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1. Introduction

The main purpose of this paper is to establish the existence and uniqueness of
solutions for a strongly non-linear elliptic equation with irregular data and very
mild limitations on the growth of the operator. The leading part of the operator
satisfies general growth conditions settling the problem in the framework of fully
anisotropic and inhomogeneous Musielak—Orlicz spaces generated by an N-function
M :Q x R™ — [0,00). Note that no growth hypothesis of doubling type is assumed
on the function M. The price we pay for relaxing the condition is to assume that
there is a condition balancing the behaviour of M with respect to its variable, which
can ensure the density of smooth functions in the related Sobolev-type space.

Let us present our framework. Suppose that €2 is a bounded Lipschitz domain in
R n>1f:Q—R, feL(Q) and F € Ep-(Q;R"). In this paper, we study the
following problem

—div (A(z, Vu) + ®(u)) + b(z,u) = f+divF  in €,
(1.1)
u(z) =0 on 09,
(© The Author(s), 2023. Published by Cambridge University Press on behalf
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where the function A : Q x R" — R” satisfies the following conditions:

(A1) A is a Carathéodory’s function (i.e. measurable with respect to the first
variable and continuous with respect to the second one);

(A2) A(x, 0) =0 for almost every = €  and there exist an N-function M : Q x
R™ — [0,00) and constants cf, c3', ¢4, it > 0 such that for all £ € R" we
have

A(,8) € > M(x,c'€)
and
e M (&, 5! A(x,€)) < Mz, ¢€);
(A3) For all £, n € R™ and a.e. x € Q) we have

(Az,§) — A(z,n)) - (€ —n) 2 0.
Moreover, we assume
(P) ®:R — R™ is a Lipschitz continuous function;

(b) b: Q2 xR — R is a Carathéodory’s function nondecreasing with respect to
the second variable, and such that b(-, s) € L'(Q) and b(-, s)sign (s) > 0 for
every s € R.

As it is well known when the operator A(z, £) = |£[P72¢ or M (z, €) = |€[P, the
problem is posed in the classical Sobolev setting. However, in the real world,
the non-linear terms involved in the problems are often of non-standard growth. The
study of differential equations with non-standard growth conditions has attracted
extensive attention in recent decades. We refer to [22, 31, 43] for problems governed
by conditions of (p, q)-type. Variable exponent problems were introduced in [23,
27]. This paper deals with elliptic problems under conditions expressed by a gener-
alized Orlicz function. Musielak—Orlicz spaces, which include the variable exponent,
Orlicz, weighted and double-phase spaces, have been studied systematically starting
from [46, 50, 51]. There have been wide research activities in the Musielak—Orlicz
spaces. We refer to [32, 42] for the existence of solutions in isotropic, separable
and reflexive Musielak—Orlicz—Sobolev spaces. In [30] separable, but not reflexive
Musielak—Orlicz spaces were applied. We would like to point out that non-linear
elliptic boundary value problems in non-reflexive Musielak—Orlicz—Sobolev type set-
ting were first considered by Donaldson in [29] and followed by Gossez [33, 34].
We mention that [20, 21, 40] laid the cornerstone for studying the PDEs problem
in fully anisotropic spaces. [2, 4, 19] were devoted to the study of problems in
anisotropic Orlicz spaces governed by a possibly fully anisotropic modular function
that is independent of the spatial variables. For the problems that are in the same
time of general growth, inhomogeneous and fully anisotropic, we refer to [16, 17,
24, 39, 41], but none of them are concerned with the lower order terms. In particu-
lar, to comprehend the background of our problems better, we refer the readers to a
monograph [15] and a review paper [12] discussing PDEs in Musielak—Orlicz spaces
for details. We also mention the paper [44] which is a comprehensive overview of
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recent results concerning elliptic variational problems with non-standard growth
conditions and related to different kinds of non-uniformly elliptic operators.

Our focus in this paper is to establish the existence of solutions for problem (1.1).
Since we consider problems with data of low integrability, the weak solutions are not
well-defined and we need to consider a generalized definition of solutions, namely
renormalized solutions. The notion of renormalized solutions was first introduced
by DiPerna and Lions [28] for the study of the Boltzmann equation. The concept
was then adapted to the study of some non-linear elliptic and parabolic problems
[6, 7]. The existence of renormalized solutions in the variable exponents setting was
considered in [53, 55]. We refer to [47, 49, 56] for this issue in the non-reflexive
Orlicz—Sobolev space.

There have been many articles about the renormalized solutions in
Musielak—Orlicz space. Gwiazda et al. [36] proved the existence and uniqueness of
renormalized solutions in the non-homogeneous and non-reflexive Musielak—Orlicz
spaces for a general class of non-linear elliptic problems associated with the
differential inclusion

B(z,u) — div (A(x7 u) + F(u)) >f,

where f € L'(€2). The growth and coercivity conditions on the monotone vector
field A are prescribed by a generalized N-function M which is anisotropic and
inhomogeneous with respect to the space variable, and As-condition was imposed
on the N-function M*. We refer to [37] for the corresponding parabolic problem
under the same assumption on M*. This work was then extended by Gwiazda et al.
in [35] for N-function M* not necessarily satisfying the As-condition. The authors
in [35] proved the existence of renormalized solutions to the elliptic equation

—div A(z, Vu) = f € LY(Q),

in a fully anisotropic space. In [35-37] the leading part of the operator satisfies
condition

ca (M(x, ) + M"(x, Az, 5))) < Az, §)¢

for ¢4 € (0, 1], which covers more narrow family of operator than our condition
(A2). See [15, Section 3.8.2] for detailed explanation.

