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CURVATURE EVOLUTION OF PLANE CURVES
WITH PRESCRIBED OPENING ANGLE

NAOYUKI ISHIMURA

We discuss the evolution of plane curves which are described by entire graphs
with prescribed opening angle. We show that a solution converges to the unique
self-similar solution with the same asymptotics.

1. INTRODUCTION

In [4]), Ecker and Huisken discussed the mean curvature evolution of entire graphs
with linear growth in R®*! n > 2. They proved the long time existence and under
further assumptions, the convergence to a self-similar solution. In this note, on the
other hand, we deal with the evolution of entire plane curves with prescribed opening
angle. We consider the problem:

1) ut:%’ u>0 in —co<z<0o0, t>0,
(2) Uy - —Ky asz— —oco andu, —» K;, asz —> oo fort>0,
(3) u(0,2) = uo(z).

Here 0 < K; < K; < oo are prescribed constants. ug(z) is a given convex function

assumed to satisfy (2) and
(4) (wo — :cuo,,)2 < C(l + 22)1_6

for some constants C > 0 and 0 < § < 1. Notice that (4) does not follow from the
convexity. In fact, there exits a convex function u which satisfies (2) but where the
growth of (u — :z:u,,,)2 dominates z2(1=%) for any 0 < § < 1. For example, we may take
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u=2z—z(logz) ™" for z > €2, u = 271¢* for z < €?. The assumption of convexity
will turn out not to be restrictive.

The growth condition (4) is essentially the same as (3) in Ecker and Huisken [4].
Thus the long time existence and the convergence to a self-similar solution will be
established in a similar way. The novelty of our research consists in analysing a structure
of self-similar solutions for (1).

To derive the self-similar equation corresponding to (1), we employ the so called
similarity change of variables. We set

u(t,z) = v/2(1 +t) - U(r,y), y=\/ﬁz and T=%log(1+t).

Then (1) becomes

U,
5 U, = —2- U +yU,.
(5) T 1+ U2 Ty
A stationary solution to (5) is called a self-similar solution. We show in Section 3 that
the self-similar solution satisfying condition (2) exists uniquely. We remark that (4) is
fulfilled automatically in this case. To summarise, we shall prove:

THEOREM 1.1. There exists a solution of (1) - (3) for all t > 0. Under (4), it

converges as t — oo to the unique self-similar solution with the same asymptotics (2).

Mean curvature evolution is now a huge field of research. We refer to, for instance,
Angenent [2], Ecker [3], Ecker and Huisken [5], Gage and Hamilton [6], Gage and Li
(7], Grayson [8], Huisken [9], [10], and the references there in. (5) is a self-expanding
equation. As to self-shrinking, we refer to, for instance, Altschuler, Angenent and Giga
[1] and the pioneering observations of Leray [12].

After completing this work, Dr G.H. Williams kindly informed us of a related
result; Broadbridge [13] considered the equilibrium solution of (5) for y > 0 under
the conditions U,(0) = given constant and U — 0 as y — oco. He gives the exact
representation of such solutions. We greatly thank Dr G.H. Williams for his interest in
this work.

2. EXISTENCE AND CONVERGENCE OF SOLUTIONS

We first investigate the existence and the convergence of a solution to (1)—(4). As
we mentioned before, we may argue similarly to Ecker and Huisken [4]. We include the
proof, however, for completeness.

First, we derive an a-priori gradient bound. Set w := logv, v := \/H_u'ﬁ and
compute

2 _ 4 -2 2
W =V “Uglhpt =V Uz (u" —2v uzu")

= v_zw" — v_4uzzz < v"zw“ .
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By applying the maximum principle, we find that v is bounded, independent of ¢.
Next, we deal with curvature estimates. Write K = u? = (uz./(1 +u§))2 to
obtain

Ki=v"%K,, — 2v“zut: Rl TR TR T T

<v % K,, —v tusu. Ky .

A uniform bound for K now follows.
As in Proposition 4 of Ecker and Huisken [4], we can also infer that for every
integer 7 2 0 there exists a constant C(i) independent of ¢ such that

2

£+ ’K(") <C(E) fort>0

We may safely omit the details. We simply remark that we have by induction in
particular that K — 0 as |z| — co.

