα) onto L2

a(dAα). Let
L∞(D, dAα) be the space of all complex measurable functions ϕ on D such that

∥ϕ∥∞,α = sup{c ≥ 0 ∶ Aα ({z ∈ D ∶ ∣ϕ(z)∣ > c}) > 0} < ∞.

For ϕ ∈ L∞(D, dAα), the operator Tϕ on L2
a(dAα) defined by

Tϕ f = Pα(ϕ f ), f ∈ L2
a(dAα)

is called the Toeplitz operator on L2
a(dAα) with symbol ϕ. It is easy to observe that

Tϕ is a bounded linear operator on L2
a(dAα) with ∥Tϕ∥ ≤ ∥ϕ∥∞,α . Furthermore, if

ϕ ∈ H∞, then T∗ϕ kα
w = ϕ(w)kα

w for all w ∈ D (see [5]).
Let ϕ ∶ D→ D be an analytic self-map on D and ψ ∈ H(D). The weighted compo-

sition operator Cψ ,ϕ ∶ H(D) → H(D) is defined by

Cψ ,ϕ f = ψ( f ○ ϕ) for all f ∈ H(D).

In particular, when ϕ is the identity mapping on D then Cψ ,ϕ becomes the mul-
tiplication operator Mψ and for ψ = 1, Cψ ,ϕ becomes the unweighted composition
operator Cϕ . In this article, we limit our analysis to weighted composition operators
on L2

a(dAα).
In [4, Theorem 1], Čučković et al. proved the following boundedness condition of

weighted composition operators on L2
a(dAα):

Cψ ,ϕ ∈ B(L2
a(dAα)) if and only if sup

a∈D
Iϕ ,α(ψ)(a) < ∞,(2.1)

where

Iϕ ,α(ψ)(a) = ∫
D

( 1 − ∣a∣2
∣1 − āϕ(w)∣2 )

α+2

∣ψ(w)∣2dAα(w).

Clearly, it follows from (2.1) that if ψ ∈ H∞, then Cψ ,ϕ ∈ B(L2
a(dAα)). Next relation

follows from the reproducing property of L2
a(dAα) that if Cψ ,ϕ ∈ B(L2

a(dAα)), then
C∗ψ ,ϕ kα

w = ψ(w)kα
ϕ(w) for all w ∈ D.
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4 A. Sen et al.

3 Shape of the numerical range

We begin with the definition of α-essential range.

Definition 3.1 For ϕ ∈ L∞(D, dAα), the α-essential range of ϕ is denoted by Rϕ ,α
and defined as

Rϕ ,α = {w ∶ Aα ({z ∈ D ∶ ∣ϕ(z) −w∣ < ε}) > 0 for any ε > 0}.

It is easy to observe that Rϕ ,α is a compact subset of C and

∥ϕ∥∞,α = max{∣w∣ ∶ w ∈ Rϕ ,α}.

Now, we prove the following lemma.

Lemma 3.1 Let ϕ ∈ L∞(D, dAα) be such that ϕ is continuous on D, then
ϕ(D) = Rϕ ,α .

Proof If u ∈ ϕ(D), then there exists z0 ∈ D such that u = ϕ(z0). Since ϕ is con-
tinuous so for any ε > 0, there exists δ > 0 such that ∣ϕ(z) − u∣ < ε whenever z ∈
S = {z ∈ D ∶ ∣z − z0∣ < δ}. Clearly, Aα({z ∈ D ∶ ∣ϕ(z) − u∣ < ε}) ≥ Aα(S). If possible
let Aα(S) = 0. Then, we have ∫S(α + 1)(1 − ∣z∣2)α dA = 0. This implies that (α + 1)(1 −
∣z∣2)α = 0 almost all on z ∈ S , which is not possible. Thus, Aα({z ∈ D ∶ ∣ϕ(z) − u∣ <
ε}) ≥ Aα(S) > 0. Therefore, u ∈ Rϕ ,α and since Rϕ ,α is closed so ϕ(D) ⊆ Rϕ ,α .

Now, if u ∈ Rϕ ,α , then from the definition, it follows that for any ε > 0, there exists
z ∈ D such that ∣ϕ(z) − u∣ < ε. Hence, u ∈ ϕ(D) and this completes the proof. ∎

Remark 3.2 Here, we note that if ϕ ∈ L∞(D, dAα) and ϕ is continuous on D, then
ϕ is bounded on D.

To prove our next result, we need the following lemma which was proved in [1].

Lemma 3.3 If ϕ is harmonic and integrable over D then so is ϕ ○ ξ for every Möbius
transformation ξ of D, and ∫D(ϕ ○ ξ)dA = ϕ(ξ(0)).

In the following proposition, we obtain the spectrum of Toeplitz operator on
L2

a(dAα) with real and harmonic symbol, which generalizes the existing result on
the Bergman space given in [14, Proposition 12].

Proposition 3.4 If ϕ ∈ L∞(D, dAα) is real and harmonic, then σ(Tϕ)= [inf ϕ, sup ϕ].

Proof First, we have to prove σ(Tϕ) ⊆ [inf ϕ, sup ϕ] and so we have to show that
Tϕ−λ is invertible whenever λ ∉ [inf ϕ, sup ϕ]. Since λ ∉ [inf ϕ, sup ϕ] so either ϕ(z) −
λ > 0 or ϕ(z) − λ < 0 for all z ∈ D. For the former case, we choose ε > 0 such that

∥ε(ϕ − λ) − 1∥∞,α ≤ sup
z∈D

∣ε(ϕ(z) − λ) − 1∣ < 1
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Numerical range of Toeplitz and weighted composition operators 5

and so we have

∥Tε(ϕ−λ) − I∥ = ∥Tε(ϕ−λ)−1∥ ≤ ∥ε(ϕ − λ) − 1∥∞,α < 1.