Inspired by the above papers, we want to extend the results obtained in [18, 35,
36]. We proved the existence of renormalized solutions for Eqn (1.1) in the setting of
fully anisotropic and inhomogeneous Musielak—-Orlicz spaces. Under an additional
strict monotonicity assumption, uniqueness of renormalized solution is established.
Many well-known results in the variable exponent, anisotropic polynomial, double
phase and classical Orlicz setting are covered by our paper. We emphasize that no
growth hypothesis of doubling type is assumed on the function M. Thanks to [9],
we have the following balance condition, which gave us a sufficient condition to
guarantee that the smooth function is modular dense in Musielak-Orlicz space. We
shall stress that it is only applied to ensure the density of smooth functions.
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Balance condition (B). Given an N-function M : Q x R™ — [0,00) suppose
there exists a constant C; > 1 such that for every ball B C Q with |B| < 1, every
x € B, and for all £ € R™ such that |{| > 1 and M(z, Cy§) € [1, \T}"I} there holds
SUPyep M(y’ g) < M(I7 CM&)

Note that in the isotropic and doubling regime, this condition is known to be
sufficient to the boundedness of the maximal operator. Moreover, when d = 1 they
are equivalent [38]. Condition (B) is essentially less restrictive than the isotropic
one from [1] or the anisotropic ones used in [15, 35]. Following [9, 38|, we give
examples of N-functions satisfying the above balance condition. See also [10] for
more general condition than (B).

ExaMPLE 1.1. The following N-functions fit into our setting.

e Variable exponent case: M(x, &) = |£[P(®), where p(z): Q — [p~, pT] is log-
Holder continuous and 1 < p~ < p(+) < pT < oo; see the proof of [38, Proposi-
tion 7.1.2].

e Double phase case: M(x, &) = |£P + a(x)[€|?, with 1<p<g<oo, 0<acE
C%(Q), a € (0, 1], ¢/p < 1 + a/n; see the proof of [38, Proposition 7.2.2].

e Anisotropic variable case: M (z, £) = >0, |&[P®), where p;(z) : Q — [p;, pi]
are log-Holder continuous and 1 < p; < p;(-) < pif < oo; see [9, Subsection
4.4).

e Anisotropic double phase case: M (z, &) = Y7 1 (|&]P + a;(2)]&|?), where 1 <
pi < q <00, 0< a; € CO(Q), a; € (0, 1], and ¢;/p; < 1+ a;/n; as well as
anisotropic multi-phase case (also with Orlicz phases), see [9, Subsection 4.4.].

Taking into account [19] and [9, Section 4] one can provide an explicit condition
that implies (B) even in the case when the anisotropic function M (z, £) does not

admit a so-called orthotropic decomposition Z?Zl M;(z, &) even after an affine
change of variables.

Before we give the definition of renormalized solution to (1.1). We shall introduce
the truncation Ty (s) as follows

s ls| < &
Tis(s)(x) = {ks Is| > k. (1.2)

Note that as a consequence of Lemma 2.1 of [5], for every measurable function u
on  such that Ty (u) € Vit Ly for every k > 0, there exists a unique measurable
function Z, : @ — R¥ such that

VT (u) = X{ju|<k} Zu for almost every x € Q and for every k > 0,

where yg denotes the characteristic function of a measurable set E. We will
understand Vu as a pointwise limit of VT (u) as k — oo.

https://doi.org/10.1017/prm.2023.113 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.113

Existence of renormalized solutions )

DEFINITION 1.2. We call a function u a renormalized solution to (1.1), when it
satisfies the following conditions:

(R1) u:Q — R is measurable and for each k > 0
Te(u) € Vi Ly (Q) N L2(Q),  A(x, VTi(u)) € La-(Q;R™),
where
Vi Lar(Q) = {p € W' (9) : Vip € Las (% R™)}.
(R2) For every h € CLHR) and all p € V3 Ly (2) N L>(Q) we have

/Q.A(:U, Vu) - V(h(u)p) + @(u) - V(h(u)p) + bz, u)h(u)p dx

= / fh(u)p+ F -V (h(u)p)de.
Q
(R3) f{l<\u|<l+1} Az, Vu) - Vudz — 0 as | — oo.
Our main result reads as follows.

THEOREM 1.3. Suppose f € L*(Q), F € Ey-(R™), an N-function M is reqular
enough so that C°(Q) is dense in Vi Ly (Q) in the modular topology. Function
A satisfies assumptions (A1), (A2) and (A3), ® satisfies (P), and b satisfies (b).
Then there exists at least one renormalized solution to the problem

—div (A(z, Vu) + ®(u)) + b(z,u) = f + div F in Q,
u(z) =0 on o9,

Namely, there exists u, which satisfies (R1)—(R3).

PRrROPOSITION 1.4. Under the assumptions of theorem 1.3, if we assume that s —
b(-, s) is strictly increasing, then the renormalized solution is unique.

