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Abstract

We study a continuous-time mutually catalytic branching model on the Z¢. The model
describes the behavior of two different populations of particles, performing random walk
on the lattice in the presence of branching, that is, each particle dies at a certain rate
and is replaced by a random number of offspring. The branching rate of a particle in
one population is proportional to the number of particles of another population at the
same site. We study the long time behavior for this model, in particular, coexistence and
noncoexistence of two populations in the long run. Finally, we construct a sequence of
renormalized processes and use duality techniques to investigate its limiting behavior.
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1. Introduction

1.1. Background and motivation

In the last four decades there has been a lot of interest in spatial branching models. These
models include branching random walks, branching Brownian motion, superprocesses, and
so on. During the last three decades, branching models with interactions were studied very
extensively on the level of continuous state models and particle models. We provide here a
partial list of branching models with interactions that were studied in the literature.

Models with catalytic branching, where one population catalyzes another were studied in
[13, 14, 30]. For measure-valued diffusions with mutual catalytic branching, see [11, 12, 15,
16]. Models with symbiotic branching (these are models with a correlation in branching laws of
two populations) were investigated in [1, 3-5, 20, 22, 23], among others. Infinite rate branching
models was introduced in [26, 29] and studied later in [17-19, 27, 28]. In addition, various
particle models were introduced in [2, 25].
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2 A. JAMCHI FUGENFIROV AND L. MYTNIK

Let us say a few words about mutually catalytic branching model in the continuous state
setting introduced in [16].

Dawson and Perkins [16] constructed the model with Z? being a space of sites and
(u,v) e R%d X R%d a pair which undergo random migration and continuous state mutually
catalytic branching. The random migration is described by a Z¢-valued Markov chain with
the associated Q-matrix, Q = (g;;), subject to certain technical conditions on Q and associated
transition probabilities (see [16, p. 1090] and, in particular, (Hp), (H1), and (H>) there). The
branching rate of one population at a site is proportional to the mass of the other population
at the site. The system is modeled by the following infinite system of stochastic differential
equations (SDEs):

u(X) = uo(x) + [y usQ(x) ds + [y /Fus@yvs(x) dBY,  t>0, xeZ7,
(1.1)
V() = vo(x) + fo vsQ) ds + [§ /Tusvs(x) AW,  1>0, xeZ,

where {B},c74, {Wi},czq are collections of one-dimensional independent Brownian motions,
and y > 0.

One of the main questions which was introduced in [16] is the question of coexistence and
noncoexistence of types in the long run. In particular, it has been proved that there is a clear
dichotomy: coexistence is possible if the migration is transient, that is in dimensions d > 3,
and is impossible if the migration is recurrent, that is if d < 2.

The above model is a particular case of so-called ‘interacting mutually catalytic diffusions’
studied by many authors in different settings, see for example, [8, 11, 33].

Cox et al. [6] analyzed the behavior of the Dawson—Perkins system with very large but finite
space of sites in comparison with the corresponding model with infinite space of sites. This type
of question arises if, for example, one is interested in determining what simulations of finite
systems can say about the corresponding infinite spatial system. In [6], the authors considered
a sequence of finite subsets of Z¢ increasing to the whole Z¢ and check the limiting behavior
of mutually catalytic models restricted to these sets, while time is also suitably rescaled. It is
called a “finite system scheme’. This concept appeared in [7, 9, 10].

To formulate a result from [6] we need to introduce the following construction. Fix n € N.
Define A, = [—n, n]Y N Z4. Let Q = (q(i. )));. jez4 be the Q-matrix of Z4-valued Markov chain.
Define 0" = (¢"(i, )); jen, as follows

7'O,y-n= Y q0,2), (1.2)

zel(y—x)
where
1) ={yeZ! ly=x(mod OA,) }.

Consider a process that solves Dawson—Perkins equations (1.1) with state space being the torus
Ay, e,

uf (x) = ug(x) + fol ur Q" (x)ds + fot VYUl (x)dBY, >0, x€ Ay,

(1.3)
V) = V() + [ VIO ) ds + [ /Ful Vi) dWE,  1>0, x€ Ay,

where {B}}xea,, {W;}xea, are collections of one-dimensional independent Brownian motions,
and y > 0.
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Branching particle systems with mutually catalytic interactions 3

We denote such a process by (U}, VI")=0 1= ((u}(x))xen, > VF(X))xea,)r=0. Define time
scaling depending on the system size

Bu(t) = Anl t = 2n + 1)1,

Define
U= w®, Vi=) v, (1.4)
xXeA, xXeA,
and renormalized process
1
D, (U", V") = (D,, D;) = T D, Y V|- (1.5)
n xeA, xeN,

In what follows £(-) denotes the law of random variable or process.
It was shown in [6] that in dimensions d >3 the sequence D,-processes with suitably
rescaled time is tight and converges to a diffusion.

Theorem 1.1. (Theorem 1(a) in [6]). Let d > 3, and let Q be a generator of a simple random
walk on Z9. Assume that

up(x) =01, vo(x) =62, Vxe A,.

Then
/‘:(D"(U?in(t)’ Vgn(r))tzo) — L(X1, Y)y=0)» asn— oo,

where (X;, Y1), is the unique weak solution for the following system of SDEs:

dX, = /7X, Y, dwl(r), >0,

(1.6)
dY, = /7X,Y, dw*(1), >0,

with initial conditions (Xy, Yo) =60 = (01, 62), where w', w* are two independent standard

Brownian motions.

In this paper we consider the Dawson—Perkins mutually catalytic model for particle systems
and study its properties. As for other particle models in the presence of interactions, they have
been considered earlier by many authors. A partial list of examples follows.

Birkner [2] studied a system of particles performing random walks on Z¢ and perform-
ing branching; the rate of branching of any particle on a site depends on the number of other
particles at the same site (this is the ‘catalytic’ effect). Birkner introduced a formal construc-
tion of such processes, via solutions of certain stochastic equations, proved existence and
uniqueness theorems for these equations, and studied the properties of the processes. Under
suitable assumptions he proved the existence of an equilibrium distribution for shift-invariant
initial conditions. He also studied survival and extinction of the process in the long run. Note
that the construction of the process in [2] was motivated by the construction of Ligget and
Spitzer [31].

Among many other works where branching particle systems with catalysts were studied,
we can mention [25] and [30]. For example, Kesten and Sidoravicius [25] investigated the sur-
vival/extinction of two particle populations A and B. Both populations perform an independent
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4 A. JAMCHI FUGENFIROV AND L. MYTNIK

random walk. The B particles perform a branching random walk, but with a birth rate of new
particles which is proportional to the number of A particles which coincide with the appro-
priate B particles. It was shown that for a choice of parameters the system becomes (locally)
extinct in all dimensions.

In [30] catalytic discrete state branching processes with immigration were defined as strong
solutions of stochastic integral equations. Li and Ma [30] proved limit theorems for these
processes.

In this paper we consider two interactive populations: to be more precise, we construct
the so-called mutually catalytic branching model and study its long time behavior and finite
systems scheme.

1.2. Paper overview

In the next two subsections we introduce our model and state main results. In Section 2 the
process is formally constructed and main results are stated. Sections 3—6 are devoted to the
proofs of our results.

2. Our Model and Main Results

2.1. Description of the model

Let us define the following interactive particle system. We consider two populations on a
countable set of sites § C Z¢, where particles in both populations move as independent Markov
chains on S with rate of jumps « > 0, and symmetric transition jump probabilities

iy =Prxs X.yES. @.1)

They also undergo branching events. In order to define our model formally, we are following
the ideas of [2].

Let {vi}r>0 be the branching law. Suppose that Z is a random variable distributed according
to v. We assume that branching law is critical and has a finite variance:

E2)=Y ku=1, Var@)=) (k- 1)n=0%<oc0. 2.2)
k=0 k=0

The pair of processes (£, ) describes the time evolution of the following ‘particle’ model.
Between branching events in £ and 5 populations move as independent Markov chains on §
with rate of jumps « and transition probabilities pyy, x, y € S. Fix some y > 0. The ‘infinites-
imal’ rate of a branching event for a particle from population & at site x at time ¢ is equal to
y1:(x); similarly the ‘infinitesimal’ rate of a branching event for a particle from population
at site x at time 7 is equal to y&;(x). When a ‘branching event’ occurs, a particle dies and is
replaced by a random number of offspring, distributed according to the law {vi};>0, indepen-
dently from the history of the process. To define a process formally, as a solution to a system
of equations we need further notation. Note that construction of the process follows the steps
in [2].

The Markov chain is defined in the following way. Let (W;, P) be a continuous-time
S-valued Markov chain with rate of jumps x > 0, and symmetric transition jump probabilities
Dx,y =Dyx> X,y €S.Setp,(x, y) = P(W; = y|Wy = x) as transitions probabilities. Let Q = (qx,y)
denote the associated Q-matrix; that is gy y = K py,y is the jump rate from x to y (for x # y) and

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.41, on 18 Dec 2025 at 16:56:21, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/apr.2025.10043


https://www.cambridge.org/core/terms
https://doi.org/10.1017/apr.2025.10043
https://www.cambridge.org/core

Branching particle systems with mutually catalytic interactions 5

xx=— Zy #x 4x,y = —k > —00. Clearly, by our assumptions on transition jump probabilities,
the Q-matrix is symmetric (qy,y = gy,»). Define the Green function for every x, y € §:

t

gi(x, y) = fps(xy y)ds. (2.3)
0
Note that if our motion process is a symmetric random walk on S, hence, with certain abuse of
notation, g:(x, y) = g:(y, x) = g:(x — ), in particular g:(x, x) = g:(0).
Let Pf(x) = Zv pi(x, y)f(y) be the semigroup associated with the Markov chain W and
Of(x)= )", qryf(y) is its generator.

Remark 2.1. If W is a symmetric random walk, then clearly g-0(0) < oo means that W is
transient, and g.o(0) = oo implies that W is recurrent.

Let F = (F1)1>0 be a (right-continuous, complete) natural filtration. In what follows, when
we call a process martingale, we mean that it is an F;-martingale.
Let
RW¢ RW; brg br,
{Nx’y }x,yES,xyéy’ {Nx’y }x,yES,xaéy’ {Nx,k }xES,kEZ+’ { x,k }xES,kEZ+
denote independent Poisson point processes on Ry x Ry. We assume that, for any x, y €

. . RW RW . .
S, x #y both Poisson point processes Ny y ¢ and N,y " have intensity measure pr y ds ® du.

.. . . b
Similarly, we assume that, for any x € S, k € Z_ both Poisson point processes N Y and N r”

have intensity measure v; ds ® du. We assume that the above Poisson processes are J- adapted
in the ‘time’ s-coordinate.

Now we are going to define the pair of processes (§;, n;);=0 wWhere (&, n,) € N(S) X NS, and
Np denotes the set of non-negative integers.

For any x € S, &(x) counts the number of particles from the first population at site x at time
t. Similarly, for any x € S, n;(x) counts the number of particles from the second population at
site x at time ¢.