Thus, Tε(ϕ−λ) is invertible and so Tϕ−λ is invertible. For the latter case, ϕ(z) − λ < 0
for all z ∈ D implies that −(ϕ(z) − λ) > 0 for all z ∈ D. Proceeding similarly as the
former case and using the relation Tϕ−λ = −T−ϕ+λ , we get the desired result.

Next, we prove the opposite inclusion. Since σ(Tϕ) is a closed subset of C so it
suffices to show that σ(Tϕ) ⊇ (inf ϕ, sup ϕ). As σ(Tϕ−λ) ⊇ (inf ϕ − λ, sup ϕ − λ) for
any λ ∈ R, we only have to prove that Tϕ is not invertible whenever ϕ takes both
positive and negative values on D. Since ϕ is continuous, there exists w ∈ D such
that ϕ(w) = 0. Now, to reach our main goal, we only show that kα

w ∉ Range(Tϕ). We
suppose that kα

w ∈ Range(Tϕ), then there exists f ∈ L2
a(dAα) such that Tϕ f = kα

w , i.e.,
Pα(ϕ f ) = kα

w . Since ϕ ∈ L∞(D, dAα) so ϕ f ∈ L2(D, dAα) = L2
a(dAα) ⊕ L2

a(dAα)⊥
and we have ψ ∈ L2

a(dAα)⊥ such that

ϕ f = kα
w + ψ.(3.1)

For any g ∈ H∞, from (3.1), we have

∫
D

ϕ∣ f ∣2 ḡdAα = ∫
D

kα
w f̄ ḡdAα + ∫

D

ψ f̄ ḡdAα .(3.2)

Since ψ ∈ L2
a(dAα)⊥ and f g ∈ L2

a(dAα) so

∫
D

ψ f̄ ḡdAα = 0.

Now, we get

∫
D

kα
w f̄ ḡdAα = ⟨kα

w , f g⟩ = ⟨kα
w , Tg f ⟩ = ⟨T∗g kα

w , f ⟩ = g(w)⟨kα
w , f ⟩ = g(w) f (w).

Therefore, from (3.2), we have

∫
D

ϕ∣ f ∣2 ḡdAα = g(w) f (w).(3.3)

In particular considering g = 1, the equality (3.3) implies that f (w) ∈ R. Thus, for any
g ∈ H∞, from (3.3), we get

∫
D

ϕ∣ f ∣2RegdAα = f (w)Re(g(w)).(3.4)

Since ReH∞ is weak∗-dense in the bounded real harmonic functions, then there exists
a sequence {gn} in ReH∞ such that

lim
n→∞∫

D

ψRegndA = ∫
D

ψϕdA for all ψ ∈ L1(D, dA).(3.5)

As ϕ is bounded and f ∈ L2
a(dAα) so we have (α + 1)ϕ∣ f ∣2(1 − ∣z∣2)α ∈ L1(D, dA).

Thus, from (3.5), we get

lim
n→∞∫

D

ϕ∣ f ∣2RegndAα = ∫
D

ϕ2∣ f ∣2dAα .
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By applying (3.4), we obtain that

lim
n→∞

f (w)Regn(w) = ∫
D

ϕ2∣ f ∣2dAα .(3.6)

Let k̂w be the normalized reproducing kernel of L2
a(dA) at the point w . Then, the

function ∣k̂w(z)∣2 ∈ L1(D, dA) and from (3.5), we get

lim
n→∞∫

D

Regn ∣k̂w(z)∣2dA = ∫
D

ϕ∣k̂w(z)∣2dA.(3.7)

Let ϕw be the Möbius map on D, given by ϕw(z) = w−z
1−w̄z for all z ∈ D. Since the real

Jacobian of ϕw is given by ∣k̂w(z)∣2 , we have

lim
n→∞∫

D

Regn ○ ϕw dA = ∫
D

ϕ ○ ϕw dA.(3.8)

Now, by Lemma 3.3 and (3.8), we obtain

lim
n→∞

Regn(w) = ϕ(w).(3.9)

Therefore, combining (3.6) and (3.9), we get

∫
D

ϕ2∣ f ∣2dAα = f (w)ϕ(w) = 0.

This implies that ϕ2∣ f ∣2 ≡ 0 on D. As ϕ takes positive value on D and f is analytic on D

so we have f = 0. This implies that Tϕ f = kα
w = 0, which is a contradiction as kα

w ≠ 0.
Thus, kα

w ∉ Range(Tϕ) and this completes the proof. ∎

In the next result, we completely determine the numerical range of Toeplitz
operators with harmonic symbol acting on L2

a(dAα).

Theorem 3.5 If ϕ ∈ L∞(D, dAα) is a nonconstant harmonic function on D, then
W(Tϕ) = Rel intϕ(D)

∧
.

Proof Let ϕ ∈ L∞(D, dAα) be a nonconstant harmonic function on D. We prove
this theorem by considering the following two cases.

Case 1. ϕ is real-valued.
Clearly, Tϕ is self-adjoint. By Proposition 3.4, we get that W(Tϕ) = σ(Tϕ)∧ =

[inf ϕ, sup ϕ]. As W(Tϕ) is convex so (inf ϕ, sup ϕ) ⊆ W(Tϕ). Now, we will show
that Tϕ has no eigenvectors. As Tϕ−λ = Tϕ − λI for all λ ∈ C, we have to show that for
any f ∈ L2

a(dAα), Tϕ f = 0 implies that f = 0. If Tϕ f = 0, then ϕ f ∈ L2
a(dAα)⊥. For

any g ∈ H∞, we have f g ∈ L2
a(dAα). Thus, we get

∫
D

ϕ∣ f ∣2 ḡdAα = ⟨ϕ f , f g⟩ = 0.

Hence, we obtain

∫
D

ϕ∣ f ∣2RegdAα = ∫
D

ϕ∣ f ∣2Re ḡdAα = 0.
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Now, proceeding similarly as in Proposition 3.4, we get

∫
D

ϕ2∣ f ∣2dAα = 0.