We briefly introduce our approach to the proof of our main results. Our growth
conditions put the problem in an inhomogeneous and fully anisotropic setting. We
address the challenges that come from the lacking of the growth condition and the
presence of lower order terms. The main difficulty lies in that there are no condi-
tions of doubling-type assumed for function M(x, §) as it was done in [13, 36]. Tt
complicates the understanding of the dual pairing since Lj; is not dual of L« in
general. We consider (A2), which is a more general growth condition than those
employed in [15, 35, 36]. This essentially affects the derivation of a priori estimates.
The classical results are not applicable due to the generality of the situation con-
sidered, such as Sobolev embeddings or Rellich—Kondrachov compact embeddings.
There is no good embedding of fully anisotropic Musielak—Orlicz—Sobolev spaces
into Musielak—Orlicz spaces. The appearance of lower-order terms complicates the
analysis of the problem. This is particularly well visible in the identification of some
limits in our approximate procedure (step 5 of the proof of theorem 1.1), as well
as in the argumentation that the limit of the approximation shares properties of
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renormalized solutions (step 6). There are just a few results that deal with the
anisotropic problems with lower-order terms. We can only refer to [25, 36], but
they do not cover the generality of the problem. Moreover, unlike the operator
considered in [3, 54-56], we do not need the operator of the problem (1.1) to be
strictly monotone. Also, the low integrability of the right-hand terms leads to sig-
nificant difficulties in convergence studies. The set of smooth functions is not dense
in the norm topology in the general Orlicz—Sobolev spaces, so we need to impose a
balance condition, which can ensure the density of smooth functions in the related
Sobolev-type space.

This paper is organized as follows. In § 2, we state some basic results that will be
used later. We will prove the main results in § 3. Uniqueness of the renormalized
solution will be proved in § 4.

2. Preliminary lemmas

In this section, we introduce some fundamental definitions and auxiliary results.
By Q we always mean a bounded domain of R™ with Lipschitz regular boundary.
If not specified, a constant C' is a positive constant, possibly changing line by line.
By C2°(£2) we mean the set of compactly supported smooth functions over Q2. We
begin with N-functions and the Musielak—Orlicz space setting.

DEFINITION 2.1. A function M(x, ) : Q@ x R™ — R s called an N -function if
e M is a Carathéodory function;

e M(x,0)=0 and & — M(zx, §) is a convex function with respect to & for a.a.
x e

o M(x, &) = M(x, =§) for a.a. x € Q and all § € R";

e there exist two conver functions my, ma : [0,00) — [0,00) such that
ma(s)

lim () =0= lim (5) and  lim m17(8) =00 = lim ,
s—0t S s—0t S §—00 S $—00 S

and for a.a. x € Q
ma([€]) < M(z,&) < ma(|€]).

For an N-function we define the general Musielak—Orlicz class £/(£2; R™) as the
set of all measurable functions £(z) : @ — R™ such that

/QM(x,f(x))dx < 0.

The Musielak—Orlicz space L (2;R™) is the smallest linear hull of £y/(Q;R™)
equipped with the Luxemburg norm
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The space Ej(€2;R™) is the closure in Lj/-norm of the set of bounded functions.
Equivalently, Ly (€;R™) and Ep(2; R™) are defined as sets of functions £ : @ — R™
satisfying

/QM(J:, X(z))dx < o0

for some A € R and for every A\ € R, respectively [15, Lemma 3.1.8]. We also note
that (En(Q;R™))* = Lp«(R™) and (Ep-(Q;R™)* = L (Q;R™) [15, Theorem
3.5.3] but no other duality relations are expected.

The complementary function to M is

M*(x,n) = Eseuﬂg(f “n— M(z,§)).

If M is an N-function and M™* is the complementary function to M, then the
following Fenchel-Young inequality is satisfied

[€-n| < M(x,8) + M*(x,n) forall £,neR" and a.e. x € Q.

Moreover, if M is an N-function and M™ its complementary, then the generalized
Holder inequality holds, e.g.

|/Q€~ndz

We say that a sequence {&,}5%, C Lp(€;R™) converges modularly to & in
L (€;R™), if there exists A > 0 such that

/M(m,§n€>dxﬂ()asn%oo.
Q A

For the notion of this convergence, we write &, M, &.
Then, we shall give some preliminary lemmas related to N-functions and
Musielak—Orlicz spaces.

<2€lleamlInlln,,. forall &€ € Ly (Q;R™) and n € Lag-(Q;R™).

PROPOSITION 2.2 [9, Theorem 1]. Assume that  is a bounded Lipschitz domain
and M is an N-function which satisfies the balance condition (B). Then, for every
u € Vi Lp () there exists a sequence {us}s C C2°(Q) such that

us — u in LY(Q) and Vug 2 Yu in Ly (S R™)
Furthermore, there exists a constant ¢ = c(S2), such that ||us|| o) < c||u|[L=()-

LEMMA 2.3 de la Vallée Poussin theorem [15, Lemma 3.4.2]. Suppose M is an
N-function and let {&,}nen be a sequence of measurable functions &, : Q — R™
satisfying

sup/ M(x, &y (2)) da < oo.
neNJQ

Then the sequence {&, ynen is uniformly integrable in L*().
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LEMMA 2.4 [15, Lemma 3.1.14]. Let M be an N-function.

(1) If € € L (R™) and [|€][L,, <1, then [o M(z, §(z)) da < [[€]l Ly, -
(2) If € € L (R™) and [|€][L,, > 1, then [o M(z, &(z)) da > [[€] Ly, -

LEMMA 2.5 [15, Lemma 3.8.2]. Suppose M is an N-function and A : Q x R® — R"
satisfies (A1), (A2), (A3) and suppose ||A(-, §) - &||p1(q) < & Then there exists a
constant C' > 0 depending only on the parameters from (A1), (A2) and é such that
||'A<> £)||LAI* <C.