Now we are ready to describe (&, n;);>0 formally as a solution of the following system of
equations:

t t
RW RW
ér(x)=$0(X>+Z / /R L,z Ny,x  (ds du) — f /R He, oz Nx,y * (ds du)
# o " o "

b
+y / k= D1y, e @=gNyg dsdu), >0, xS, (2.4)
k=0

=m0+ Y / / Ly o= NEY(ds duy — / / Ly comaNEY 7 (ds duy
V#EX 0

b
+Z// (k= D1ye,_on,_ =N, T,Z(dsdu), t>0, xes.

k>0

Why do these equations actually describe our processes? The first sum on the right-hand
side of equations for £ and n describes the random walks of particles, and the second sum
describes their branching. The first integrals in the first sums describe all particles jumping to
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6 A. JAMCHI FUGENFIROV AND L. MYTNIK

site x from different sites y # x. The second integrals in the first sum describe particles that
leave site x. The last integral describes the death of a particle at site x and the birth of its &
offspring, so after that event the number of particles at the site has changed by k — 1. The
branching events at site x happen with the infinitesimal rate proportional to the product of the
number of particles of both populations at site x.

Definition 2.1. The process (&, ;) solving (2.4) is called a mutually catalytic branching
process with initial conditions (g, no).

2.2. Main results

We start with stating the result on the existence and uniqueness of the solution for the
system of equations (2.4). This implies that the process we described in the introduction does
exist and is defined uniquely via the solution to (2.4). In the next theorem, we formulate the
result for finite initial conditions, i.e. each population has a finite number of particles at initial
time (f = 0). First, we introduce another piece of notation. For m € N, define the L"-norm of
¢ eZ5:

1/m

el = (Z |¢(i>|'") : 2.5)
ieS

Similarly, for any (¢, ¥) € 75 x 75, (o, ¥, @, &) € (ZS)4, with some abuse of notation, we

define

1/m
1. Yl o= (Z (|¢(i>|’"+|1/f(i>|m)> , (2.6)

ies U
16, s 6, )l = (Z (Ie@I" + [y " + 166" + |1Z(i)|’")) :
In addition let us define the spacel(e; functions Efy:
Efin = {f:5 — No| Il < o0}
We equip Egip with the metric: dgg, (f, g) = ||f — gll; for any f, g € Efin.
Theorem 2.1. Let S ¢ Z¢.

(a) For any initial conditions (&, no) € Efin X Egn there is a unique strong solution
(&, 1)e>0 to (2.4), taking values in Egn X Efn.

(b) The solution {(&, n;), t > 0} to (2.4) is a Markov process.

It is possible to generalize the result to some infinite mass initial conditions case but since
this is not the goal of this paper it will be done elsewhere.
Let (&, n) be the process constructed in Theorem 2.1 with finite initial conditions. Denote

E=) &M, m=) nl) =0
ieS ieS
That is, & is the total mass process of &, and 5 is the total mass process of 1. Clearly, by con-

struction, & and 7 are non-negative local martingales and, hence, by the martingale convergence
theorem there exist almost surely (a.s.) limits

oo = lim &, N = lim ;.

Now we are ready to give a definition of coexistence or noncoexistence.
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Branching particle systems with mutually catalytic interactions 7

Definition 2.2. Let (£, ) be a unique strong solution to (2.4) with (&y, o) € Efn X Efn. We
say that coexistence is possible for (£, ) if P(§ .., > 0) > 0. We say that coexistence is
impossible for (¢, ) if P(§ ;1 > 0)=0.

Convention We say that the motion process for the mutually catalytic branching process on
S=174is the nearest-neighbor random walk if

1
Dxy = 24 fory=x+e,

for e; a unit vector in an axis direction, i=1, ..., d.

We prove that in the finite initial conditions case, with motion process being the nearest-
neighbor random walk, the coexistence is possible if and only if the random walk is transient.
Recall that the nearest-neighbor random walk is recurrent in dimensions d =1, 2, and it is
transient in dimensions d > 3. Then we have the following theorem.

Theorem 2.2. Let S = 7% and assume that the motion process is the nearest-neighbor random
walk. Let (&y, no) € Efin X Efin with £y > 0.

(a) If d = 3, then coexistence of types is possible.
(b) Ifd <2, then coexistence of types is impossible.

The proof is simple and based on the following observation: if there is a finite number of
particles and the motion is recurrent, the particles will meet an infinite number of times, and
eventually one of the populations dies out, due to the criticality of the branching mechanism.
On the other hand, if the motion is transient, there exists a finite time such that after this time
the particles of different populations never meet, and hence there is a positive probability of
survival of both populations.

Finally we are interested in a finite system scheme. We construct a system of renormalized
processes started from an exhausting sequence of finite subsets of Z¢, A,, C Z%. The duality
techniques will be used to investigate its limiting behavior.

Define

Ap={xez?|¥i=1,...,d, x| <n} CZ°

[Anl=@2n+ 1)

Convention Let S = A,. We say that the motion process is the nearest-neighbor random walk
on A, if its transition jump probabilities are given by

1 : _
n o e if x—y|=1,
px,y_pO,y—x_ .
0, otherwise,

where ‘y — x’ is the difference on the torus A,.

Fix 6 = (61, 6,) with 61, 6, € Ny. Assume 0= @4,0,), where 0;, =(0;,0;,...)¢€ N(I)\”,
i=1,2. Let (&, n)=0 be the mutually catalytic branching process with initial conditions
(&0, no) =0, and site space S= A,, and motion process being the nearest-neighbor walk
on A,.
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8 A. JAMCHI FUGENFIROV AND L. MYTNIK

Set
E/ =g, 0= . 2.7)

JjeA, JjeA,

We define the following time change:
ﬂn(t)=|An|t, ZZO

Our goal is to identify the limiting distribution of

1
™| (& Batty? ”ﬁnm)’

asn— oo, forall t > 0.

Theorem 2.3. Let d > 3, and assume that

1
2 , 2.8
re <¢¥(%gw(0)+1) @9

andy ", By < oo. Then for any T € (0, 1], we have
1
L <m(§§nm, "%n(T))) — L X7, Y7r), asn— oo,

where (X;, Y1),>¢ is a solution of the following system of SDEs:

dX, = /yo2X,Y,dw'(r), 1>0,

(2.9)
dY; = /yo2X;Y, dw*(r), t>0,
with initial conditions (Xo, Yp) =0, where w!, w? are two independent standard Brownian

motions.

Remark 2.2. The above theorem gives convergence of one-dimensional distributions of the
rescaled processes (§”, #™) to the one-dimensional distributions of the solution of (2.9) starting
at initial conditions 6 € N%. It seems possible to treat a more general class of initial conditions,
for example, independent and identically distributed (i.i.d.) configurations on A, with mean
vector 6 = 01,0 € R%r. However, this will make the argument more technically involved,
thus we decided to treat this case elsewhere.

Remark 2.3. The condition yo? < arises from the method of proof, which

1
V351 800 (0)+1)
requires boundedness of the fourth moment of the dual processes (see Lemma 6.8, where
this condition is applied). We conjecture, however, that the result holds without the additional
constraint on y o2, as is the case in the finite scheme for Dawson—Perkins processes.

The above result is similar, although a bit weaker, to the result in Theorem 1 in [6], where
a finite scheme for the system of continuous SDEs is studied. The proof of Theorem 2.3 is
based on the duality principle for our particle system and the result for SDEs in [6]. In fact, let
us mention that the self-duality property for our mutually catalytic branching particle model
(the property which is well known for processes solving equations of type (1.3)) does not
hold. Thus, we use the so-called approximating duality technique to prove Theorem 2.3. The
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Branching particle systems with mutually catalytic interactions 9

approximating duality technique was used in the past to resolve a number of weak uniqueness
problems (see e.g. [32, 34]). We believe that using approximate duality to prove limit theorems
is novel and this technique is of independent interest.

Let us note that it would be very interesting to extend the above results. First, it would
be nice to address the question of coexistence/noncoexistence for more general motions and
infinite mass initial conditions. As for extending results in Theorem 2.3, we would be interested
to check what happens in the case of large y, to prove ‘functional convergence’ result as in [6],
and investigate the system’s behavior for the case of recurrent motion, that is, in the dimensions
d =1, 2. We plan to address these problems in the future.

3. Existence and Uniqueness: Proof of Theorem 2.1

This section is devoted to the proof of Theorem 2.1. Note that our proofs follow closely the
argument of Birkner [2] with suitable adaptation to the two types of case.

For any metric space D with metric d, let Lip(D) denote a set of Lipschitz functions on D.
We say that f : D — R is in Lip(D) if and only if there exists a positive constant C € R such
that for any ¢, Y € D, |[f(¢) —f(¥)| < Cd(p, V). Let L? denote the following operator: for a
measurable function f:Eq, X Eqn — R, let

LOf@, )=k Y 9o (f( 7, ¥) —flp, ¥))

x,yeS
+i Y YO (e, ¥77) = flg, ¥)
x,yeS
+ D vev ) Y v (g + (k= De, ¥) = f(9, ¥))
xes k>0
+ ) vev ) Y v (g, ¥ + (k= D8 — flo, ),
xes k>0

where ¢* 7Y =@ + 8y — 8y, Le. 9"TV) =) — 1, ¢*7V() =) + 1 and ¢* 7V (2) = ¢(2)
forallze Sand z #x, y.
Theorem 2.1 follows immediately from the next lemma.

Lemma 3.1. We have the following.

(a) For any initial conditions (&, no) € Efin X Egn there is a unique strong solution
&, no)r=0 to (2.4), taking values in Egp X Egy.

(b) The solution {(&:, n;), t > 0} to (2.4) is a Markov process.

(¢) LetmeN. Ika K™y < 0o, there exists a constant Cy, such that

E [, n0)llm] < exp (Cut) 1l €0, 10) 113y - (3.1)

(d) Forf eLip(Efin X Efin), (%0, 10) € Efin X Efin,

t

M (@)= FE n0) —fEor 10) — / LOfE,, ny) ds, (32)

0
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10 A. JAMCHI FUGENFIROV AND L. MYTNIK

is a martingale. Moreover, if f € Lip(Ry X Egn X Efn) and there is constant C* such
that

< C* (@, W13 (3.3)

ad
'&f(& @, 1#)

for any ¢, ¥ € Egp, then

t

d
N (1) = f(t, &, 1) — £(0, &, 10) — f [L‘”f(s, & 15) + o f(5, &, ns)] ds, (3.4)

0
is also a martingale.