This implies that f = 0. Thus, inf ϕ, sup ϕ ∉ W(Tϕ) because if either inf ϕ or sup ϕ are
in W(Tϕ) then they are extreme points of Tϕ and hence they are eigenvalues of Tϕ .
This completes the proof for the first case.

Case 2. ϕ is complex-valued.
We first prove the inclusion W(Tϕ) ⊆ Rel intϕ(D)

∧
. Let Mϕ be the multiplication

operator on L2(D, dAα). Since Mϕ is a normal operator and σ(Mϕ) = Rϕ ,α (see
[9, Problem 67]), so W(Mϕ) = R∧ϕ ,α . Therefore, from Lemma 3.1, we get

W(Mϕ) = ϕ(D)
∧

.(3.10)

As Tϕ dilates to Mϕ ,

W(Tϕ) ⊆ W(Mϕ).(3.11)

Now, combining (3.10) and (3.11), we obtain

W(Tϕ) ⊆ ϕ(D)
∧

.(3.12)

Suppose that W(Tϕ) is not contained in Rel intϕ(D)
∧

. Then, there exists θ ∈ R, γ ∈ C,
and f ∈ L2

a(dAα) with ∥ f ∥ = 1 such that

⟨TRe(e iθ(ϕ+γ)) f , f ⟩ = max Re(e iθ(ϕ + γ))(D)
∧
= δ.

This implies that

⟨MRe(e iθ(ϕ+γ)) f , f ⟩ = ⟨Re(e iθ(ϕ + γ)) f , f ⟩ = δ.

Since MRe(e iθ(ϕ+γ)) ≤ δI so we get Re(e iθ(ϕ + γ)) f = c f . The analyticity of non-
zero f implies that Re(e iθ(ϕ + γ)(z)) = δ for all z ∈ D. Therefore, (ϕ + γ)(D)

∧
is

contained in a line. Repeating the above process with Im(e iθ(ϕ + γ)) yields that ϕ
is constant, which contradicts our assumption. Therefore, W(Tϕ) is contained in the
relative interior of ϕ(D)

∧
.

Suppose they are not equal. Then, there exist θ ∈ R and c ∈ C such that W(Tψ) ⫋
Rel intψ(D)

∧
, where ψ = Re(e iθ(ϕ + c)), which is real and harmonic and this con-

tradicts Case 1. Thus, we obtain the desired relation. ∎

The following corollary follows from Theorem 3.5.

Corollary 3.6 If ϕ ∈ H∞ then W(Mϕ) = ϕ(D)∧ .

The next example demonstrates that the condition ϕ is harmonic in D is essential
in Theorem 3.5.
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Example 3.7 If we consider the function ϕ(z) = ∣z∣2 on D, then ϕ is continuous but
not harmonic in D. For any n, m ≥ 0, we have

⟨Tϕ en , em⟩

=
√

�(n + α + 2)�(m + α + 2)√
n!m!�(α + 2)

(α + 1)∫
D

ϕ(z)zn z̄mdAα(z)

=
√

�(n + α + 2)�(m + α + 2)
π
√

n!m!�(α + 1)
(∫

1

r=0
rn+m+3(1 − r2)α dr)(∫

2π

θ=0
e i(n−m)θ dθ)

=
⎧⎪⎪⎨⎪⎪⎩

λn if n = m
0 if n ≠ m

,

where

λn =
�(n + α + 2)
n!�(α + 1) ∫

1

r=0
rn+1(1 − r)α dr = n + 1

n + α + 2
.

Clearly, {λn}∞n=0 is an increasing sequence with λn → 1. Thus, the matrix represen-
tation of Tϕ is a diagonal matrix with diagonal elements λn , relative to the standard
ordered basis {en}∞n=0 of L2

a(dAα). Hence, W(Tϕ) = [ 1
α+2 , 1) . Again Rel intϕ(D)

∧
=

(0, 1). Hence, in this example, W(Tϕ) is not equal to Rel intϕ(D)
∧

furthermore
W(Tϕ) is not a relatively open subset of C.

We now introduce the following definition.

Definition 3.2 For n ≥ 2 and n > j ≥ 0, we define the subset L j of L2
a(dAα) as

L j = { f ∈ L2
a(dAα) ∶ f (z) = z j g(zn), g ∈ L2

a(dAα)} .

Now, we prove the following lemma which will be useful when proving the next
result.

Lemma 3.8 If m ∈ N and c > 1, then the sequence {xn = n!�(nm+c)
(nm)!�(n+c)} is bounded.

Proof If c is an integer, then it easily follows that {xn} is bounded. Now, the
function f (x) = �(mn+x)

�(n+x) is increasing on the interval [1,∞). So, for an arbitrary c > 1,
by choosing an integer greater than c and using the boundedness of the sequence for
the integer case, the desired result follows. ∎

Next, we prove the following decomposition of L2
a(dAα), which will be an essential

tool to compute the numerical range of weighted composition operators on L2
a(dAα).

Proposition 3.9 For each n ≥ 2, L2
a(dAα) can be decomposed as

L2
a(dAα) = L0 ⊕ L1 ⊕⋯⊕ Ln−1 .
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Numerical range of Toeplitz and weighted composition operators 9

Proof By applying Lemma 3.8, it follows that each element of L2
a(dAα) of the form

∑∞k=0 ak zkn+ j lies in L j and conversely. Then, it follows easily that each L j is a closed
subspace and for all n ≥ 2,

L2
a(dAα) = L0 ⊕ L1 ⊕⋯⊕ Ln−1 . ∎

Our next result reads as follows.

Lemma 3.10 If ψ ∈ H∞ and Mψ(L j) ⊆ L j , then W(Mψ ∣L j) = ϕ(D)∧.