Next, we point out that the existence of weak solutions to the following problem
follows directly from [18, Theorem 1.1].

PROPOSITION 2.6. Let Q2 be a bounded Lipschitz domain in R™. Suppose that an N -
function M is regular enough so that C2°(Q) is dense in Vi Ly (2) in the modular
topology. Assume further that g € L>(Q), F € Ep«(;R™), function A satisfies
assumptions (A1), (A2) and (A3), ® is a bounded and continuous function, and b
satisfies (b). Then there exists a weak solution to the problem

—div (A(z, Vu) + ®(u)) + b(z,u) = g+ divF in Q,
u(z) =0 on 00,

Namely, there exists a function u € Vi Ly (Q) satisfying
/ A(x,Vu) - V¢ + ®(u) - Vo + b(x,u)pde = / godx —|—/ F-V¢dx
Q Q Q

for all ¢ € Vi Ly () N L ().

In fact, for each g € L*°(£2), we know that there exists H : 2 — R"™, such that
g =divH and H € Ep-(Q;R™). The fact one can take H € Ejpy«(€;R™) is a conse-
quence of properties of Bogovski operator. This is explained in [15, Remark 4.1.7]
with the use of [52, Lemma I1.2.1.1].

LEMMA 2.7 [15, Theorem 4.1.1]. Suppose A :Q x R™ — R™ satisfies condition
(A1)-(A2) with an N-function M : Q x R™ — [0, c0). Moreover, assume that there

exist
a € Ly~ (5 R™) and € € Ly (€ R™)
such that
/ (= A(z,m)) - (€—n)dz =0 for allm € R™.
Q
Then

Az, &) = a a.e. in .
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LEMMA 2.8 [15, Lemma 8.22]. Suppose z, =< z in L'(Q) and ws, w € L>().
Assume further that there exists a constant C'> 0 such that sup,cy ||ws||eo < C

a.e.
and wg ——— w. Then

§— 00

lim wszsdx:/wzdm.
Q Q

§—00

Young measures are now a standard tool for non-linear analysis. We will need
the following version of the generalized fundamental theorem on Young measures
from [15], where by M(R™) we denote the space of bounded Radon measures. A
sequence {z; }jen of measurable function z; :  — R™ is said to satisfy the tightness
condition if

hm sup [{x : |z;(z)| > R} =0.

—»ooje

LEMMA 2.9 Fundamental theorem for Young measures [15, Theorem 8.41].
Let Q@ CR™ and z; : Q@ — R"™ be a sequence of measurable functions. Then there
exists a subsequence {z;} and a family of weakly-+x measurable maps vy : @ —
M(R™), such that:

(1) va 20, |vallm@n) = Jgn dve <1 for a.e. x € Q.

(2) For every f € Co(R™), we have f(z;) = f weakly-+ in L>(S2). Moreover,

f= f( ) dvz(A).

(3) Let K C R™ be compact and dist(zj, K) — 0 in measure, then supp v, C K.
(4) vzl merny = 1 for a.e. x € Q if and only if the tightness condition is satisfied.

(5) If the tightness condition is satisfied, E C Q) is measurable, f € C(R™), and
{f(2))} is relatively weakly compact in L*(E), then

flz)) = f in LYE) and f= A V) dvg (A).
The family of maps v, : @ — M(R™) is called the Young measure generated by {z;}.

LEMMA 2.10 [45, Corollary 3.3]. 27 : Q — R" generates the Young measure v, B :
Q x R* — R is a Carathéodory function. Then

liminf | B(z,2’(z))dx > /Q/n B(z, \)dv,(N\) da.

j—oo Jo

DEFINITION 2.11 Biting convergence [15, Definition 8.36]. Let f;, f € L'(2) for
every j € N. We say that a sequence {fj}jen converges in the sense of biting to

[ in LY(Q) (and denote it by f; LN f), if there exists a sequence E; of measurable
subsets of Q such that lim |E;| =0 and for every j we have f; — f in L*(Q\ E;).
Jj—00
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LEMMA 2.12 Chacon’s biting lemma [48, Lemma 6.6]. Let 2 € R™ be a mea-
surable set and let the sequence {f;}3° C L'(Q) be bounded in L'(Q). There exists

a subsequence of indices, still denoted by j, and a function f € L*(Q) such that
b
Ii—= I

LEMMA 2.13 [48, Lemma 6.9]. Let f; € L'(Q) for every j € N, 0 < fj(x) for a.e.
x € Q. Moreover, suppose

i f and hmsup/fjda:gffdx.
Q Q

Jj—00
Then
fi = f weaklyin L*(Q) for j— oo.

3. Existence of renormalized solutions—main proof

Now, we are in the position to prove our main result. The whole proof is divided
into 6 steps. We begin with the existence of a solution to a problem with truncated
data, then we show a priori estimates and the energy control condition for solutions
to the problem. After that we focus on the most challenging part—passing to the
limit with the level of truncation. In the last step, we show that the function u that
we obtained as a weak limit, is in fact a renormalized solution. This is the place
where Young measures appear.