The convexity is preserved along the evolution. To see this, set ¢ = uz, and
differentiate (1) twice with respect to . We arrive at

q: = v—2q=:z - 61)—4“:“::‘1:: —4p* (1 - u:)u:zQ-

Since ¢ 2 0 at ¢t = 0, the maximum principle implies ¢ 2 0 for ¢ > 0. Recall that
qg— 0 as |z| - oo.

Convexity and uniform gradient bounds force u, to converge as |z} — co. In view
of the curvature bound uy; — 0 as |z| — oo, we conclude that (2) will be satisfied.

This completes the proof of long time existence for (1) - (3).

Now we investigate the convergence of a solution u as ¢ — co. To make the
calculation transparent, we introduce some notation.

Let T := v71(1,u,), N := v7}(~u,,1) and k := —v"3u,,. Then we get T, =
—vkN, N, = vkT and

T, = v 2u,N, N;=—v 2u,T.

The corresponding quantities for (5) are distinguished by a tilde. That is, T =
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v1(1,0,), N= 77(~Uy,1) with 3= ,/1 4+ U2 = v and so on.

(1) means vy = —vk; we deduce
0 2 0
=—k— v"zu,t(X, T) - 'v—zb?z(vk(X, T))
= k%(X,N) -2k
7] 62
2wy - Ly

= 2k*(X,N)? — 4k(X,N) — 202 (%(X,N)) ’ .

Here (-,-) denotes the inner product in R?.

From this, we estimate the growth rate of (X,N)? as follows. Define f :=
Q+2t+22+ u2)6_1 and compute

fi—v" o= —(6—2)(6-1) " FLF2
We then obtain

9 2py 2 O )
5 (KNP f) = v o (X, N)* f)
= NPT -4k N) S - 207 (L))

— 47X, N)%(X, Nf.—(2-8)(1 -8 v 2f 52
2(2k% + 1)(X,N)2 f +1

<
<(Ch 4+ t)eczt

(X,N)?f
for some constants C;,C> independent of ¢t. This implies
(6) (X, M) < Cs e (1447 + U?)' .

Here Cj; is again a constant independent of t.

Now we wish to show U2 — 0 as T — 00. As a first step, we compute its evolution.

—:—TUZ = 20, (57 Wryy + 57 (57) Ury — Ur +3Unry ),
62
517U3 =2U,2 +2U,U,,,
0 ~—2 d? 2 _ 2 95~ (71 ~—277 2 .
(E—-v —a—y—z')U.r———zUT-*-( ( )) —21) Ury'
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Due to the lack of a bound for U2 as |y| — oo, we need to introduce the function
= (a+y2+U2)¢_le" for some constants 0 < € < § and @« > 1. a will be
determined later. We have

_ az e—
(% _v_za_ﬁ)g =eg+ygy —2(c — 1)(a+32 +U?) (1 + 9% + U)e”

—(2-e)1-¢€) 5 2g7g2
=(2-¢€)g+tygy +2(1-a)(1~ e)(a +y% + Uz)e_ze"
—(2-¢€)(1 )75 g7 Ngl.

Thus we find
8 538 \,2 (0 L, PN\N,2, 2(0 -0
(o =7 a) Vo =0 (5 -0 v+ (5 -7735)
— 25724, (U2)y
i\ O
= —eUlg+ (y+ 257 (5 1)) (U2g)

+2(1-a)(1-e)(a+y® +U2) e"Uf
_ 1-}'—1 (E_I)ygy eer Uz
~ 407U, Ury g, — 20 2gUZ,
~(2-¢e)(1-e)'52g71g2U2.

By virtue of (2 —€)(1 —€)™" > 2, the sum of the last three terms is negative from the
Schwartz inequality. Recalling the curvature bound ‘(E_I)yl < C, we find

'1‘;—1 (5—1)ygy CCTU.,Z.

€
< &2
< 5Uzg
if we choose a sufficiently large. We then obtain
8 _,0 2 €112 ~—1(~-1 3 (12
(5; S ) Uls < 35Uk + (v +37(67), ) 5, (U29):

Since (6) makes UZg — 0 as |y| — oo for every 7 > 0, the maximum principle implies
that UZg < C independent of 7, which means

U?—-0 ast—0 forall fixed y € R.