Proof Let p j be the orthogonal projection from L2
a(dAα) onto L j . Now, for

w ∈ D/{0}, we denote kα
w , j = p j kα

w . Then, we have

⟨Mψ k̂α
w , j , k̂α

w , j⟩ =
1

∥kα
w , j∥2 ⟨ψkα

w , j , kα
w , j⟩ =

1
∥kα

w , j∥2 ψ(w)kα
w , j(w) = ψ(w).

Thus, for any w ∈ D/{0}, ψ(w) ∈ W(Mψ ∣L j) and ψ(0) ∈ W(Mψ ∣L j) by open mapping
theorem. Thus, we get W(Mψ ∣L j) ⊇ ϕ(D)∧. Now, the desired result follows from
Corollary 3.6 and W(Mψ ∣L j) ⊆ W(Mψ). ∎

Now, we are in a position to prove the following result.

Theorem 3.11 Let ϕ(z) = λz with λ = e2πi/n and ψ(z) = g(zn) for some g ∈ H∞.
Then,

W(Cψ ,ϕ) = (ψ(D) ∪ λψ(D) ∪⋯ ∪ λn−1ψ(D))∧.

Proof If f ∈ L j , then f (ϕ(z)) = f (λz) = λ j f (z) and we have Cϕ(L j) ⊆ L j . Since
ψ(z) = g(zn) and ψ is bounded on D so Mψ(L j) ⊆ L j and so Cψ ,ϕ(L j) ⊆ L j . This
implies that

Cψ ,ϕ(L j) = C0 ⊕ C1 ⊕⋯⊕ Cn−1 ,

where C j = Cψ ,ϕ ∣L j . For any h ∈ L j with ∥h∥ = 1, we have ⟨C j h, h⟩ = λ j⟨ψh, h⟩ and
this implies that W(C j) = λ jW(Mψ ∣L j). Hence, from Lemma 3.10, we have W(C j) =
λ jϕ(D)∧ . Thus,

W(Cψ ,ϕ) = (W(C0) ∪ W(C1) ∪⋯ ∪ W(Cn−1))∧

= (ψ(D) ∪ λψ(D) ∪⋯ ∪ λn−1ψ(D))∧,

as desired. ∎

The following corollary follows immediately from Theorem 3.11.

Corollary 3.12 If ϕ(z) = −z, then W(Cϕ) = [−1, 1] and if ϕ(z) = e2πi/nz with n > 2,
then W(Cϕ) is the closed, regular polygonal region with n sides and inscribed in the
unit circle.
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In the following, we classify some subsets of C which are the numerical ranges
of weighted composition operators acting on L2

a(dAα). To do this, we start with the
following definition.

A subset S of C is said to have n-fold symmetry about the origin if it satisfies
e2πi/n S = S .

Theorem 3.13 Let S be a non-empty, open, bounded, and convex subset of C. If S has
n-fold symmetry about the origin then for any α > −1, there exists Cψ ,ϕ ∈ B (L2

a(dAα))
such that W(Cψ ,ϕ) = S .

Proof Let f be a Riemann map from D onto S . Consider the function ψ ∶ D→ S
such that ψ(z) = f (zn) for all z ∈ D. It is easy to verify that ψ(D) = f (D) and so we
obtain ψ(D) = S . Let ϕ(z) = λz, where λ = e2πi/n . By applying Theorem 3.11, we get

W(Cψ ,ϕ) = (ψ(D) ∪ λψ(D) ∪⋯ ∪ λn−1ψ(D))∧.(3.13)

Since S has an n-fold symmetry about the origin so λkψ(D) = S for all 0 ≤ k ≤ n − 1.
As S is convex so from (3.13), we obtain the desired result. ∎

Corollary 3.14 Let f ∈ H∞ be nonconstant. If n > 1, then for any α > −1, there exists
Cψ ,ϕ ∈ B (L2

a(dAα)) such that W(Cψ ,ϕ) is the smallest convex set with n-fold symmetry
about the origin with W(Cψ ,ϕ) ⊇ f (D).

Proof Let us define ψ ∶ D→ C such that ψ(z) = f (zn) for all z ∈ D. Then, ψ(D) =
f (D). Let ϕ(z) = λz, where λ = e2πi/n . From Theorem 3.11, we get

W(Cψ ,ϕ) = ( f (D) ∪ λ f (D) ∪⋯ ∪ λn−1 f (D))∧ .(3.14)

As λW(Cψ ,ϕ) = W(Cψ ,ϕ) so W(Cψ ,ϕ)has an n-fold symmetry about the origin and it
is a convex set. If M is a convex set and has an n-fold symmetry about the origin with
M ⊇ f (D) then M ⊇ λk f (D) for all 0 ≤ k ≤ n − 1. Thus, from (3.14), it follows that
M ⊇ W(Cψ ,ϕ). Therefore, W(Cψ ,ϕ) is the smallest convex set with n-fold symmetry
about the origin with W(Cψ ,ϕ) ⊇ f (D). ∎

We conclude this section by asking which non-empty, bounded, and convex
subsets of C can be the numerical range of weighted composition operators acting
on L2

a(dAα).

4 Containment of zero in the numerical range

Our main focus in this section is to investigate the containment of the origin in the
interior of the numerical range of weighted composition operators on L2

a(dAα). We
study the case when the origin is contained in the numerical range as well as in its
closure for the sum of two weighted composition operators. To do so, we recall the
definition of radial limit.

A function f ∈ H(D) is said to have a radial limit if limr→1 f (re iθ) exists almost
everywhere in ∂D. It is proved in [16, Theorem 11.32] that for every f ∈ H∞, there
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corresponds a function f ∗ ∈ L∞(∂D), defined almost everywhere by

f ∗(e iθ) = lim
r→1

f (re iθ).