Proof of theorem 1.3. Step 1. Problems with truncated data.
The existence of a weak solution to the problem

{— div (A(z, Vu) + @4 (u)) + b(z,u) = T,(f) + div F in Q,
u(z) =0 on 00,

for every s >0 is a consequence of proposition 2.6 with g =Ts(f), ®s(u) =
®(Ts(u)). Namely, there exists a function u, € Vi Ly () satisfying

for all ¢ € Vi Lar(2) N L>(9).

Step 2. A priori estimates
We test the function (3.1) by Ty (us) to get

/QA(J:, VTi(us)) - VT (us) dz + /

D(Ts(us)) - VTk(us)der/ b(x, us)Tk(us) da
Q

Q
- /Q ()T () + FVTi(u,) d.

Using condition (A2) we get an estimate
1

1
5 M(m,cf‘VTk(us)) dr < 5/ A(x,VTk(us)) - VT (us) da.
Q Q

https://doi.org/10.1017/prm.2023.113 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.113

Existence of renormalized solutions 11

Since @ is continuous, we can apply the chain rule theorem for Sobolev functions.
We notice that there exists a function G : R — R™ such that G(0) = 0 and we have
div G(T(us)) = ®(T(us)) - VI (us). Therefore, the Gauss-Green theorem yields:

/Q<I>(Tk(us)) - VT (us)dz = 0.

Moreover, the Fenchel-Young inequality and the definition of N functions allow us
to infer that

4 cf of * 4
Al VT(u)de < | M| @, =-VTi(us) ) do+ | M* |2, 7 F | do
Q Q Q

A A

1 4
< f/ M(x,cflVTk(us))dz—i-/ M* <x,AF> dx.
4 QO Q 1

And thus, according to M(z, £) > 0 for almost every x € Q and every & € R™,
b(x, us)Tk(us) > 0 as b satisfies condition (b), we have

i/ﬂM(m, cf‘VTk(us)) dz + %/Q.A(x, VTk(us)) - VT (ug) da

4
< [ ar (a:F> VT,
/Q c{t ()

Since F' € FEp+(2) by assumption, the right-hand side of the latter inequality is
finite and we infer that

/QA(x,VTk(us)) < VTi(us)de < C

and
/ M (z, ¢ VTi(us)) dz < C.
Q

Furthermore, by lemmas 2.4 and 2.5, we have

1
IVTk (us)|| L,y < o (/ M(x,cf‘VTk(us)) dz + 1) <C (3.2)
1 Q
and
IAC, VT (us))l| £y < C, (3.3)
where C' is independent of s. O

Step 3. Energy control.
Now we will show that for every weak solution us to (3.1) there exists a ~:
[0, 00) — [0, c0) independent of s and I such that lim; .o v(¢t) =0 and for every
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12 B. Budnarowski and Y. Li

>0
l
Az, Vus) - Vugde <y ———= (3.4)
{I<]us|<l+1} ml(Cll)
for some ¢; = ¢1(2) > 0, where m; is the minorant of M in the definition of an
N-function.

Considering properties of truncations, we infer

/ A(z,Vug) - Vusdo = / Az, VT4 (us)) - VI (us) do
{1<lu | <l+1} (<] <l+1}

- /Q A, Vug) - V(Tiy1 (uy) — Ti(uy)) da.

(3.5)
Testing (3.1) by (T41(us) — Ti(us)) , we have

/ A, Vi) Vi) o+ [ B (1) - Visa (1) do
{i<luo|<t+1} {i<us|<l+1}

b, us)(Tio1(us) — Ti(us)) da

+/{z<|us} (£, 142) (Thga (1) — Ti(us)

— [ A Vu) - I (T (u) ~TiGw) do + [ @u(0) - 9 (s (02) ~ Ti(w,)) da
Q Q
+ /Q b 2) (Trsr (1) — Ti(u) dz

— [ D @s () = ) o+ [ FY (T () = Tiws)) do
Q Q

</ |f|dx+/ FVT31 () da.
{lus|>1} {I<]us| <141}

Since fQ D (ug) - V(Ti41(us) — Ti(us)) dz = 0 and the term involving function b
can be dropped as it is non-negative, we get

/ A2, Vi1 (1)) - Vi (us) de < / flda
{i<|us|<i+1} {I<us[}

+ / FVT1(us)de.
{I<]us [<i+1}

Moreover,

1
/ FVTi1(us)de < Z/ M (z,cf' VTt (us))da
{1<us| <141} {1<us | <141}

4
+/ M* (m,AF) dx.
{I<|us|<l+1} a

https://doi.org/10.1017/prm.2023.113 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.113

Existence of renormalized solutions 13

Therefore, we have

1 1
- / M (z, c“f‘VTH_l(us))dx + = / A(x,Vug) - Vus dz
{I<lus|<i+1} 2 Ju<jua i<ty

A (3.6)
g/ \f|dz+/ M (:z:,AF) dx.
{I<]us |} {1<]us |} a

We want to estimate the right-hand side of (3.6). To do so, we must find some
control over the measure of the set {|us| > 1}, which is the domain of integration.
Note that for m; we obtain

{lus| = 0 = [{|Ti(us)| = 1} = {|Ti(us)| = 1} = [{ma (1] Ti(ws)]) = malerl) }].