Proof. Note that in our proof we follow ideas of the proof of Lemma 1 in Birkner [2].
(a) We have the collection of independent Poisson point processes {Nz \yVS Jx,yess

Y heyess AN deeskeze  (NT)seskez, . Therefore, with probability 1 there is no
more than one jumb simultaneously. Then we can define a stopping time T7: the first time
a jump happens. The stopping time 77 is strictly positive a.s., since (£p, 110) € Efin X Efin, and
therefore the indicators 1ig,_y>u), 1in,_)=u}s 1{y&_ (), (=) Make the rate of the first jump
finite. Then (&, n;) = (&0, no) for t € [0, T7). In the same way, we define a sequence of stopping
times: 0=Ty <T1 <T> <--- <00, and again the rate of jumps is finite since for any i > 1,
(&1;, n1;) € Efin X Efin a.s., and this makes the rate of the (i + 1)th jump a.s. finite by the same
reasoning as for the first jump. Clearly, by construction, the process (&;, 1) is constant on the
intervals [7;, Ti4+1). In order to show that this construction defines the process properly (that
is, it does not explode in finite time), it is enough to show that lim,,_, o T}, = 00, a.s. To this
end define M,, = er s (ST" (x) + nr, (x)). Here M,, denotes the total number of particles in both
populations at time T,. Since the branching mechanism is critical (see (2.2)), it is easy to see
that {M,},>( is a non-negative martingale.

Indeed, suppose that T}, is the stopping time originated from a ‘random walk’ jump, that is,
from a jump of one of the processes

t t
RW, RW,
R*=Y" / / Lig, ()zu}Ny.x © (ds du) — / / lg, w=uNey (dsdu)}, t>0, xeS,
R4 R4
0 0

YF#X
or
t t
R =" / / Lny_ = Nyx " (ds du) — / / HzNey "(@sdu) . 120, x€S.
y#x Ry 0 R+

In that case the total number of particles does not change (this can also be readily seen
from our (2.4) since ) ¢ Rf’x =) i R =0) and thus we have M,, = M,,_. Alternatively
T, can be originated from the ‘branching’, that is from the jump of one of the processes

t brg t
Bi =Y s Yiz0 Jo Jr, k= D1y e zwN, g (dsdw) or Bl =306 3o fo Jo, k=
1)1{Vns—(x)és—@)zu}N;rl? (ds du). In this case one can easily get that

E My Mo, ... . My—1) =My 1 +E(Z - 1) =M1,

where Z is distributed according to the branching law v.
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Branching particle systems with mutually catalytic interactions 11

Therefore, by the well-known martingale convergence theorem sup,,..; M, < oo a.s. [24,
Theorem 1.6.4]. This implies that sup,, 7, = oo a.s. -

Now let us turn to the proof of uniqueness. Let (, 1) be another solution to (2.4) starting
from the same initial conditions & = £°, 7jp = n°. We see from (2.4) that &(x) = &(x), 7i;(x) =
ny(x) for all x € S and ¢ € [0, T7), and also that §T1 =&r,, N1, =n1,. Then, by induction, (&, n)
and (£, 7)) agree on [Ty, Ty41) foralln € N.

(b) Poisson processes have independent and stationary increments. Therefore, by construc-
tion described in (a), we can immediately see that the distribution of (§&45, n;45), given Fy,
depends only on (&, 1;), and hence the process (&;, n;);>0 is Markov.

(c) Now we show that (&, n;)>0 satisfies (3.1). Define a sequence of stopping times

Tp:=inf{t>0:Y g E@+nx)>n}, n>1. (3.5)

Choose arbitrarily m € N such that

Zk’”vk < 00.
k

For ¢, Y € Egp, define

hn(e, ¥) == ll(@, ¥y -

Then, by an appropriate version of the Itd formula, we have that {Mh’”

t/\T,,}tZO is a martingale.
Let ¢, ¥ € Egiy. Apply the L® operator on A,,(p, ) to get

LPhu(e, ¥) =1 Y p@)pay { ((9) + 1" — p()™)

X,y

+ (@) — D" — ™)}
1) P @py (PG + D™ =y ()"

X,y
+ (o =1" =y}
+ ) vev @) Y v {(e@) +k— 1" — px)"}

k>0

+ Y vev 0 Y u W@ +k— 1" -y )"
X k>0
=KD oW ) (’;.’)(—W(x)’"f
x j=1
Y p@py Y (’;?)go(y)’”j
X,y j=1

V@Y (?)(—W(x)’”—f
x j=1

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.41, on 18 Dec 2025 at 16:56:21, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/apr.2025.10043


https://www.cambridge.org/core/terms
https://doi.org/10.1017/apr.2025.10043
https://www.cambridge.org/core

12 A. JAMCHI FUGENFIROV AND L. MYTNIK

+x Z Y@y Z ( )w@)’" /
+ Z ye@Y () Y v Z ( ><p(x)’”"(k — 1y

k>0 j=2
+ Z Yoy () Y v Z ( )wx)’"—f(k 1)/,
k>0 Jj=2

where in the last equality we used the binomial expansion, the fact that Zy DPxy =1 and our
assumptions Zkzo (k — 1)vy =0. Now we can estimate

ILP (g, )| <k < > (’J”)) (hn(@, )+ D P[0 + 90)" + ¥ ()" + ¥ ()™])
X,y

j=1
<3y Z( >ka(k— 1y) hn(g, ¥) (3.6)

where we used the following simple inequalities: for m >j > 1,
9" < (!
(recall that ¢(x) is a non-negative integer number), and
ab" ' <d"+b", VYa b>0.

Since, by our assumptions, pyy = py, for all x, y € S, we have

Z Dxy [w(X)’" +oM™" + Y )" + W(y)m] < 4hu(p, V). 3.1
x,yeS
Denote
m m m
cm:=Z<,)=2m— = Z()ka(k—l)’<oo
J=1 J k>0
Then by (3.6) and (3.7) we get
ILD B, ¥)| < Skem + Cp)hm(@, ¥) = Cuhm(p, ). (3.8)
Now recall that for any n, {M"(t A T,)} ;-0 1s @ martingale. Therefore,
AT,
E[hm(&int, 1in1,)] = hn(€°, n°) + E / LPhy (&, ny) ds
0

t

< (&, %)+ Co / E [Ls<r, (s, 1y)] ds

0
t

< (&, %) + C / E [hn(Eont, . msnr)] ds

0
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Branching particle systems with mutually catalytic interactions 13

Thus, from Gronwall’s lemma we get that

E [l Ent,s 1int,)] < €xp (Cont) (€0, 1),

uniformly in n. It is easy to see from (a) that 7,, — 0o as n — oo, a.s. Thus, inequality (3.1)
follows from Fatou’s lemma by letting n — oc.

(d) Let f € Lip(Efin X Efin). We wish to show that M/ is indeed a martingale. In order to do
that, first we show that for any such f there is a constant C = C(«, p, o, v, f) such that

ILPf(p, ¥)| < Cli(e, ¥)II3  forall ¢, ¥ € Egp. (3.9)

We decompose LPf(p,¥) into two parts corresponding to motion and branching
mechanisms:

LPf(p, ¥) = Lrw f(¢, ¥) + Lix f(9, ¥), (3.10)

where

Lew [, ¥) =k Y o@py (f(¢*7, ¥) —f(9, V)

x,y€S

i Y YOy (flo. v7) —flo. ¥) (3.11)

x,yeS

Locf(@. ¥)=Y_ ey ) > v (flo + (k— Db, ¥) — f(p. ¥))

xes k>0
+ ) vev @) Y v (flp, ¥+ (k— 1)8) —flo, 1) . (3.12)
x€S k>0

Using the Lipshitz property of f we obtain

Lrw £, ¥l =| Y 9Py (£ v) = fl0. 1))

x,yeS

+ 3 V@ (fle. ¥) = £, w>)‘

x,yeS
<G Y 9o@py (™Y ¥) — (0. v
x,yeS
+Cr Y vy (e v ) — (0. v
x,yeS
<2Gr Y 9Py +2C Y Y(@py
x,yeS x,yeS

=2C; (g, ¥)Il; <2Ct lI(g, ¥)II3,
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14 A. JAMCHI FUGENFIROV AND L. MYTNIK

where in the last inequality we used ||(¢, ¥)|; < II(¢p, w)||%, which holds since the functions
{p(X0)} s and {¥(x)} g are integer valued. Turning to L, f(¢, ¥) we get

ILoef(g, ¥) =

> ye@w )Y v ([fl + (k — Dse. ) — flp. ¥)]

xe$§ k>0
+ [l ¥ + k= 1)) — f(. ¥))) '
<Cr Y yew ) > v @1tk — Dl

xes k>0
= <2Cf > welk— 1|> Y re@y®)
k>0 xes

<2yCr Y 2ulk— 1]+ (g, W3 .
k>0

where in the last inequality we used the fact that ¢(x)¥(x) < ¢(x)? + ¥ (x). Thus, (3.9) holds

with
C:= Cf<2 +2y ) wlk— 1|>.
k>0

Consider a bounded f € Lip(Efn X Efin), then M is a local martingale, so we have for all
t,h>0
E[M (t+m) AT)|F] =M ((t+h) ATy ., (3.13)

where T, is defined in (3.5). The right-hand side converges to M/ (¥) a.s., as n — oo. Then
(t+h)AT, t+h
Bl [ o)A | E| [ 1606 F | as
0 0
as n — oo. Here, we used again the dominated convergence, since by (3.9)
(t-+HMAT, t+h
L% nds=C [ e nolf as
0 0

and the expectation on the right-hand side of the above inequality is bounded due to (3.1) and
finite initial conditions, for which clearly ||(&p, n0)||% < 00. Thus, M’ is indeed a martingale in
the case of bounded f € Lip(Efn X Efin)-

Next, consider f € Lip(Egy X Efn) which is non-negative, but not necessarily bounded.
Define f,,(¢, ¥) := f(@, ¥) A n. Note that f,, is bounded and f,, € Lip(Eg, X Egn) with Lipshitz
constant Cy, < Cr. As n— 00, we have

Min (1) — Mf(t), a.s.,
E [fn(gt-‘rha Ne-+h) | ]:t] —E [f@t+ha Ne-+h) | }—t] >, a.S.,

by monotone convergence. Observe that |L(2)fn(<p, n)| <C (¢, n)ll% uniformly in n. We thus

obtain
t+h
E[ / LOf . ny) ds ft}
0
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Branching particle systems with mutually catalytic interactions 15

a.s. as n — oo by the dominated convergence theorem. Therefore, M/ is a martingale for non-
negative Lipschitz f. For the general case, we use the decomposition of f € Lip(Efn X Efin) as
f=f"—f", where f*:= max (f, 0) and f~ := max (—f, 0).

The same proof holds for M too, since J is bounded by (3.3). (]

4. Proof of Theorem 2.2.

The aim of this section is to prove Theorem 2.2
Let (&, n;) be the mutually catalytic branching process described in Theorem 2.2, start-
ing at (&, 7o) with with &; + ny < oo. Recall that &, 5,, t> 0, denote the total size of each

population at time #:
E,=) & and p,= ) 0.

xeZd xeZd

4.1. Proof of Theorem 2.2 (a): transient case

The proof is simple and we decided to avoid technical details. The observation is as follows:
since the motion of particles is transient and the number of particles in the original populations
is finite, there exists a.s. a finite time 7" such that, if one suppresses the branching, the initial
particles of different populations never meet after time T. On the other hand, due to the finite-
ness of the number of particles, the total branching rate in the system is finite and, thus, there
is a positive probability for the event that in the original particle system there is no branching
event until time 7. On this event, particles of different populations never meet after time T and
therefore there is a positive probability of survival of both populations.