Moreover, if f ∗(e iθ) = 0 for almost all e iθ on some arc I ⊆ ∂D, then f (z) = 0 for all
z ∈ D.

Now, we are in a position to prove the first result of this section.

Theorem 4.1 Let ϕ1 and ϕ2 be two holomorphic self-maps on D and ψ1 , ψ2 ∈ H(D)
be such that Cψ1 ,ϕ1 , Cψ2 ,ϕ2 ∈ B (L2

a(dAα)) .
(i) If ϕ1 and ϕ2 are identity maps on D, and ϕ1 , ϕ2 have a common zero in D, then

0 ∈ W(Cψ1 ,ϕ1 + Cψ2 ,ϕ2).
(ii) If ϕ1 , ϕ2 are not identity maps onD and ψ1 , ψ2 ∈ H∞ , then 0 ∈ W(Cψ1 ,ϕ1 + Cψ2 ,ϕ2).

Proof For any w ∈ D, we have

⟨(Cψ1 ,ϕ1 + Cψ2 ,ϕ2)k̂α
w , k̂α

w⟩

= 1
∥kα

w∥2 ⟨k
α
w , (Cψ1 ,ϕ1 + Cψ2 ,ϕ2)∗kα

w⟩

= 1
∥kα

w∥2 (⟨k
α
w , ψ1(w)kα

ϕ1(w)⟩ + ⟨k
α
w , ψ2(w)kα

ϕ2(w)⟩)

= ψ1(w)
∥kα

w∥2 kα
w(ϕ1(w)) + ψ2(w)

∥kα
w∥2 kα

w(ϕ2(w))

= ψ1(w)(1 − ∣w∣2)α+2

(1 − w̄ϕ1(w))α+2 + ψ2(w)(1 − ∣w∣2)α+2

(1 − w̄ϕ2(w))α+2 .(4.1)

(i) Since ϕ1 and ϕ2 are identity maps on D then from (4.1), we have

⟨(Cψ1 ,ϕ1 + Cψ2 ,ϕ2)k̂α
w , k̂α

w⟩ = ψ1(w) + ψ2(w).

If ψ1(w0) = ψ2(w0) = 0 for w0 ∈ D, then we get

⟨(Cψ1 ,ϕ1 + Cψ2 ,ϕ2)k̂α
w0

, k̂α
w0
⟩ = 0,

as desired.
(ii) As ϕ1 , ϕ2 are not identity maps then the sets {e iθ ∶ ϕ∗1 (e iθ) = e iθ} and {e iθ ∶

ϕ∗2 (e iθ) = e iθ} have measure zero on ∂D. So there exists a w0 ∈ ∂D such that ψ∗i (w0)
exists and ϕ∗i (w0) ≠ w0 for i = 1, 2. Hence, from (4.1), we have

lim
w→w0

⟨(Cψ1 ,ϕ1 + Cψ2 ,ϕ2)k̂α
w , k̂α

w⟩ = 0.

Therefore, 0 ∈ W(Cψ1 ,ϕ1 + Cψ2 ,ϕ2) and this completes the proof. ∎

Next, we completely characterize the numerical range of the bounded weighted
composition operators induced by constant composition maps.

Downloaded from https://www.cambridge.org/core. 16 Nov 2025 at 04:09:46, subject to the Cambridge Core terms of use.

https://www.cambridge.org/core
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Proposition 4.2 Let Cψ ,ϕ ∈ B (L2
a(dAα)) be such that ϕ ≡ w with ∣w∣ < 1.

(i) If kα
w = μψ for some μ ≠ 0, then W(Cψ ,ϕ) = [0, μ̄∥ψ∥2].

(ii) If kα
w ⊥ ψ, then W(Cψ ,ϕ) is the closed disk centered at the origin and radius
∥ψ∥

2(1−∣w∣2)
α
2 +1 .

(iii) Otherwise, W(Cψ ,ϕ) is a closed elliptical disk with foci at 0 and ψ(w).

Proof Since Cψ ,ϕ ∈ B (L2
a(dAα)) and ϕ is a constant function so for any

f ∈ L2
a(dAα),

Cψ ,ϕ f = ψ f (w) = ⟨ f , kα
w⟩ψ.

Thus, Cψ ,ϕ is a rank one operator and the desired result follows from [2, Proposi-
tion 2.5]. ∎

Now, we state the following lemma which follows from [11, Theorem 2.6].

Lemma 4.3 Let Cψ ,ϕ ∈ B (L2
a(dAα)) , ϕ be a nonconstant analytic self-map onD and

ψ be non-zero. If either ψ has a zero on D or ϕ is not one-to-one, then 0 ∈ int W(Cψ ,ϕ).

In the following results, we investigate the inclusion of the origin in the interior of
numerical range of weighted composition operators on L2

a(dAα).

Theorem 4.4 Let Cψ ,ϕ ∈ B (L2
a(dAα)) and ϕ(0) = 0. If ϕ is not of the form ϕ(z) = tz,

where t ∈ D, then 0 ∈ int W(Cψ ,ϕ).

Proof If ϕ′(0) = 0, then ϕ is not one-to-one and by Lemma 4.3, we have 0 ∈
int W(Cψ ,ϕ). We now consider the case ϕ′(0) = λ ≠ 0. As ϕ is not of the form
ϕ(z) = tz, where t ∈ D, ϕ can be written as

ϕ(z) = λz (1 + bzm(1 + h(z))) ,

where m is a positive integer, b ≠ 0, and h ∈ H(D) with h(0) = 0. Therefore, for any
n ≥ 1,

ϕn(z) = λnzn + nbλnzn+m + higher-order terms in z.(4.2)

The matrix of Cψ ,ϕ with respect to the orthonormal basis {en}∞n=0 has its n-th column

given by the sequence of coefficients of the power series expansion of
√

�(n+α+2)
n!�(α+2) ψϕn .