Applying the Chebyshev inequality [8, Theorem 2.5.3], the modular Poincaré
inequality [15, Theorem 9.3 ] involving m; and using the fact it is a convex minorant
of M, we arrive at

my Cl|Tl Us D

{lus| > dzx

m1 Cll
S m/ m1(|cl VTg(ué)Ddx

(z, AVTl(uS)) dx

l
ml(cll) '

Since my is an N-function, it is superlinear at infinity. Hence the right-hand side of
the inequality above vanishes when [ — co. As a result, there exists v : [0, co) —
[0, 00) independent of s and I, such that lim;_,oy(¢) = 0 and we have

4 1
[ar (z AF) T flde < Ly,
A a 2

Thanks to (3.7), we get

4 1 l
Mz, —F ) +|flde < =y —— . 3.8
~/{l<u5|} ( Cf‘ ) | | 27<m1(61l)> ( )

Combining this with (3.6) we arrive at the claim, which is

/ Az, Vug) - Vugde <y L .
{i<|us|<l+1} ml(cll)
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14 B. Budnarowski and Y. Li

Step 4. Convergence of trucations.
In this part of the proof, we would like to show that there exists a subsequence
of {us}s>0 which has a limit v : Q@ — R in the sense that

us —— u a.e. in (3.9)

§—00

such that Ty (u) € Vi Ly () for every k > 0 and also

{lul > 1Y 0. (3.10)

For every k € N, passing with s — oo we have
Ty (us) — Ty (u)strongly in L*(Q),
VT (us) = VTi(u)weakly in L'(€;R™),
VT (us) = VT (u)weakly —  in Ly (Q; R™), (3.1
Az, VTi(us)) = Apweakly- # in Lys-(;R™)

for some Ay € Ly (2;R™).
Fix k € N. We have already proven the following a priori estimate (3.2), namely

VT (us)llLy, < C.

Using the Banach—Alaoglu theorem [11, Corollary 3.30] we infer that the sequence
{VTk(us)}s>o is weakly-x compact in Ly (Q;R™). The fact that M is an N-
function together with lemma 2.3 imply that {VTj(us)}s>o is uniformly integrable
L'(Q;R"). The Dunford—Pettis theorem [11, Theorem 4.30], i.e.

{fn}, is uniformly integrable in L'(Q) < {f.},

is relatively compact in the weak topology,

implies that for every k € N the sequence {VT}(us)}sso is relatively compact in
the weak topology of L!(Q;R"). As the set 2 is bounded, the Rellich-Kondrachov
theorem [11, Theorem 9.16] for W11(Q) yields uniform integrability of the sequence
{Ty(us)}s=0 in the space L' (2). Hence, there exists a function u such that

Ty (us) — Ty (u) strongly in L*(Q),
VT (us) = VTi(u) weakly in L' (Q;R™).

Thus, up to a subsequence, we have us — u in measure and almost everywhere,
which gives (3.9). Additionally, the Dunford-Pettis theorem together with (3.2)
imply that, up to a subsequence, we have

VT (us) = VT (u) weakly- * in Ly (Q;R™). (3.12)

Since us — w in measure, using (3.7) we obtain (3.10).
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Now we focus on the last convergence in (3.11). For every k € N we define
As e = Az, VT (us)).

Using the other a priori estimate (3.3) and repeating the arguments from above we
infer that, up to a subsequence, there exists Ay € Ly« (Q;R™) such that

Ag ik = Ap weakly- x in Ly- (9 R™). (3.13)

Step 5. Identification of the limit of A(z, VT (us(x))).
We want to show that our limit obtained above in (3.13) is precisely of the form

A = A(z, VT (u)) a.e. in Q. (3.14)

We are going to prove it via monotonicity trick. To use it, we must first show that
/(Ak —A(z,n)) - (VTg(u) —n)dx >0 for every n € R". (3.15)
Q
We begin with showing that

limsup [ Asp- VIg(us)de = [ Ay - VIi(u)dz. (3.16)

s§—00 Q Q

Firstly, we consider a function ¥; : R — [0, 1] defined as
Uy(r) =min{(l+1—|r])+,1} (3.17)

and using proposition 2.2, we can take an approximate sequence {V(Tj(u))s}s of
smooth functions such that

V(T (u))s (TM.(? VT (u) modularly in Ly (€2;R™).

Having this in mind, we will show that

hm hmsup/ Ag i - V(Ti(us) — (T (uw))s) dz = 0. (3.18)

=0 s—oo

The condition (A2) for the operator A implies A(x, 0) = 0. Hence, for | > k this
observation yields

/QAs’k . V(Tk(us) - (Tk(u))g)\Ill(us) dz
:A&mew—mwwm
# ) A@0) (0~ (Tw)s) (W) ~ 1) da
{lus|>1}

:A&mem—mwwm
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16 B. Budnarowski and Y. Li
Therefore, (3.18) is equivalent to

lim lim hmsup/ Ag o - V(T (us) — (Ti(w))s) ¥ (us) dz = 0. (3.19)

l—000—0 g-00

Now we notice that it is enough to have

1—008—0 500

lim lim lim sup / Aiir -V (To(us) — (Te(w)s) Wi(us)de = 0. (3.20)

Indeed, having this result, (3.19) will be satisfied if we manage to prove that for
1>k,

Ti= [ Aok = Aura) - 9 (Talus) = (T)s) o) da
Q
:/Q(AS,ZH*A(I 0)) - V(Th(w))s L g, 3 Yi(us) do