4.2. Proof of Theorem 2.2(b): recurrent case
We would like to show that

E MNee=0, P—as.

First, recall why lim; . o &1, = & o1l exists. By Itd’s formula it is easy to see that {£,1,},_
is a non-negative local martingale, that is a non-negative supermartingale. By the martingale
convergence theorem non-negative supermartingales converge a.s. as time goes to infinity.
Hence,

tgrggtrhzgooﬂoo, P—as.

Also note that { & tnt} (>0 18 an integer-valued supermartingale. Therefore, there exists a random
time Ty such that

En, =60y Tforallt=>Ty. 4.1)

Now assume that & 5, > 0, that is &, > 0 and 5, > O for r > Tj. Since the motion is recur-
rent, there is probability one for a ‘meeting’ of two populations after time T at some site.
Moreover, on the event {Eoonoo > 0}, by recurrence, after time 7, two populations spend an
infinite amount of time ‘together’. Since the branching rate is at least y > 0, when particles of
two populations spend time ‘together’ on the same site, we immediately get that eventually a
branching event will happen with probability one. However, this is a contradiction with (4.1).
Therefore, &, =0 or 5, =0 for all # > Ty, that is one of the populations becomes extinct, and
coexistence is not possible.

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.41, on 18 Dec 2025 at 16:56:21, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/apr.2025.10043


https://www.cambridge.org/core/terms
https://doi.org/10.1017/apr.2025.10043
https://www.cambridge.org/core

16 A. JAMCHI FUGENFIROV AND L. MYTNIK

5. Moment Computations for S= A,

In this section, we derive some useful moment estimates for (&, ;) solving (2.4) in the
case of S = A, for arbitrary n > 1 (recall that A, is the torus defined in Section 1.1). These
estimates will be essential for proving Theorem 2.3 in Section 6.

To simplify the notation we suppress dependence on ‘n’. Throughout the section the motion
process for a mutually catalytic process (&, 7;) is the nearest-neighbor random walk on § = A,.
The transition semigroup (respectively the transition density {p,(~, ')tzO}, Q-matrix) of the
motion process will be denoted by {P;},>(. The motion process will be the nearest-neighbor
random walk on S. For the definition of conditional quadratic variation [35, Chapter III]. For
Y € Z5 and ¢ € RS define the inner product

(W, 0) =Y Y@pw),

xeS§

whenever the sum is absolutely convergent.

Lemma 5.1. Assume that S = A,,. Let (o, n0) € Efin X Egn. If ¢ : S — Ry, then

(€, ) = (0, Prp) + Ni (1, 9), (11, @) = (n0, Prgp) + NJ'(t, @), (5.1)

where

W@@=Z(Z{//Hﬂ@b@mﬁyww) 52)

xeS \y#x Ly R,
K s
RW¢
- P90, _=ulNx,y (drdu) ¢ — | §Q0)P—r¢(x)dr
0 R+ 0

s
b:
+ZZ@HJ/RMMWMMMW%MWsy

xeS k=0 0 R,

and

me=z<z[//nwmmwm@Www>
0 R

xeS \ y#x N
s s
RW,,
- Ptfrﬁo(x)lnr,(x)zuNx,y (drdu); — n,Qx)Pi—rp(x) dr
0 R, 0

s
b:
+Y Y k-1 / f P9 (yn, =Ny (drdu), s <t

xeS k=0 0 R,
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Branching particle systems with mutually catalytic interactions 17

are orthogonal square-integrable Fy-martingales on s € [0, 1] (the series converge in L?
uniformly in s < t) with conditional quadratic variations

N

Wit o), = 3 [ 6Lz +3) - Prop)P] 0
yes 0

+a’y < > / (Pr—rp(x))* & ()1, (x) dr), (5.3)

xeS§ 0

and

(NIt @), =k > / Nr—ME[(Pi—9(Z +y) — Pr—yp())*] dr
YES |

+o’y ( > f (Pr—r9(0))” &— (O, (¥) dr>.

xeS§ 0

Here Z is the random variable distributed as a jump of the nearest-neighbor random walk.

Proof. The proof goes through application of Lemma 3.1 and It6’s formula to functions in
the form of f(s, &, ns) = (&, Pr—s@) and f (s, &, n5) = (ns, Pr—s¢@). The proof is pretty standard
and we leave details to the enthusiastic reader.

In the end the orthogonality of the martingales N.S (t, ¢) and N, ) follows from
independence of driving Poisson point processes. (|

Corollary 5.1. Assume S = A,,. Let (&9, no) € Efin X Efin. If @, ¥ : S — Ry, then

E (&, 0)) = (%0, Prp),  E((nr, ¥)) = (o, Pry), V=0, 54
and
E (&, @) (s, ¥)) = (&0, Prp) (o, Pry), Vt=0. (5.5)

Proof. Since A, is finite, (5.4) follows immediately from Lemma 5.1.
As for (5.5), recalling again that A, is finite, from Lemma 5.1 we get

E((&, @) (. ) =E([(60. Pi) + N7 (2. 9)][(mo. Per) + N}z, ¥)])
= (€0, Pigp) (no, Prr) + (o, Prp) E(N; (1, 9))
+ (80, Pip) EONJ (¢, ) + E(N (1, NI (2, ¥0))
= (50, P9) (0, Pr¥Y) .

where the second and the third terms on the right-hand side are equal to zero since Nf (t, p) and

N;7 (t, ¥) are martingales, and the last term vanishes because of the orthogonality of Nf (t, p)
and N/ (¢, ¥). O

Let B C S be an arbitrary finite (bounded) subset, and let |B| denote a number of sites in B.
Now we are ready to compute the expected value and variance of a number of particles
(each population separately) at a site x € S and at set B.
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18 A. JAMCHI FUGENFIROV AND L. MYTNIK

Corollary 5.2. Assume S = A,,. Let £g(x) =v, no(x) =uV x € S, where (v, u) € N%. Then,
E¢(x)=v, Emx)=u, and E(E&xn()=wvwu Vx,yeS, Vt>0.
Moreover, for any finite B C S,
E¢(B)=v|B|, and Emn(B))=ul|B|, Vt>0.
Proof. The result follows easily from Corollary 5.1. (]

Before we treat the second moments of &:(x) and n,(x), let us prove a simple technical
lemma. Recall that g;(-, -) is the Green function defined in (2.3) (for the nearest-neighbor ran-
dom walk on § = A,). Note that whenever the motion process is the nearest-neighbor random
walk, we have g,(x, y) = g;(x — y) (with certain abuse of notation).

Lemma 5.2. Assume S = A, and the motion process is a nearest-neighbor random walk on S.
For every x € §:

d

1 1
g0 = = ) [aeted +gilr—en] = —(ro — i), V120,

i=1
where 8y y =1 if and only if x =y and 5, , = 0 otherwise.

Proof. The proof follows a standard procedure, using the evolution equation for the tran-
sition densities of a continuous-time nearest-neighbor random walk. As we could not find an
exact reference, we have included the derivation here for completeness.

The evolution of the transition probabilities of a continuous-time Markov chain is governed
by the first-order differential equation

a
a_tl’t(x) =0pix), Vt=0, xes.
In our case Q = (¢xy)x,yes Where
1
Gxx = —K, Q= ﬂl{ forxeS, y=x+e;, i=1,...,d and ¢y =0 otherwise.

Therefore, we have

d
ad 1
3P0 = > Gpi(y) = Gu(pi(x) — 2 > (pix + e1) + pilx — €1)))
i=1

yes

1 d
=K (Pt(x) Y Z [pi(x + e) + pi(x — ei)]) .

i=1

Now, integrate both sides over the interval [0, 7], which gives

A d
1
Pi(x) — po(x) = —k / (PS(X) - = E [ps(x +ei) +pslx— ei)]) ds

/ 2d P
1o
=—« (gz(x) ~ 57 21: [g:(x + €) + gi(x — ez-)]> :
=
The result follows immediately once we recall that po(x) = 8, 0. O
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Branching particle systems with mutually catalytic interactions 19

Now we are ready to handle the second moments of &;(x) and 7;(x).

Lemma 5.3. Assume S = A,. Let £&y(x) =v, no(x)=u for all x € S, where (v, u) € Ng. Then,
forallt>0,

1
E(&(x)?) = + Eozyuvgzt@ +v(1 — p2,(0)), (5.6)

and .
E(n(x)*) = u® + Eazyuvgz,(O) + u(1 — p2(0)). (5.7)

Proof. We prove only (5.6), since the proof of (5.7) is the same. Again we use the represen-
tation of the process from Lemma 5.1, with ¢ () = 8, (-) and use notation ¢,(-) = p;—6x(-) =

Di—r(+ —X).
For 0 < s <t denote

NE(y) = NE(t, y) = NE (1, 6.
E(&(0)) = (Piéo(x)? +E((N: (0)°)
= +E (N <x>) )

4w Y / 3 @) — 6 py.cdr

yes 0 zes§

+o yuvchpr(y) dr

yes 0
=+ vicJ1(t) + U2yqu2(t), t>0

where in the third equality we used again Lemma 5.1, the Fubini theorem, and Corollary 5.1

which implies E(&—(»)1,— () = Pio()Prmo(y) = vit, E(E— (1)) = Pio(y) = v. Now we will
compute each term separately.

First, let us evaluate J>(¢). Recall that ¢,(y) = p;—-(y — x). Then we have

t t 2t

1
Io(t) = / Y piy—x dr= / Pa-n(0) dr = / pr(0)dr =0.5g(0),  (5.8)

o Yes 0 0

where pg(x, x) = ps(0, 0) = ps(0), for all x € S.

Now we will handle J():
t
IOEDY f Y ($r(2) — ¢ () pyc dr (5.9)
YES h zES
_ZZ/I’[ r(Z—X)p)zdr+ZZ/p; r(y x)pyzddr
YES zES | YES z€8

-2 Z Z Pr—r(Z—20)pr—(y — X)Py,z dr.

YES €S
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20 A. JAMCHI FUGENFIROV AND L. MYTNIK

We will treat each of the three terms above separately. For the first term we have

> / Pi—r(@, X)pycdr="y / Pi—r(z, %) dr =0.5g2:(0) (5.10)

YES z€S | Z€S |
where the last equality follows as in (5.8).
Similarly we get
1

S5 [ pes P dr=05200) (5.11)

YES zZES |

Finally. it is easy to obtain

t
Z Z /pl—r(zv x)pt—r(% x)py,z dr
yeS zeS§ 0
d

1
=05~ ; [g2rtei) + garl—e)] = - Z gule).  (5.12)

By putting (5.10), (5.11), (5.12), and (5.8) together we have

2 1
E(&(x0)?) =V + 02 yuvs 825(0) + v | 82:(0) — — Zgzz(ez) t>0, xeS. (5.13)
Now use (5.13) and Lemma 5.2 with x =y to get

1
E(6(7) =v* + 507 yuvga(0) + v(1 = pa(0), V120, xeS. 0

We also need to evaluate E(&,(x)&,(y)) for x # y. To this end we will prove the following
lemma.