Combining this with Theorem 3.1 below, we finally conclude that the proof of Theorem
1.1 is finished.
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3. STRUCTURE OF SELF-SIMILAR SOLUTIONS

This section is concerned with the structure of solutions for the equation

Uy/(1+U2)=U—yUy,, U>0 for —oo <y < oo,
U(y) > o0 as |y| — oo.

(M

Every solution of (7) will be seen to become asymptotically linear as |y| — co. Moreover
we have the following

THEOREM 3.1. Let 0 < K; < K, < oo be arbitrarily given constants. Then
there exists a unique solution U(y) to (7), which is necessarily convex, such that

U(y)=—K2y+o(|—1—l) as y — —0o
Y

1
Uly) = K1y+o(|—y—|) as y — +oo.

The proof proceeds similarly to the author’s previous work [11], but we carry it
out here, since it is shightly different and the uniqueness is newly established.

Before going into details, we observe that it suffices to consider only the symmetric
case Uy(0) = 0. To see this, we argue as follows. Since the linear function U = ay solves
(7) for every a € R, U(y) claimed in Theorem 3.1 is in the region {U > —Kpy}N{U >
Ky} from an interior touching principle. Thus, (7) can be parametrised by polar
coordinates; (U(6), y(8)) := (R(8)sin b, B(6)cos8) with R? = U2+y? for 6, < 0 < 0,.
0; € (0,7) are determined by 6; = arctan K, §; = — arctan K; . (7) is equivalent to

—k=(X,N),

where

X = (U(o), y(o)): N = ”_1(_'.'/8,(]0)’ v? = U02 +yg

and
_ Uss yo — Us yse

k: 3

v

(7) is now transformed into
@) { 1= (RRgo — 2R% — R?)/(R? + R2)® for 6, <0 <6,

R > o as 60— 6,,06,.
One sees that (8) is invariant under the translation 8 — 8+c,c € R; the solution of (8)
is characterised through 8; — 8;. Only the centre of scaling is different. Therefore, we

just have to establish the next proposition which says that for every 6, — 8, € (0,7),
there corresponds the symmetric solution uniquely.
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PROPOSITION 3.2. There exists a one-parameter family of convex solutions
U(y; Uo) for (7) such that

U,(0)=0, U(0)=U,>0.

We define a(Uy) := lim Uy(y;Us). The function Uy — a(U,) is strictly increasing
y—oo
and provides a homeomorphism from R* = {z > 0} into itself.

PRrOOF: We divide the proof into several steps.

1. U(y;Uq) exists for all y € R.

The solution U(y; Ug) of (7) with U(0) = Uy and U,(0) = O certainly exists on
some interval (—y1,%1). Uyy > 0 by virtue of Uy, (0) = Up > 0. If there exists a point
y2 > 0 such that Uyy(y2) = 0 but U,U, are bounded, then we have U(™)(y;) = 0
for n > 2, performing successive differentiations on (7). The analyticity of the regular
elliptic equation leads to

U(y; Uo) = Uy(y2)(y — 32) + U(w2),

a contradiction.

If there exists a point y3 > 0 with U(ys) = oo or Uy(ys) = oo, then we may choose
C: so that U = Ciy touches U(y;Us); U(y;Uy) 2 Ci1y on (0,ys) and U(ys;Uo) =
C1ys, Uy(ya; Us) = C, for some yq4 € (0,y3). U = C1y is a solution to (7). Thus, this
cannot happen; U(y;Up) exists on all y € R, keeping the convexity.

2. o(Up):= y]i’ugo Uy(y; Uo) < oo is defined.

Let I(y;U,) := arctanU,(y;Up). Since I(0) = 0, I,(y) > 0, we infer that 0 <
I(y) < /2 for y > 0 and the limit B(Up) := ylex;oI(y; Us) € w/2 exists. We show
that B(Us) < w/2. If B(Us) = w/2, then U, increases to co as y — oo. However, the
concavity of arctanz for z > 0 implies I,(y) — 0 as y — oo; thatis, U -y U, — 0.
Therefore, U/y — Uy = 0('/,),Uyy = 0(*/,?), which is a contradiction to U, — oo as

y — oo. The claim is proved. 0
To proceed further, we need a lemma.
LEMMA 3.3. Every distinct pair of solutions to (7) intersect at most once.