= / ASJ.H-V(Tk(u))(;]l{kdus‘}\lll(us)dx
Q

tends to zero as s — oo and & — 0. In order to do so, we just need to prove that

hm limsup |J| < hr% hmsup/ |As i1 L r<tu, )y Wilus) | V(Te(u))s| dz

5— S§—00 s§—00

<l [ 1A 1o B0 V(T ()5 d (3.21)
= /Q A1 |1 < gy i (0) | VT ()| dae = 0.
For the limit as s — oo we will use lemma 2.8 with
zg o= [Asis1] - [V (Te(w)s] =5 [ A | - [V(Te(uw)s| = 2 weakly in L'(Q)

and ws = W (us)Lik<|u,}- The convergence z, — z in L'() is a consequence of
(3.13). And (3.9) gives us that ws — w = ¥y (u)l{t<|y,} a-e. in Q. The external
limit with ¢ — 0 arises from modular convergence in (3.21). In addition, since we
have

VT (u)l(k<puy =0,

the last equality in (3.21) follows.
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Now, to obtain (3.20), we test (3.1) by the sequence
o= Wy (us) (Ti(us) — (Ti(u))s),

where ¥, is defined in (3.17). Thus, we have
[ Al ) 9 (01w (T () = (T(w)s) do
+ /Q Do) - V(Wo(u,)(Th(us) — (T(w))s)) de
+ [ blau) W) (Th(w) = (Tiw)s) do (3.22)
= [ W) (Tilae) = (Teta))s) o
+ [ P9 () (Ti) ~ (7))

Firstly, we consider the first term in the right-hand side of (3.22). Since we know
that

Ug — u a.e. in €,
we would like to use the Lebesgue-dominated convergence theorem. To do so, we

note that

lim lim

d—0 s—o0

| T () = (Tiw))s) o

d—0 s—o0

< lim lim /Q|Ts(f)|qll(us)|(Tk(us) _Tk(u))}dx

+ lim lim /Q|Ts(f)]\IJl(us)|(Tk(u)—(Tk(U))a)\dx

§—0s—00

< lim lim [ 2k|f|dz + lim lim / [f] 1Tk (u) — (Tk(u))s| dx
o Q 0—0s—00 [

—0 s—0o0
= 28 fllesiy + Jim [ 171+ 1T4) = (T(a)s| e

Using the modular approximation result (see proposition 2.2) we get (T} (u))s| <
ck, which implies

Tk (u) = (Th(u))s| < (14 c)k. (3.23)
Thus, we infer that
llirgo ;i_r)r(l) hirisolclp/gTS(f)\I/l(US)(Tk(uS) — (T (u))s) dz = 0. (3.24)
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Secondly, for the second term in the right-hand side of (3.22), we define

/QF V(W (1) (T (us) — (Ti(w)s)) da

= / F VU (ug) (T (us) — (T (u))s) dx—i—/ F -9 (us) VT (us) do
) Q

- / F -9 (us)V(Ti(u))s dz
Q
=: hy+ ho — hs3.
Thanks to the Fenchel-Young inequality and (3.23), we get

lim lim limsup |hy|
-0 0—0 gs—00

= lim lim limsup | /QF VU () (T (us) — (T (w))s) da

l—006—0 500

< C lim lim limsup/ |F'VTH_1(US)|dx
{I<]ue <41}

l—000—0 500
(3.25)

l—00 500

4
-|-/ M* (m, AF) dx
{I<|us|<l+1} a

l
<Climy|—— | =
Cliglo,y<m1(cll)>

where in the last line we use (3.4), (3.8) and the fact that m; is superlinear at
infinity as an N-function. Note that

1
< C lim limsup / ~M(z, c“f‘VTlH(us)) dz
{i<|us|<i+1}

VTi(us) =57 VT (u) weakly in L'(Q;R"),

combining with the fact

/Q|FVTk(uS)|dx</QM* <x1AF> dx+/ﬂM(x,c“14VTl+1(us))dx

51
<C,

where C is independent of s, we deduce that
FVT(us) "==° FVTy(u) weakly in L'(Q).

Recall that |¥;(u,)| < 1 and ¥;(uy) ——“— ¥;(u), it follows from lemma 2.8 that

lim [ P (u,) VT (us) da = /Q FU () VT (w) da.

§— 00 O
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Existence of renormalized solutions 19

Notice that by definition of the function ¥; (see (3.17)), we have

Uy (u) 22°% 1 ace. in Q. (3.26)

Thus, collecting all the facts mentioned above and using the Lebesgue-dominated
convergence theorem we infer that

lim lim ho = lim lim F -V (us)VTi(us) do

l—o00 s—00 l—00 §—00 Q

= lim [ F-9(u)VT(u)dz

l—o00 (9]

/Q F - VT (u) da.

Additionally, by the Lebesgue-dominated convergence theorem and the fact
V(T (u))s — VTi(u) modularly in Ly (€;R™), we see that

lim lim lim A3 = lim lim lim F -9 (us)V (T (u))s da

l—00 0—0 s—00 l—00d—0s5— o

= lim lim [ F- ¥ (u)V(Tk(u))s dz.
l—000—0 Jo

= / F - VTi(u)dx.
Q
All in all, we conclude that

lim lim limsup/QF V(0 (us) (T (us) — (Ti(w))s)) da

l—000—0 5500

(3.27)
= zlggo %11% hillsolip (h1 + hy — hg) =0.
Now, we will focus on the left-hand side of (3.22). Let us denote
/ Az, Vuyg) - V(\Ill(us)(Tk(us) - (Tk(u))g)) dz
Q
+/ D, (ug) - V(\Ifl(us)(Tk(us) — (Tk(u))g)) dx
Q (3.28)