Let Mn be the subspace of L2
a(dAα) spanned by en and en+m . Clearly, Mn is a two-

dimensional subspace of L2
a(dAα). Let∑∞k=0 ψ̂k zk be the power series expansion of ψ.

Then, the matrix representation of Cψ ,ϕ on Mn with respect to the basis {en , en+m} is
given by

⎛
⎜
⎝

ψ̂0 λn 0√
(m+n)!�(n+α+2)

n!�(m+n+α+2) λn(nbψ̂0 + ψ̂m) ψ̂0 λm+n

⎞
⎟
⎠
= λnCn ,
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where

Cn =
⎛
⎜
⎝

ψ̂0 0√
(m+n)!�(n+α+2)

n!�(m+n+α+2) (nbψ̂0 + ψ̂m) ψ̂0 λm

⎞
⎟
⎠

.

Since the numerical range of compression is contained in the numerical range of the
operator (see [19, Proposition 1.4]), it is sufficient to show that 0 ∈ int W(Cn) for
some n. If ψ̂0 = 0, then it follows from Lemma 4.3 that 0 ∈ int W(Cn). If ψ̂0 ≠ 0, then
W(Cn) is an elliptical disk with foci ψ̂0 and ψ̂0 λm with the length of the minor axis√
(m+n)!�(n+α+2)

n!�(m+n+α+2) ∣nbψ̂0 + ψ̂m ∣ (see [8, Example 3]). A simple computation shows that

lim
n→∞

(m + n)!�(n + α + 2)
n!�(m + n + α + 2) = 1.

Thus, if we choose n large enough, then the length of the minor axis of W(Cn)will be
larger than the modulus of its center. Hence, there exits n for which 0 ∈ int W(Cn),
as desired. ∎

Theorem 4.5 Let Cψ ,ϕ ∈ B (L2
a(dAα)) and ψ be nonconstant. If ϕ(z) = tz, where

−1 ≤ t ≤ 0, then 0 ∈ int W(Cψ ,ϕ).

Proof First, we prove this result for ψ(0) = 0. For−1 ≤ t < 0, the result follows from
Lemma 4.3 and for t = 0, Proposition 4.2 implies that 0 ∈ int W(Cψ ,ϕ).

To prove the result for ψ(0) ≠ 0, it is enough to show this for ψ(0) = 1. So, ψ(z) =
1 + η(z), where η is a nonconstant analytic function with η(0) = 0. Now, for any f ∈
L2

a(dAα) with ∥ f ∥ = 1, we get

⟨Cψ ,ϕ f , f ⟩ = ⟨Cϕ f , f ⟩ + ⟨Cη ,ϕ f , f ⟩.

For t = 0, the result follows from Proposition 4.2. Since η(0) = 0, for −1 ≤ t < 0, it fol-
lows from Lemma 4.3 that W(Cη ,ϕ) contains a disk of positive radius and centered at
the origin. So there exists f1 ∈ L2

a(dAα) with ∥ f1∥ = 1 such that Im⟨Cη ,ϕ f1 , f1⟩ > 0. As
⟨Cϕ f1 , f1⟩ is real, p1 = ⟨Cψ ,ϕ f1 , f1⟩ is in the upper half plane. Similarly, we get another
point p2 in the lower half plane. Again we have ⟨Cψ ,ϕ e1 , e1⟩ = t and ⟨Cψ ,ϕ e0 , e0⟩ = 1.
Thus, 0 ∈ int{p1 , p2 , t, 1}∧ ⊆ intW(Cψ ,ϕ), as desired. ∎

Remark 4.6
(i) If ψ is constant and ϕ(z) = tz, where−1 ≤ t < 1, then W(Cψ ,ϕ) is a line segment

of C and thus 0 ∉ intW(Cψ ,ϕ).
(ii) If ψ is nonconstant with ψ(0) = 0 and ϕ(z) = tz, where 0 < t < 1, then by

Lemma 4.3, we have 0 ∈ int W(Cψ ,ϕ).
(iii) If ψ is nonconstant with ψ(0) ≠ 0 and ϕ(z) = tz, where 0 < t < 1, then the

following two cases are possible:

(a) Let ψ be such that ψ(0) ≠ 0 but ψ(w0) = 0 for some w0 ∈ D. Then, by applying
Lemma 4.3, we conclude that 0 ∈ int W(Cψ ,ϕ).
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(b) Now, we consider ϕ(z) = z/2 and ψ(z) = 1 + z/4. Let f ∈ L2
a(dAα) with ∥ f ∥ = 1

and f (z) = ∑∞k=0 f̂k zk be the power series expansion. Then, we have

⟨Cψ ,ϕ f , f ⟩ =
∞
∑
k=0

k!�(α + 2)
2k�(k + α + 2) ∣ f̂k ∣2 +

1
4

∞
∑
k=0

(k + 1)!�(α + 2)
2k�(k + α + 3) f̂k

¯̂fk+1

= γ + 1
4

δ,

where γ = ∑∞k=0
k!�(α+2)

2k�(k+α+2) ∣ f̂k ∣2 and δ = ∑∞k=0
(k+1)!�(α+2)
2k�(k+α+3) f̂k

¯̂fk+1 . Since ∣ f̂k
¯̂fk+1∣ ≤

1
2 (∣ f̂k ∣2 + ∣ f̂k+1∣2) and by a simple computation, we have

∣δ∣ ≤ 3
2

γ as γ > 0.

Therefore, γ + 1
4 δ ≠ 0 and this implies that 0 ∉ W(Cψ ,ϕ).

Finally, we introduce some sufficient condition for the closedness of numerical
range of compact weighted composition operators. The results follow from the
previous results of this section and the well-known result that if the numerical range
of a compact operator contains 0 then it is closed (see [9, p. 115]).