Lemma 5.4. Assume S = A,,. Let &g(x)=v, no(x)=u V x €S, where (v, u) € Ng. Let x #y,
then

1
E(£(0)& () = v — vpa(x — y) + Eozngz,u —y), V>0,

and |
E(:(0)n,(y)) = u* — upa,(x — y) + EUZVMVth(X —y), Vi>0.

Proof. The proof goes along similar lines as the proof of Lemma 5.3 and thus is
omitted. U

6. Proof of Theorem 2.3

Let (S,", n?) be a pair of processes solving (2.4) with site space S = A, and N}}:VE, N)l};v”

being Poisson point processes with intensity measure ¢"(x, y) ds ® du, ¢" is defined by (1.2).
Here {p;y}x,yE A, are the transition jump probabilities of the underlying random walk, and

{P{’} >0 is the associated semigroup. In what follows, we assume d > 3.
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Branching particle systems with mutually catalytic interactions 21

Fix (61, 62) € N3. Assume the following initial conditions for (£/", n7") :
E) =01, nyx)=60 VxeA,

Set
Er= &0, =) nlo. 6.1)

JEA JEA,

We define the following time change:
ﬂn(t):|An|t, IZO

Theorem 2.3 identifies the limiting distribution of

1
1A (& Batty? ”an)’

asn— oo, forr e [0, 1].
In Section 1 we defined a system of Dawson—Perkins processes (U}, V}');=0 on A,, that

solves (1.3). Recall that
U= Z Wiy, V'= Z VIGi).

i€, ieA,

The limiting behavior of (U}, V)~ was studied in [6], we stated the result in Theorem 1.1.
Theorem 2.3 claims that the limiting behavior of ﬁ (‘;'gn(,), ngn (l)) is similar to

ﬁ (U%ﬂ @ V’an(t)) for r € [0, 1]. As we have mentioned above, in contrast to Dawson—Perkins
processes solving equation (1.3), the useful self-duality property does not hold for our branch-
ing particle model. However, we use the so-called approximating duality technique that allows
us to prove Theorem 2.3.

In what follows, we will use a periodic sum on A,: for x,ye A, we have x+y=(x+
y)A(mod)n € Ay,.

The next proposition is crucial for the proof of Theorem 2.3.

Proposition 6.1. Let (X;, Y;)i>0 be the solution to (2.9). Then for all a, b > 0,

1 i1
hm E(e_W(Eﬁn(”—i_nzﬂﬁ)(a—‘rb)_lW(E'érl(f)_ﬂgn(f))(a_b))
n— oo

= B (e~ X Y@+b)-iX—Ya—b))

fortel0, 1].

Proof of Theorem 2.3. By easy adaptation of Lemma 2.5 of [33] one gets that the mixed
Laplace—Fourier transform

E(e—(X+Y)(a+h)—i(X—Y)(tl—b))’ a,b>0,

determines the distribution of non-negative two-dimensional random variables (X, Y).
Therefore, Theorem 2.3 follows easily from Proposition 6.1 and properties of weak conver-
gence.

The rest of the section is organized as follows. Section 6.1 is devoted to the proof
of Proposition 6.1, and the proof of one of the technical propositions is deferred to
Section 6.2. (|

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.41, on 18 Dec 2025 at 16:56:21, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/apr.2025.10043


https://www.cambridge.org/core/terms
https://doi.org/10.1017/apr.2025.10043
https://www.cambridge.org/core

22 A. JAMCHI FUGENFIROV AND L. MYTNIK

6.1. Proof of Proposition 6.1

In what follows, fix T € (0, 1]. Let (&, n/');=0 be a mutually catalytic branching random
walk from Theorem 2.3 (we will refer to it as the ‘discrete process’). In the proof of the propo-
sition we will use the duality technique introduced in [33]. To this end, we need the following
Dawson—Perkins processes.

e Let (1}, v!)i>0 be a solution to (1.3), with Q" being the Q-matrix of the nearest-neighbor
random walk on A, and with some initial conditions (ug, vo).

e For arbitrary a, b > 0, the sequence (i}, V}');>0 solving (1.3) with initial conditions
a
|Anl’

gy (x) = Vp(x) = for every x € Ay,. (6.2)

[ Ayl

In what follows, we assume that (u}, v{);=0, (i}, V}')=0 and (&', n}")s>0 are independent.
Now let us describe the state spaces for the processes involved in this section.

Similarly to Egy define Ef = {f:A, —> No}, and Egn’con =Ef, X Eé’n. Clearly, since A, is
compact, the L' norm of functions in Eg, is finite. In addition, define Ef = {f: A, —> Ry},
and Egn,con :Egn X Egn' L .

First, by Theorem 2.1, the process (§/", n;') that solves (2.4) with initial conditions (&§;, 1g) =
0 is an Ef x Ef -valued process. By our definition (6.2), (i, vpy) € E"gn’con. Moreover, by
simple adaptation of the proof of Theorem 2.2(d) in [16] to our state space A,, we get

(ﬁ;l’ f’?) € Eﬁn,con, Vi=>0.

For (¢, ¥, ¢, ¥) € Rf_” X Rﬁ:’l X Rﬁ” X Rﬁ” define

H(p, ¥, §, ) = e~ @Fv-d+i)-ilo—v.6-9)

’

and

F} =E[H (& 0.}, 7})]
— e~ (& n i) —i(& -l =) ),
for 0 <s, t < Bu(T).
Let us recall the self-duality lemma from [6, Lemma 4.1].

Lemma 6.1. Let (ug, vo) , (i, Vo) € Eﬁ
solutions of (1.3). Then

n.con’ where (g, vi)i>0 , (i, Vi);>0 are independent

E (H(uy, vi, o, v0)) = E (H(uo, vo, itr, V1)) -

Remark 6.1. In [6] the above lemma is proved for more general state spaces and initial
conditions. The conditions in Lemma 4.1 in [6] hold trivially in our case.

Then we have the following proposition.

Proposition 6.2. For any (01, 62) € N2, a, b >0,

lim E[F} r o] = lim E[F; 5 1] (6.3)

n—oo n—o0
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Branching particle systems with mutually catalytic interactions 23

Proof. The proof is postponed until the end of this section. It is proved via a series of other
results. ]

Given Proposition 6.2, it is easy to complete.

Proof of Proposition 6.1. Fix arbitrary 61, 6> > 0and a, b > 0. For any n > 1, let (u, v})i>0
be the solution to (1.3) with Q" being a Q-matrix of the nearest-neighbor random walk on A,
and initial conditions (ug, viy) = (&5, 1) = 0. Recall that

Uy = Z uy(x), Vi= Z V().

xeA, xXeA,

Note that

lim E[F(’)’ﬂ ] = lim E(e‘(53+'73’i‘gn<T>+V/§n<T>>‘i<55"’73’”émr)‘;%nm))
sMn

n— o0 n—0o0
= lim E(e’ (U Vi) a1 @)= (U= Vi) ﬁ(“’b)>
n—oo
— E(e*(XT‘FYT)(CH‘b)*i(XT*YT)(a*b))’ (6.4)

where the second equality follows by a self-duality relation in Lemma 6.1, and the third
equality follows by Theorem 1.1. This means that

lim E (e‘“?ﬂ(rﬁﬂgn(r))ﬁ(“+b)_i(57m(r>‘"'énm)ﬁ(“‘b)) (6.5)

n— oo
= nl_{nolo E[an(T),O] = nl_if{}o E[Fg,ﬂn(T)]
— E(e*(XT+YT)(a‘H’)*i(XT*YT)(a*b))’ (6.6)
where the second equality follows by Proposition 6.2, and the last equality follows by (6.4).
This finishes the proof of Proposition 6.1. t
To prove Proposition 6.2 we will need other results. First we need [21, Lemma 4.10].

Lemma 6.2. (Lemma 4.10 of [21]). Suppose a function f(s,t) on [0, 00) x [0, 00) is absolutely
continuous in s for each fixed t and absolutely continuous in t for each fixed s. Set (f1, f2) = Vf,
and assume that

T T
//[f,-(s, 1| dsdt<oo, i=1,2, VT>0. (6.7)
0 0

Then for almost every t > 0,
t
f@0)—f@©,0 =f (fi (s, 1=9)—fa(s,1—5)) ds. (6.8)
0

We apply this lemma for the function F}  =E [H (&7, np, @, ¥")]. Then we show that for
f(r,s)=F) ; and t = B,(T), the right-hand side of (6.8) tends to 0, as n — oo.
In order to check the conditions in Lemma 6.2 we will need several lemmas. In the next

two lemmas we will derive martingale problems for processes (£, n™*) and (&", V"*). Recall that
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24 A. JAMCHI FUGENFIROV AND L. MYTNIK

{P;y}x,ye A, are the transition jump probabilities of the underlying nearest-neighbor random

walk on A,,.

Lemma 6.3. For any (¢, V) € Tig define

n,con

gE o W) =HE 1o ¥) 1k Y &

X,yEN,

X p)';y[effﬂ(y)**//(y)+w(x)+¢(x)*i(<ﬂ(y)*‘/f()’)*W(XHWX)) _ ]]

+x Z ' Coph, [e—w(y)—II/QV)+w(x)+w(x)+i(<p(y)—1/f(y)—w(x)+llf(X)) —1]
x,yeA,

+y Z Sf(X)n?(X) Z vk[e—(k—1)(w(x)-Hﬁ(X)+i(</?(x)—10(x))) _ 1]
xeA, k>0

+y Z i::l(x)n?(x) Z 1)k[e—(k—1)(sﬂ(x)+1/f(x)—i(<,0(x)—11/(x))) _ 1] } . Vs>0.

xeA, k>0

Then

HE o v)— | g€ 0l o ¥) ds, Vi>0.

St~

is an {ff’"}tio-martingale.
Proof. The result is immediate by Lemma 3.1(d).
A similar result holds for the Dawson—Perkins process.

Lemma 6.4. For any (¢, V) € E, define

n,con’

(6.9)

h(p v @7 =H (¢. 9. @, 7) { — 3 B (9) + Y () + i (9x) — Y ()

xeN,
- Z V30" () (p(x) + Y (x) — i (p(x) — Y (x)))
xeA,
+47 ) ft?(Xﬁ?(x)w(x)w(X)}, Vs>0.
xXeA,

Then

t
H (¢, v, ﬁ;’,\”/;')—/h(w, L) s, 120,
0

. e .
isan {F; >~ }i=0-martingale.