ProoF: For a contradiction, suppose two distinct solutions U, (y), Uz(y) intersect
at y1 < y2 with Ui(y) > Uz(y) for 11 < y < y2. Integration of (7) over the interval
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(v1,y2) gives

V2
arctan Uyy(y2) — arctanUsy(y1) = / (Ur — yUyy)dy

n

V2
= / 22U dy - yzUl(yz) + 9 Ui(y)
¥

1

va

> / 2Uzdy — y2Uz(y2) + 91U2(31)
n

= arctan Usy(y2) — arctan Uzy(y1) -

We find a contradiction in view of Uiy(y1) 2 Uzy(y1) and Usy(y2) < Uzy(y2).

3. a(Ui) < aUz) for Uy < Uyp.

Lemma 3.3 gives a(Uio) < a(Ux). We show the strictness of the inequal-
ity indirectly. Suppose for some Uip < Uy we have a(Uig) = a(Uaz). Consider
Un(y;Uo) := Ui(y;Uro) + h. Uy is a supersolution, satisfying Us, = Uy, and
Uh —yUnsy > Uy — yUsy. Since Unyy(0) = Urg < Uzg = Uayy(0), by letting h — 0 we
discover some k& so that U_; touches U, from above. This is prohibited by the interior
touching principle.

4. U]';I—Iolo a(Uy) =0.

If not, there is a § > 0 such that
Ul‘:r_n.0 a(Up) = 6.

Introduce a comparison function

V1462

U(y) =Ug+C —+/C?—-y? where C = 1+ 52 Us.

U(y) has a tangency with U = 6y at y; = Uy (1 + V1 +68%)/6V/1+ 82 < C. That is

6y1=U0+C-‘\/Cz_y2 and 6:\/%
-

Since U(y) = U(0;Uy) = Uo, U,(0) = U,(0; Up) = 0 and
ﬁyy(o) =C7'> va(O;UO) = Vb,

we see that U(y) > U(y;Us) in some neighbourhood of y = 0, taking Uy sufficiently
small. Furthermore, we compute

U'.'Iy 7 7 1 2
Y U 4+yUy= ——{1- (U +C)VC? -y +C?} >0
1+U3 v /02_y2 (
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on 0 <y <y +e< C for some ¢ > 0, choosing Uy smaller if necessary. Recalling
that U(y;Uo) cannot intersect with U = §y and so U(y1;Up) > by1, we conclude this
is impossible.

5. im a(Up) = oo.

Up—oo

Suppose on the contrary that U(l)ig:loo a(Up) = M < oo. We deduce that for any

€ > 0, there exists y; > 0 and U such that
O0<U(y;Up)—My<e for y2y; and U > U,

invoking U —yU, — 0 as y — co. Define U(y) := U(y; U10)+2¢ and compare this with
the solution U(y; Uie + 3¢). We have U(0) < U(0; Uyo + 3¢) and U(y:) > My, +2¢ >
U(y1;Uo + 3¢). U is a supersolution and hence, this is a contradiction.

6. Ug+ a(Up) is continuous.

By virtue of the monotonicity of a(Up), the set of discontinuity points {Uj;} is

countable. Let Uy be one of them. For some € > 0, we find

. < & .
U(}ITIII}IO a(UO) tes Uglllll}lo a(Uo)

From the convexity of U, there exists y,, such that

. € .
. — < . > .
pim Uy(y;Us) + 5 < lim Uy(y;Uo) forall y >3

The continuity with respect to the initial value on the bounded interval [0,y1] does not
allow this.
The proof is now complete. 0
A usual limit process shows that the case K; = 0 is valid in Theorem 3.1. To be

precise, we obtain

CoROLLARY 3.4. For every K > 0, there exists the unique solution U(y) of
(7) such that
1

U(y)=—Ky+o(m) 25y — —o0

061 o((5) v 4

ProoF: Let {L,}, n = 1,2,..., be a sequence with K > L; > Ly > --- — 0.
Consider the corresponding sequence of solutions {Un(y)} to (7), which are given by
K, = K and K; = L, in Theorem 3.1. U(y;Us) with a(Us) > K for y € R and
U = —K/2y for y < 0 serve as upper and lower barriers on any bounded interval,
respectively. Moreover, we have 0 < Upy(y) < K. We can extract a convergent
subsequence on any bounded interval. A standard diagonal argument yields the desired
conclusion. Finally, the uniqueness follows as before; transform the equation into (8),
translate the § variable and appeal to the uniqueness of the symmetric solutions. [
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