Corollary 4.7 Let Cψ ,ϕ be a compact operator on L2
a(dAα). Then, W(Cψ ,ϕ) is closed

if one of the following condition holds:
(i) ϕ is the identity map on D and ψ has a zero in D.
(ii) ψ ≠ 0 and either ψ has a zero in D or ϕ is not one-to-one.
(iii) ϕ(0) = 0 and ϕ is not of the form ϕ(z) = tz for t ∈ D.
(iv) ψ is nonconstant and ϕ(z) = tz,−1 ≤ t ≤ 0.

Example 4.8 If we consider the example ψ(z) = z2 and ϕ(z) = az2 with ∣a∣ < 1 then
ϕ is not of the form ϕ(z) = tz for t ∈ D, and ϕ(0) = 0. Again from [15, Corollary 1], it
follows that Cψ ,ϕ is compact on L2

a(dAα). Thus, for this example, W(Cψ ,ϕ) is closed.

5 Containment of circular disk or elliptical disk in the numerical
range

In the previous section, we studied the containment of the origin in the interior of
numerical range. Our next focus is to investigate the weighted composition operators
for which the numerical range contains a circular disk or elliptical disk and accord-
ingly we find the radius of the disk or lengths of the major and minor axes.

Theorem 5.1 Let Cψ ,ϕ ∈ B (L2
a(dAα)) be such that ϕ(0) = 0 and ψ has a zero of

order m > 0 at the origin. If ψ̂m denotes the m-th Taylor coefficient of ψ, then W(Cψ ,ϕ)
contains the disk of radius m!�(α+2)

�(m+α+2)+m!�(α+2) ∣ψ̂m ∣, centered at the origin.
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Proof Let us consider f (z) =
√

�(m+α+2)
�(m+α+2)+m!�(α+2)(λ + zm) for all z ∈ D with

∣λ∣ = 1. Then, f ∈ L2
a(dAα) with ∥ f ∥ = 1. Let ∑∞k=1 ϕ̂k zk and ∑∞k=m ψ̂k zk be the Taylor

series of ϕ and ψ, respectively. Then,

f (ϕ(z)) =
�
��� �(m + α + 2)

�(m + α + 2) + m!�(α + 2) (λ + (
∞
∑
k=1

ϕ̂k zk)
m

)

=
�
��� �(m + α + 2)

�(m + α + 2) + m!�(α + 2) (λ + ϕ̂m
1 zm + higher-order terms in z) .

Thus, we have

⟨Cψ ,ϕ f , f ⟩
= ⟨ψ(z) f (ϕ(z)), f (z)⟩

= �(m + α + 2)
�(m + α + 2) +m!�(α + 2) ⟨(

∞

∑
k=m

ψ̂k zk)(λ + ϕ̂m
1 zm + higher-order terms in z) , λ + zm⟩

= m!�(α + 2)
�(m + α + 2) +m!�(α + 2) λψ̂m .

Since λ is an arbitrary complex number with ∣λ∣ = 1 so W(Cψ ,ϕ) contains the disk of
radius m!�(α+2)

�(m+α+2)+m!�(α+2) ∣ψ̂m ∣ and center at the origin. ∎

Theorem 5.2 Let Cψ ,ϕ ∈ B (L2
a(dAα)) be such that ϕ(z) = λz with λ ≠ 0 and

ψ(z) = ∑∞k=1 ψ̂k zk . Then, for all m ≥ 2, W(Cψ ,ϕ) contains the disk of radius
1
2

√
m!�(α+3)
�(m+α+2) ∣λψ̂m−1∣ and center at the origin.

Proof For m ≥ 2, let Mm be the subspace of L2
a(dAα) spanned by e1 and em . Now,

we have

Cψ ,ϕ e1(z) = λ
√

α + 2(
∞
∑
k=1

ψ̂k zk+1)

and

Cψ ,ϕ em(z) = λm

�
����(m + α + 2)

m!�(α + 2) (
∞
∑
k=1

ψ̂k zk+m) .

Thus, the compression of Cψ ,ϕ to Mm has the matrix representation

⎛
⎜
⎝

0 0

λ
√

m!�(α+3)
�(m+α+2) ψ̂m−1 0

⎞
⎟
⎠

.

Therefore, the numerical range of the compression of Cψ ,ϕ to Mm is a closed

disk centered at the origin and radius 1
2

√
m!�(α+3)
�(m+α+2) ∣λψ̂m−1∣ (see [8, Example 3]).
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Thus, W(Cψ ,ϕ) contains the disk of radius 1
2

√
m!�(α+3)
�(m+α+2) ∣λψ̂m−1∣ and center at the

origin. ∎

Remark 5.3 Here, we remark that the case m = 0 cannot be included in Theorems
5.1 and 5.2. If we consider ψ(z) = 1 + εz and ϕ(z) = −z/2 with ε > 0 then it is easy
to observe that the radius of the largest circular disk at the origin and contained in
W(Cψ ,ϕ) is at most ε.

Theorem 5.4 Let Cψ ,ϕ ∈ B (L2
a(dAα)) be such that ϕ(z) = e2πi/nz and ψ(z) =

∑∞k=0 ψ̂k zk . If m1 , m2 are two positive integers with m2 > m1 and ψ̂nm1 ψ̂nm2 ψ̂n(m1−m2) =
0 but all of the three terms ψ̂nm1 , ψ̂nm2 , and ψ̂n(m1−m2) are not equal to zero. Then,
W(Cψ ,ϕ) contains the circular disk centered at ψ̂0 with radius

1
2

�
���(nm2)!�(α + 2)

�(nm2 + α + 2) (c∣ψ̂nm1 ∣2 + ∣ψ̂n(m1−m2)∣2 +
1
c
∣ψ̂nm2 ∣2),

where c = (nm1)!�(nm2+α+2)
(nm2)!�(nm1+α+2) .