(6.10)

Proof. The result is immediate by [16, Theorem 2.2(c)(iv)], Itd6’s lemma [24, Theorem

I1.5.1]), and simple algebra.
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Branching particle systems with mutually catalytic interactions 25

Lemma 6.5. For any t > 0,

sup  E|hE ), iy, )| < oo (6.11)
0<s<t
0<r<t

and
n

sup B g, n),
O<s<t
O<r<t

V)| < o0 (6.12)

Proof. Equation (6.11) is verified in the proof of Theorem 2.4(b) in [16].
Now let us check (6.12). First, by simple algebra it is trivial to see that for any z € R and
yeR,

e = — 1] < (Jzl + IyD) - (6.13)

Hence,

7

sup  Eg(&7, ny. i, %)
0<s<t
0<r<t

< sup CEqk Y EQp} [#0)+70) + 8 (x) + 7 ()]

0<s,r<t x,yEAR
Y Pl [0+ TO) + i) + 0]
X, yeA,
+y D EONI@ Y v lk— 1] [l @) + (0]
XEA, k>0

+y D EON® Y v lk— 1] [ + 7] §.

xeA, k>0

where C >0 is a constant and the last inequality follows from (6.13). Recall that, by
Corollary 5.2, E[§]'(x)] =61, E[n{(x)]=06> and, E[§]'(x)n}(x)] =616>. By [16, Theorem
2.2b(iii)],

E[(i@}, 1)]=a<oo, E[{/l,1)]=b<o0, Vs>0,

since initial conditions have a finite mass. Also note that ) ", |k — 1] vy < cc. Then (6.12)
holds. B O

Now we are ready to prove the following lemma.
Lemma 6.6. For any n > 1, and every t > 0,

E[H (&7, u]. itg, ¥%)] — E[H (5. n6. & 37)]
t

= E[ [ st i) —ne o) ds} 6149

0
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26 A. JAMCHI FUGENFIROV AND L. MYTNIK

Proof. By Lemmas 6.3, 6.4, and 6.5 we can apply Lemma 6.2 to the function
Fl =E[H (& . i, )],
and immediately see that (6.14) holds for almost every ¢ > 0. However, again by Lemmas 6.3,
6.4, and 6.5 one can see that both left-hand and right-hand sides of (6.14) are continuous in .
Hence, (6.14) holds for all > 0. O

Define

Bn(T)
et =e| [ el& ot By, T ) (615

—h (5: 2 15 g, (75 ﬁgnm—s)} ds}'

To finish the proof of Proposition 6.2 we need the following proposition.
Proposition 6.3. We have e(T, n) — 0 as n — oo.

The next subsection is devoted to the proof of the above proposition. Now we are ready to
complete.

Proof of Proposition 6.2. The proof is immediate by Lemma 6.6 and Proposition 6.3. [

6.2. Proof of Proposition 6.3

Fix t > 0. For simplicity, denote f; = H(§!', n%, ¢, ¥). Apply the Taylor series expansion on
the exponents inside the sums on the right-hand side of (6.9) to get

g, g, o, ¥)

=fs{/< > &l

x,yeA,

X [=00) = ¥ + ¢ + ¥ () — i (9(0) — ¥ (3) — 9(x) + ¥ (x)

1
+5 (00 =¥ 0 + ) + ¥ ) —i(e0) — ¥ () — () + ¥ (x)?

+G" (g, w,x,w]}

+fs{f< > ek,

X, yEAn

X [~ = (@) + ) + ¥ ) +1i () — Y ) — @) + Y(x))

1
5 (C00) = YO) + ) + Y0 +i (90) — Y ) — p(x) + ¥ (x)))>
+G" (g, ¥, x, )]

1
+y Y E @ [562 (@) + ¥ ) +i (90 — Y (0)* + G (0, ¥, x)]

xeA,

1
+y Y E @ [502 (@) + Y () —i (p(x) — Y (X)) + G (9, ¥, x)] }

xeN,

Vs> 0.
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Branching particle systems with mutually catalytic interactions 27

where we used our assumption on the branching mechanism:

Z w(k—1)=0 and Z vk — 1)? =02

k=0 k=0

For the error terms in the Taylor expansion we have the following bounds

G (@, ¥, x, )| <e?OTVO |—p(y) — Y () + o) + ¥ () — i (9(») — ¥ () — p(x) + Y ()

< Ci616e’TD () + ¥ () + o)’ + ¥ (x)?), j=1,2, (6.16)

1G> (@, ¥, 0l +1G*2(@, ¥, 0] <OV N i lk — 1P (lo(x) + ¥ () — i (px) — ()

k>0
+ lp(x) + Y () + i () — ()]
< Ceane? VTV (o) + ¥ (0%, (6.17)

where the positive constants Cs.16), C(6.17) are independent of ¢, ¥, x, y and in (6.17) we used
the assumption on ) ;- vkk® < oo on the branching mechanism.
We use simple algebra to obtain

8&ES 0, @, ¥) zfv{K > &,

X, yeA,
x [—0) = ¥ + () + Y () — i (9() — Y () — 9(x) + Y (x))
+2(p(x) — () (Y () — () + i((9(x) — (M) — (Y () — Y ()?)

+G" (. v, x, y)]}
+fs{K > ey

xX,yeA,
x [0 — ¥ () + () + Y (@) +i () — ¥ () — (x) + ¥ (X))
+2 () — 9() (Y (x) — () — i((Px) — e — (Y (x) — ¥(1))?)
+G (. ¥ x,y)]
+y Y EOnI®[40 00y () + G (g, ¥, ¥)

xeN,
+G*(p, ¥, x)]}, Vs >0.
Let us define

f?,s = H(S;’, U ﬁ%,,(T)—s’ ﬁ%,l(T)—s) (6.18)

n n oon o5 - n noson >5n
= e*(és SRS N G '“ﬂnm—FVﬂn(T)fx), 0<s<T.
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28 A. JAMCHI FUGENFIROV AND L. MYTNIK

Now by using the above and Lemmas 6.4 and 6.3 we get (recall that 7 = yo? and e(T, n) is
defined in (6.15)):

e(T, n) =ez rw(T, n) + ey rw(T', n) + ep(T, 1) (6.19)

2 2
=: Y errw /(T m)+ Y _ ey rw (T, n) + ene(T, 1),
J=1 J=1

where

Bu(T) _
es jw,1(T, ) =E /0 fj"-,six > P (2@, (0 — W ), 0))

x,yeAn

x (%(T)fs(x) - %(T%x(Y))

) 2
4 [(ﬁg”(T)_s(x) o ﬁ%n(T)—S(y)) — (f}%n(T)—S(x) - T}En(T)—s(y)) j|> } dS»

Bu(T) _
eerw (T, n)=E /0 f}’,x{x > p,';,,s;%x)Gl’l(u;;nm_x, 1y X y)}ds,

X,yEA,

AulD) n non ~n ~n
eﬂ,RW,l(Tv n)=E o fT,S K Z PxyNls () (2 (uﬁ,,(T)—s(x) - ”ﬁ,,(T)—s(y))

X,yEAn

x (%(T)fs(x) - Vénmfs@))

Bu(T) _
enkw (T, n) =B /0 f#,s{x > PG 1y Ty y)}ds,

X, yeAn

Bu(T) _ z
eor(T, n) =E /0 Y ys:%x)nf:(x)( D GH@y oy V1) x>> ds.

XEA, j=1

Now we are going to show that indeed e(7, n) vanishes, as n — co. We start with the
following technical lemma that was proved in Lemma 2.1 in [7].

Lemma 6.7. Denote by {p’,“(x, y:t>0,x,y¢€ A,,} the transition probabilities of the symmet-
ric nearest-neighbor random walk on the domain A, and let {p,(x, y):t=>=0,x,y€ Zd} denote
the corresponding transition probabilities on 7¢. Let {g:()};>0 be the Green function of the
symmetric nearest-neighbor random walk on Z¢. Then the following hold.

(a) Iftn/n2 — 00 as n— oo, then

sup sup (2'l)d|l7?(x7 y) = (2”)_d| — 0.

1=ty x,yeAp
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Branching particle systems with mutually catalytic interactions 29

d) Ifd>3, and T(n)/ |A,;| = s € (0, 00) as n — oo, then

T(n) 00 )
nlij;O f Ph(x, y)dr= / pulx,y)dt+s= Egoo(x —y)+s.
0 0

First we state the lemma that gives us an important bound on moments of the processes
", V. This is where the condition (2.8) on = y o2 is used.

m~ Let (uf, v}'),_, be a solution of (1.3),
7800

with Q" being a Q-matrix of the nearest-neighbor random walk on A,. Let 91, U2 > 0. Assume
that ug(x) =19, vg(x) = for all x € Ay, Then, forany T < 1,

Lemma 6.8. Let d >3 and j = yo? < =0

sup sup  sup E((u;’(x))4) <oo, and sup sup sup E((v;’(x))4) < o0.
n>10<t<pn(T) xeAy n>10=<t<pu(T) x€Ap

Proof. The proof is technical, however it follows easily from the proof of Lemma 2.2 in
[7]. Since «", V" have constant initial conditions it is easy to see that E(u}(x)”), E(V}(x)"),
E(u} (x)’v}(x)?) are constant functions in x for p > 0. Thus, denote f;* :E((u?(O))4), r} =
E((v;‘(O))“), t > 0. Then following the argument in the proof of Lemma 2.2 in [7, pp.175-176],
one gets that there exists a constant C > 0 such that

t t
i <cot+3° /0 Pa.(0)ds /0 p'2'5(0))72E((u:‘_S(O)v’f_S(O))z) ds

t t
1
<Co}+3 /O Ph(0)ds /0 pgs(O)?2§(f”(t —$)+ 't —s)) ds, (6.20)

and, similarly,
t t 1
() < o3 +3° / Ph(0)ds / pgx(O))?zz(f"(t—s)—f-r"(t—s)) ds,
0 0

Letting J"(r) = [, p4,(0) ds, and

flf =supfy +supry, >0,
s<t s<t
we have
R'(r) < Co193 4+ 3500 721" (1), 1> 0.

From Lemma 6.7 (b) we get that
1 1
lim J"(Bu(1) = z800(0) +1< =g (0) + 1, fort<T<1.
n—00 2 2

Recalling that y < we get that

1
V335 (L goo(O)+1)

- Cody
lim sup A" (B,(T)) <

< 00 T<1.
1> 00 1 —3572(3800(0) + 1)

Since 1(B,(T)) < oo for each finite n, we are done. [l
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From this, we derive the following corollary.

Corollary 6.1. For any x,y € A,

sup sup sup E(Et"(x)f;'t"(y)), sup sup sup E(n;’(x)nf(y))<oo.
n t<B,(T)x,yeA, n t<B,(T)x,yeA,

Proof. By Lemmas 5.3 and 5.4 it is enough to show that.

sup sup sup gy(x,y) < oo,
n t=<pu(T) x,yeAp

where { gre, -)} 1~ 18 the Green function of the symmetric nearest-neighbor random walk on
Ay. Forany t >0, x, y € Ay, we have

g/ (x,y) < ggn(T)(x’ V)= ggn(T)(O» 0).

By Lemma 6.7 (b) sup,, ggn(T)(O, 0) is finite, and we are done. O

Since, for x, y € A, pl(x,y), gf(x, y) are functions of x —y, with some abuse of notation
we will sometimes use the notation pj/(x — ), g/'(x —y) for p}'(x, y), g/ (x, ), respectively.

In what follows, we always assume that = yo2 < m. With Lemma 6.8 at hand

we are ready to treat the terms ey (T, 1), eg rw,2(T, n), and e, rw 2(T, n).

Lemma 6.9. We have

en(T,n) — 0, asn— o0, (6.21)
esrw2(T,n)—> 0, and e,;rw2(T,n)—> 0, asn— oco. (6.22)
Proof. We will show only (6.21), since the proof of (6.22) follows along the similar
lines:
Bu(T) 5
wmnmhEQ/ﬁgihﬁwmm%E:@%%ﬂHﬁ%”wn>m
0 xeN, j=1
Bu(T)
< CeanE / Fr o> yEr o =i
0 xeA,
x (i‘gn(T)—s(x)3 +‘7%,1<T>—s(x)3> ds
Bu(T)
s@me/"zjﬁmwum%mymﬁ+%mﬂmﬁdx (6.23)
0 xXeA,

where the first inequality follows by (6.17) and the second inequality follows by the trivial
inequality i i
7 18 o e = =) < €G! (o),

for all x € A, (recall the definition of £ | in (6.18)).
Consider the process (", V") that solves (1.3) equations with initial conditions

uy(x) = | Anlig(x), (0 = [Aulp(x), Yxe A,
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Then for any s > 0,
g (x) = [Aylig(x), Vi) =[An|7§(x), YxeA,.

Therefore, by the above, (6.23), and Fubini’s theorem, we get

Bu(T)
leor (T, M) < |Aul 7> C17)y / E[Zés”(x)n?(w (aﬁnm_S(xP+0’,§nm_s<x>3)}ds
0

xeN,
E[ > ((%(T)—s(x)>3 + (9§n(T)—s(x))3>}

xeA,

< Ce1nyTIAn""616, sup
s<Bu(T) |An|

3 3
< CormyTIna 0162 sup sup E[( (it r)-®) + (¥,00-®) ) |
xeAn s=pn(T)

where the second inequality follows by Corollary 5.2, and the third inequality is trivial. With
this, to obtain (6.21), it is enough to show that

3 3
sup sup sup E[((ﬁ%ﬂm_s(x)) + (f)gn(T)_s(x)) )] < 00.
n>1xeA, s<pu(T)
However, this follows from Lemma 6.8 and Jensen’s inequality. O

Before we begin analyzing the limiting behavior of eg rw,1(T, n) and e, rw,1(T’, n), we
require a technical lemma whose proof is simple and thus is omitted.

Lemma 6.10. ForanyneN, r > Q,

DD PP, (PR —x2) 4 piOn — y2) 4 PR — y2) + pr o — x2) =4 Ayl

X1,Y1€M, X2,Y2€A,
Now we are ready to derive the limiting behavior of ez rw,1(T, n) and e, rw,1(T’, ).

Lemma 6.11. We have
lim eS,RW,l(T’ n) = O, lim en,RW,l(T» I’l) =0.
n—00 n—o00
Proof. We will take care of ez rw,1(T’, n); the proof for e, rw,1(T, n) is the same:

|ee rw.1(T, n)]

Bn(T)
5C/<E</ VZ’ZS[
0

Y PaEh @ (@0 — B) (@ - 7)) ‘

X, Y€y,

Y PR ) (@ — @) = (70 — 7)) ds}) (6.24)
xX,yeA,
Bn(T) Bu(T)
5CE< / Ji(s)ds + / Jg(s)ds),
0 0
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32 A. JAMCHI FUGENFIROV AND L. MYTNIK

where
T =] > phEs @ (@) — i) (7@ — 7)) |
x,yeA,
n n en ~n ~n 2 ~n ~n 2
Be=| Y Phgh - (@ —am)’ - (e - 7)) |
x,yeA,

Let us bound the expected value of J7:

E(J!(s)) =E

Z PyER, s (#1500 — 75 () (V5 () = 75 () '

X,YEA,

2
= E[( D PER s @) (00 — () (9?()6)—9?@))) }

x,yeA,

Now we will recall the following representation from [16, Theorem 2.2] with ¢ = §,:

) =Prgx) + Y fopioyxc— DVFE V() dBy(2),  x€ Ay,

ZEA n
) =PI + Y fopr e — 0T @) dWk), x€ Ay,
ZEN,
to get
Nt(x )’) _Pt r r('x) P:l r r(y) (625)

= Plliif(x) — P ()

+Z/ Piy(x = 2) = pi_ (v = 2) V@V dBy(),  r=t,

zE€A, 0

where the last equality follows from the Chapman—Kolmogorov formula. Similarly, for r <t
we get
M;(x, y) = Pi_, 37 (x) — P, 7] () (6.26)
=P/ Vy(x) — P{V3(»)

+ Z/ (Pls(x = 2) = pi_ (v — 2)) |/ PHH2)V(2) dWi(2)

zeN, 0

where {B.(2)};cn,» {W.(2)};¢a, are orthogonal Brownian motions.
Note that {N’(x, y)} and {M.(x, y)} are martingales; in addition

0<r<t 0<r<t

iy (x) = i (v) = Pi_, i} (x) = Pt ()|, _, = Ni(x, )|, » 627
f);l(x)—f)?(y)z t—ri};’('x)_ 1— r r(y)|r t Mf”(x’ J’)|r:t .

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.41, on 18 Dec 2025 at 16:56:21, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/apr.2025.10043


https://www.cambridge.org/core/terms
https://doi.org/10.1017/apr.2025.10043
https://www.cambridge.org/core

Branching particle systems with mutually catalytic interactions 33

Then by orthogonality of the Brownian motions B.(z) and W.(z) for all z € A,, and the Itd
formula we get

Z p:cl,ysgn(T)—sMi(xa y)Ng(xv y)

x,yeA,
= Y PaEha (@@ — @) (0 —70)
xX,yeA,
= Z p;yggn(T)—S(x) Z/ s—r r(x) Pr i r())))
X, YEA, 2€An
X (ph_x = 2) = Pl (v — 2)) P RVAE) AW, (2)
+ Z p;lygg”(T)_s(x) Z/ P? r r(x) ;l PV r(y))
X, yEAn €A, 0
x (Pi_(x—2) = pi_(y —2)) |/ 7 ()V(2) dB,(2)
Z p;y%-/gln(T)*S(x) Z i?,l(s’ X Y, Z)
X, yEN, zeA,
+ Y PR @ D T %y, 2)
X,YEA, z€A,
=17 (5) + 1] 5(9).
Note that
E (/i) = C\/ )] +E[(17 )] (6.28)

Thus, let us bound E[(Ii’yl(s))z]: for all s < B,(T), we have

[(I"l(s) Z Z Eﬂ,,(T) y(-xl)gﬂn(T) Y(XZ)) (6.29)

X1,Y1€M, x2,y2€Ap

X Py i Pa.ya Z Z E[i?‘l(S,xl,yl,Zl)i?,1(57x27y2722)]-

71 €Ay 22 €Ay

Note that for z; # z7, i;‘ 1(r, x1, y1, 71) and i;’ 1(r, X2, ¥2, 72) are orthogonal square integrable
martingales for r < s and, hence,

Z Z E[j?,l(svxla}’l,21)77,1(5’352’)’27 22)]

21€A 2€A,

= Z E [i’f’l(s, X1, Y1, z)ii"l(s, X2, ¥2, Z)]
=23 E|:/ Py_ il (x)) — Pi_ il (y) (Ph_,(x1 —2) — ph_, (1 — 2))
0
x (PY_, i} () = PL_, it} (v2)) (Pl (x2 = 2) = pi_, (52 = ) i} 2V} (2) dr}
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34 A. JAMCHI FUGENFIROV AND L. MYTNIK

|:/ D (P =) = Pl — 2n) i)

0 Z1€EA,

P2 —22) — pi_ (2 — 22)) i} (22)

e
X
x (Ph_p(x1 —2) = pi_,(y1 — 2)) (Ph_(x2 —2) — Pl (32 — 2))

X i (2)V(2) dr:|

N

<7y / Y TG G s - DR[£ DI )T ()] dr,

ZEA, 0 21EN, €A,
where X = (x1, x2), y = (y1, y2), 2= (21, 22, 2) and

& 5.2 s—n= m Pl (i — 2) — Pl i — 2| [Pl (i — 2) — Pl (i — 2)] -

By Lemma 6.8 and assumption on the initial conditions of (i, V),
E [} ()it} (22)it} ()7} (2) ]

is bounded by C IAn|_4 uniformly on z, z1, 22 € Ap, ¥ < B,(T) and n > 1. Therefore,

>0 > B[ G xi v 2D (5. x2, 2, 22)]

71 W 22 eAn

S
§C|An|_42/ Y haGE . s—ndr (6.30)

zeN, 0 €Ny 22€A,

JL1(R, Y, s —1) = Z Z Z Ji1G 5,2, 5 — 1.

€A 21€EN, 2EA,

Denote

Now we decompose the term on the right-hand side of (6.30) into two terms

(s—n‘s)Jr S
ClA,™ / J11G, 3, s = rdr+ C[A, ™ [ Ji1G, . s — rdr (6.31)
0 (S_”S)Jr

for some § € (2, d).
By Lemma 6.7 (a) we get

lim sup sup
N=>00 o nd z1,20€A,

a1 z) - i =

for any § > 2. This implies that, for any § > 2, there exists a sequence a, = a,(5), such that

sup sup[pl(wi, wa) — pl(ws, wa)| < (6.32)

s>nd wi,w2,w3€A, |A |

where a,, — 0, as n — oo.
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By (6.32) we immediately get
i@ 5. s =1 < AP ay |Ax ™ =AW d, (6.33)
for s > nd and r < s — n®. Hence for s < Bn(T), we get

(s—n®)4 (s—n®)4
Al f TirGo 3 s — dr < | Aal ™ a |Ag~! / ldr<ClA ', (6.34)

n’

0 0

where the last inequality follows since s < 8,(T) = |A,| T.
Let us treat the second term in (6.31). Note that

Yo Pl —ploi— | < Y Pl — ) +pii—z2) <2, Vi=1,2, s>0.