Proof Let M be the subspace of L2
a(dAα) spanned by e0 , enm1 , and enm2 . Then, we

have

Cψ ,ϕ e0(z) =
∞
∑
k=0

ψ̂k zk ,

Cψ ,ϕ enm1(z) =
�
��� �(nm1 + α + 2)

(nm1)!�(α + 2)
∞
∑
k=0

ψ̂k znm1+k

and

Cψ ,ϕ enm2(z) =
�
��� �(nm2 + α + 2)

(nm2)!�(α + 2)
∞
∑
k=0

ψ̂k znm2+k .

Thus, the compression of Cψ ,ϕ to M has the matrix representation

⎛
⎜⎜⎜⎜
⎝

ψ̂0 0 0√
(nm1)!�(α+2)
�(nm1+α+2) ψ̂nm1 ψ̂0 0

√
(nm2)!�(α+2)
�(nm2+α+2) ψ̂nm2

√
�(nm1+α+2)�(α+2)(nm2)!√
(nm1)!�(nm2+α+2)

ψ̂n(m1−m2) ψ̂0

⎞
⎟⎟⎟⎟
⎠

.

It follows from [10, Theorem 4.1] that the numerical range of the compression of Cψ ,ϕ
to M is the circular disk centered at ψ̂0 with radius

1
2

�
���(nm2)!�(α + 2)

�(nm2 + α + 2) (c∣ψ̂nm1 ∣2 + ∣ψ̂n(m1−m2)∣2 +
1
c
∣ψ̂nm2 ∣2),
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where c = (nm1)!�(nm2+α+2)
(nm2)!�(nm1+α+2) . As the numerical range of compression is contained in

the numerical range of the operator, this proves the desired result. ∎

Theorem 5.5 Let Cψ ,ϕ ∈ B (L2
a(dAα)) be such that ϕ(z) = λz with λ = e2πi/n and

ψ(z) = ∑∞k=0 ψ̂k zk with ψ̂n p+ j ≠ 0 for some 0 < j < n. Then, W(Cψ ,ϕ) contains the
elliptical disk foci ψ̂0 and λn p+ jψ̂0 , with major axis

�
���∣ψ̂0∣2∣1 − e2πi j/n ∣2 + (np + j)!�(α + 2)

�(np + j + α + 2) ∣ψ̂n p+ j ∣2

and minor axis
�
���(np + j)!�(α + 2)

�(np + j + α + 2) ∣ψ̂n p+ j ∣.

Proof Let M be the subspace of L2
a(dAα) spanned by e0 and en p+ j . We have

Cψ ,ϕ e0(z) =
∞
∑
k=0

ψ̂k zk

and

Cψ ,ϕ en p+ j(z) = λn p+ j

�
��� �(np + j + α + 2)

(np + j)!�(α + 2) (
∞
∑
k=0

ψ̂k zn p+ j+k) .

Thus, the compression of Cψ ,ϕ to M has the matrix representation

⎛
⎜
⎝

ψ̂0 0√
(n p+ j)!�(α+2)
�(n p+ j+α+2) ψ̂n p+ j λn p+ jψ̂0

⎞
⎟
⎠

.

Since 0 < j < n so λn p+ j ≠ 1 and hence the numerical range of the compression
of Cψ ,ϕ to M is the elliptical disk foci ψ̂0 and λn p+ jψ̂0 , and with major axis√

∣ψ̂0∣2∣1 − e2πi j/n ∣2 + (n p+ j)!�(α+2)
�(n p+ j+α+2) ∣ψ̂n p+ j ∣2 and minor axis

√
(n p+ j)!�(α+2)
�(n p+ j+α+2) ∣ψ̂n p+ j ∣

(see [8, Example 3]). The desired result follows from the fact that the numerical range
of compression is contained in the numerical range of the operator. ∎

Theorem 5.6 Let Cψ ,ϕ ∈ B (L2
a(dAα)) be such that ϕ(z) = e2πiθ z and ψ(z) =

∑∞k=0 ψ̂k zk , where θ is irrational. If n ≥ 0 and m > 0, then W(Cψ ,ϕ) contains the
elliptical disk with foci at e2πinθ and e2πi(n+m)θ , and with major axis

�
���∣e2πinθ − e2πi(n+m)θ ∣2 + (n + m)!�(n + α + 2)

n!�(n + m + α + 2) ∣ψ̂m ∣2

and minor axis
√
(n+m)!�(n+α+2)

n!�(n+m+α+2) ∣ψ̂m ∣.
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Proof Let M be the subspace of L2
a(dAα) spanned by en and en+m . Then, we have

Cψ ,ϕ en(z) = e2πinθ

�
����(n + α + 2)

n!�(α + 2)
∞
∑
k=0

ψ̂k zk+n

and

Cψ ,ϕ en+m(z) = e2πi(n+m)θ

�
��� �(n + m + α + 2)

(n + m)!�(α + 2)
∞
∑
k=0

ψ̂k zk+n+m .

Thus, the compression of Cψ ,ϕ to M has the matrix representation

⎛
⎜
⎝

e2πinθ 0

e2πi(n+m)θ
√
(n+m)!�(n+α+2)

n!�(n+m+α+2) ψ̂m e2πi(n+m)θ

⎞
⎟
⎠

.

Therefore, the numerical range of the compression of Cψ ,ϕ to M is the elliptical disk
with foci e2πinθ and e2πi(n+m)θ , and with major axis

�
���∣e2πinθ − e2πi(n+m)θ ∣2 + (n + m)!�(n + α + 2)

n!�(n + m + α + 2) ∣ψ̂m ∣2

and minor axis
√
(n+m)!�(n+α+2)

n!�(n+m+α+2) ∣ψ̂m ∣ (see [8, Example 3]). The desired result follows
as the numerical range of compression is contained in the numerical range of the
operator. ∎

We end with the conclusion that the results of this section may be useful to estimate
the lower bounds of numerical radius of some classes of weighted composition
operators acting on L2

a(dAα).
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