Zi€Ay Zi€A,

In addition,

> P == Pl o = 2| [P 2 —2) = i (2 — 2|

zeA,

<> (P =+, 01— 2) (Pl 2 — D+ P (2 — 2)

€A,
:Pg(s_,)(xl —x2) +p§(s_,>(yl —y2) +p§(s_r)(X1 —y2) +P’21(s_r)()’l —Xx2),
where the last equality follows from the Chapman—Kolmogorov formula. Then
s
cind™ [ IaGSs-nar

(s—n®)4

nd

<ClA™* / (5, (x1 — x2) 4+ P5,.(r1 — ¥2) + Ph,(x1 — y2) + p5,(v1 —x2)) dr.  (6.35)
0

By (6.30), (6.31), (6.34), and (6.35) we get

Z Z E [7{”1(& X1, V1, Zl)i?,l(& X2, ¥2, Z2)]

21EN, €N,

nS
<C|Aq™ (ai + / (P31 = 22) + P53, (1 = ¥2) + P31 = y2) + P, (1 — x2) dr) :
0
Use the above inequality, (6.29), and also Corollary 6.1 and Lemma 6.10 to get

E[(17, )] =<c( Y > p,’;,,y,p:;,yz|An|—4ai+|An|—4n5|An|)

X1,Y1€0M0 x2,Y2€An

<C(l1An72 a)+ [Aa 7 1), (6.36)
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In the same way, we handle I;”Z(s) and get

E[(I;iz(s))z]fc( SN PP, |An|4a2+|An|4n5|An|)

X1, Y1E€EAR X2,2€A,
< C(1Anl 2 ay + |An 73 1P). (6.37)
By (6.36), (6.37), and (6.28), we have

E [J;’(s)]f\/ E[(Ii’,l(s))2 T ("f,z(s))z]

<C\1Anl 2t + 18,7 w0
<C|An7 a2+ CIAL I 2,

Thus,
Bu(T) Bu(T)
/ E (J1(s)) ds < c/ <|A,,|’1 @+ | Ay 732 n5/2) ds (6.38)
0 0

= Clul (117" @2 +18,1 72 072)

1

1/2
5Caﬁ+C(n) —0, asn— oo,

| Anl

where the last convergence holds since § < d and |A,| = (2n + .
Now we are ready to treat J5(s) in a similar way.
By the It6 formula,

(MEx, y)* = f MG, ) dM3Gx, 3) + (M5, ),
0

and

(Vi) = / Ny (x, y) ANJ(x, y) + (N (x, ), -
0

Note that (Mf (x, y)) = <Nf (x, y)) .- and recall (6.27); therefore

N N

1 ) ) ' !

BE= Y SPEas / M;(x, y) dM3(x, y) — / Ni(x, ) dNS(x, y)
x,yeA, 0 0

If we follow the steps of computations for J{(s), we get that

Bu(T)
lim E / Jy(s)ds | =0.
n—oo
0
Use this, (6.38), and (6.24) to finish the proof. O

Proof of Proposition 6.3. Proposition 6.3 follows immediately from (6.19), and Lemmas 6.9
and 6.11.

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.41, on 18 Dec 2025 at 16:56:21, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/apr.2025.10043


https://www.cambridge.org/core/terms
https://doi.org/10.1017/apr.2025.10043
https://www.cambridge.org/core

Branching particle systems with mutually catalytic interactions 37

Acknowledgments

LM is supported in part by ISF grant Nos. 1704/18 and 1985/22.

Funding information

There are no funding bodies to thank relating to the creation of this article.

Competing interests

There were no competing interests to declare which arose during the preparation or
publication process of this article.

References

[1] AVNERI, E. AND MYTNIK, L. (2025). Uniqueness and longtime behavior of the completely positively
correlated symbiotic branching model. Preprint available at: https://arxiv.org/abs/2504.04792.

[2] BIRKNER, M. (2003). Particle systems with locally dependent branching: long-time behaviour, genealogy and
critical parameters. PhD thesis, Johann Wolfgang Goethe — Universitét Frankfurt am Main.

[3] BLATH, J., DORING, L. AND ETHERIDGE, A. (2011). On the moments and the interface of the symbiotic
branching model. Ann. Probab. 39(1), 252-290.

[4] BLATH, J., HAMMER, M. AND ORTGIESE, M. (2016). The scaling limit of the interface of the continuous-
space symbiotic branching model. Ann. Probab. 44(2), 807-866.

[S] BLATH, J. AND ORTGIESE, M. (2021). The symbiotic branching model: duality and interfaces. In Probabilistic
Structures in Evolution. EMS Series Congress Reports, pp. 311-336. EMS Press, Berlin, [2021] © 2021.

[6] CoX, J. T., DAWSON, D. A. AND GREVEN, A. (2004). Mutually catalytic super branching random walks:
large finite systems and renormalization analysis. Mem. Amer. Math. Soc. 171(809), viii+97.

[7] Cox,J. T., GREVEN, A. AND SHIGA, T. (1995). Finite and infinite systems of interacting diffusions. Probab.
Theory Related Fields 103(2), 165-197.

[8] THEODORE COX, J., KLENKE, A. AND PERKINS, E. A. (2000). Convergence to equilibrium and linear sys-
tems duality. In Stochastic Models (Ottawa, ON, 1998), CMS Conference Proceedings, Vol. 26. American
Mathematical Society, Providence, RI, pp. 41-66.

[9] Cox,J. T., GREVEN, A. AND SHIGA, T. (1998). Finite and infinite systems of interacting diffusions: cluster
formation and universality properties. Math. Nachr. 192, 105-124.

[10] Cox, J. T. AND GREVEN, A. (1990). On the long term behavior of some finite particle systems. Probab.
Theory Related Fields 85(2), 195-237.

[11] DAWSON, D., ETHERIDGE, A., FLEISCHMANN, K., MYTNIK, L., PERKINS, E. AND XIONG, J. (2002).
Mutually catalytic branching in the plane: infinite measure states. Electron. J. Probab. 7(15), 61 pp.

[12] DAWSON, D. A., ETHERIDGE, A. M., FLEISCHMANN, K., MYTNIK, L., PERKINS, E. A. AND XIONG, J.
(2002). Mutually catalytic branching in the plane: finite measure states. Ann. Probab. 30(4), 1681-1762.

[13] DAWSON, D. A. AND FLEISCHMANN, K. (2000). Catalytic and mutually catalytic branching. In Infinite
Dimensional Stochastic Analysis (Amsterdam, 1999). Verh. Afd. Natuurkd. 1. Reeks. K. Ned. Akad. Wet.,
Vol. 52. Royal Netherlands Academy of Arts and Sciences, Amsterdam, pp. 145-170.

[14] DAWSON, D. A., FLEISCHMANN, K. AND MUELLER, C. (2000). Finite time extinction of superprocesses with
catalysts. Ann. Probab. 28(2), 603—642.

[15] DAWSON, D. A., FLEISCHMANN, K., MYTNIK, L., PERKINS, E. A. AND XIONG, J. (2003). Mutually
catalytic branching in the plane: uniqueness. Ann. Inst. H. Poincaré Probab. Statist. 39(1), 135-191.

[16] DAWSON, D. A. AND PERKINS, E. A. (1998). Long-time behavior and coexistence in a mutually catalytic
branching model. Ann. Probab. 26(3), 1088-1138.

[17] DORING, L., KLENKE, A. AND MYTNIK, L. (2017). Finite system scheme for mutually catalytic branching
with infinite branching rate. Ann. Appl. Probab. 27(5), 3113-3152.

[18] DORING, L. AND MYTNIK, L. (2012). Mutually catalytic branching processes and voter processes with
strength of opinion. ALEA Lat. Am. J. Probab. Math. Stat. 9, 1-51.

[19] DORING, L. AND MYTNIK, L. (2013). Longtime behavior for mutually catalytic branching with nega-
tive correlations. In Advances in Superprocesses and Nonlinear PDEs. Springer Proc. Math. Stat., Vol. 38,
pp. 93—111. Springer, New York.

[20] ETHERIDGE, A. M. AND FLEISCHMANN, K. (1998). Persistence of a two-dimensional super-Brownian motion
in a catalytic medium. Probab. Theory Related Fields 110(1), 1-12.

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.41, on 18 Dec 2025 at 16:56:21, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/apr.2025.10043


https://arxiv.org/abs/2504.04792
https://www.cambridge.org/core/terms
https://doi.org/10.1017/apr.2025.10043
https://www.cambridge.org/core

38 A. JAMCHI FUGENFIROV AND L. MYTNIK

[21] ETHIER, S. N. AND KURTZ, T. G. (1986). Markov Processes: Characterization and Convergence. Wiley
Series in Probability and Mathematical Statistics. Probability and Mathematical Statistics. Wiley.

[22] GLODE, P. K. AND MYTNIK, L. (2024). Longtime behavior of the completely positively correlated symbiotic
branching model. Electron. J. Probab. 29, Paper No. 129, 21.

[23] HAMMER, M., ORTGIESE, M. AND VOLLERING, F. (2018). A new look at duality for the symbiotic branching
model. Ann. Probab. 46(5), 2800-2862.

[24] IKEDA, N. AND WATANABE, S. (1981). Stochastic Differential Equations and Diffusion Processes. North-
Holland Mathematical Library, Vol. 24. North-Holland Publishing Co., Amsterdam-New York; Kodansha, Ltd.,
Tokyo.

[25] KESTEN, H. AND SIDORAVICIUS, V. (2003). Branching random walk with catalysts. Electron. J. Probab. 8(5),
51 pp. (electronic).

[26] KLENKE, A. AND MYTNIK, L. (2010). Infinite rate mutually catalytic branching. Ann. Probab. 38(4), 1690—
1716.

[27] KLENKE, A. AND MYTNIK, L. (2012). Infinite rate mutually catalytic branching in infinitely many colonies:
construction, characterization and convergence. Probab. Theory Related Fields 154(3-4), 533-584.

[28] KLENKE, A. AND MYTNIK, L. (2020). Infinite rate symbiotic branching on the real line: the tired frogs model.
Ann. Inst. Henri Poincaré Probab. Stat. 56(2), 847-883.

[29] KLENKE, A. AND OELER, M. (2010). A Trotter-type approach to infinite rate mutually catalytic branching.
Ann. Probab. 38(2), 479-497.

[30] L1, Z. AND MA, C. (2008). Catalytic discrete state branching models and related limit theorems. J. Theoret.
Probab. 21(4), 936-965.

[31] LIGGETT, T. M. AND SPITZER, F. (1981). Ergodic theorems for coupled random walks and other systems
with locally interacting components. Zeitschrift fiir Wahrscheinlichkeitstheorie und Verwandte Gebiete 56(4),
443-468.

[32] MYTNIK, L. (1996). Superprocesses in random environments. Ann. Probab. 24(4), 1953-1978.

[33] MYTNIK, L. (1998). Uniqueness for a mutually catalytic branching model. Probab. Theory Related Fields
112(2), 245-253.

[34] MYTNIK, L. (1998). Weak uniqueness for the heat equation with noise. Ann. Probab. 26(3), 968-984.

[35] PROTTER, P. E. (2004). Stochastic Integration and Differential Equations, 2nd ed. Applications of Mathematics
(New York). Stochastic Modelling and Applied Probability Vol. 21. Springer-Verlag, Berlin.

Downloaded from https://www.cambridge.org/core. IP address: 216.73.216.41, on 18 Dec 2025 at 16:56:21, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/apr.2025.10043


https://www.cambridge.org/core/terms
https://doi.org/10.1017/apr.2025.10043
https://www.cambridge.org/core

	Introduction
	Background and motivation
	Paper overview

	Our Model and Main Results
	Description of the model
	Main results

	Existence and Uniqueness: Proof of Theorem 2.1
	Proof of Theorem 2.2.
	Proof of Theorem 2.2 (a): transient case
	Proof of Theorem 2.2(b): recurrent case

	Moment Computations for S="026E30F Lambda_n
	Proof of Theorem 2.3
	Proof of Proposition 6.1
	Proof of Proposition 6.3
	Acknowledgments
	Funding information
	Competing interests
	References