+ i bz, us) ¥ (us) (Th(us) — (Tr(u))s) dz

= .[1 -|— IQ -|— I3.
At first we concentrate on the easier terms. We are going to show that both

lim lim () =0 and lim lim (I3) = 0.

d—0 s—o0 §—0 s—o0

Indeed, for I3 we have

Iy = /Qb(x,7}+1(Us))‘1’l(“s)(Tk(us) = (Ti(w)s) da,
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due to the definition of the function ¥; (see (3.17)). Thanks to the assumption (b),
we know that b(-, s) € L'(Q) for each s € R. This fact, together with (3.23) yields

lim lim |/3] = lim lim

§—0s5—00 §—0s—o00

l@mmﬂwwmm@mg4nwwm

< lim lim / 1b(, Ti1 (us)) |V (ws)| Th(s) — Ti(u)| da

§—0s—o0

(3.29)

+ lim lim /Q\b(x,Tl+1(us))|\lfl(us)|Tk(u)—(Tk(u))5|dx

§—0s—0o0
=13 +13.
Now, from the Lebesgue-dominated convergence theorem we have

lim lim (I3) = lim lim (I3) = 0.

§—0s—00 §—0s—00

To justify the convergence of I, note that by definition of ¥; and the chain rule
we can also rewrite it as

b=Aﬂﬂ%»VMMJ%HMMM%Nw
4 [ ) V) (Til) — (Tiw))s) do
Q

= I3+ I3

For s > 1+ 1, we have

B = [ @) V(Tiw.) - (Tiw)s) ¥i(u) de.

Q

Since @ is continuous and us; — u almost everywhere in €2, we obtain
Uy (us)P(Tig1 (us)) — Vi(u)®(Ti41(u)) a.e.in Q.

As ®(T}41(us)) is uniformly bounded with respect to s, i.e.

[D(Tiy1(us)) Lo @rmy < sup  |®(7)] < C,
TE[—1-1,14+1]

where the constant C' > 0 is independent of s € N and as the following facts
Wy (us)| <1 a.e. in €,
VT (us) — VT (u)weakly in L'(Q;R™),
V(T (u))s % VT (u)modularly in L (;R™),

it follows from lemma 2.8 that

lim lim sup I = 0.

-0 s—0
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Let us write

Ti41(us)
= L ([ oo ar ) e - i) an

we may use the Gauss—Green theorem and obtain

Tl+1(ub)
/ / () dr - 9 (Ty(us) — (Ti(w))s) da

Using the same arguments as above, we infer that

lim lim sup I3 = 0.

- §—00
Therefore, we have

lim lim limsup I, = 0.

l—000—0 500

Finally, we will concentrate on the most challenging and difficult term ;. As before,
we rewrite it as follows:

Q

.A(a:, Vus) -V <\I/l(us)(Tk(us) - (Tk(u))a)) dx

/ Az, V) - VU () (Ti(us) — (Ti(w))s) da (3.30)

/ Az, Vug) - V(T (us) — (Tr(u))s) ¥ (us) da
=: I1 + Il.
To estimate I1, we will use (3.23) and (3.4) to get

hm hm lim sup |1} |

l—o006— 5—00

§—00

< lim | lim lim sup/ |A(m, Vus) - VUSH(Tk (us) — (Tk(u )’ dx
l—o0 \ 60 {I1<|us|<l+1}
< C lim | lim lim sup/ ’A(x, Vug) - Vus| dz
l—oo \ 0—0 500 {I<|us|<l+1}
=C lim | lim sup/ A(z,Vug) - Vug dz
=00\ s—oo J{i<u|<i+1}

l
Clli}go’y<m1(61l)> B
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Now we notice that (3.30) yields

lim lim lim sup (I )

l—006—0 s 00

= lim lim hmsup/ Az, Vug) - V(Ti(us) — (T (u))s) ¥ (us) dz = 0.

l—006-0 500
(3.31)
Hence, by virtue of all the above limits, (3.31) is actually equivalent to (3.20). Thus,
we arrive at (3.18). According to (3.18) and (3.13), we obtain

hmhmsup/Abk VT, ué)dx—élmhmbup//lsk V(Tk( )) dx

=0 s—oo §—00

= / A - VTj(u) dz
Q
Eventually, we get (3.16).

We are about to complete the proof of identification of the limit of {As x}s>o0-
Using the monotonicity of A (condition (A3)) we infer that for every n € L>(Q;R™)
we have

/ As - nde +/ A(z,n) - (VTi(us) —n)de < / Ag - VT (ug)de.  (3.33)
Q Q Q

Because of (3.12), (3.13) and (3.16), we may take the upper limit with s — oo of
both sides of (3.33) to get

/Ak-ndx—k/A(m,n)-(VTk(u)—n)dx</Ak~VT;€(u)dx
Q Q Q

which, by rearranging terms is obviously equivalent to (3.15). Hence, we may apply
the famous monotonicity trick (lemma 2.7), which ends the proof of this step.

Step 6. Renormalized solutions

Now our goal is to show the existence of renormalized solutions, which will end
the proof of theorem 1.3. In fact, we are going to show that the function u, obtained
as a limit in step 4 is precisely the renormalized solution. By definition, we must
check whether the three conditions (R1), (R2) and (R3) are satisfied.
Condition (R1).

We just notice that thanks to the convergence in (3.11), condition (R1) is satisfied.
Condition (R2).

As we know that Ty (u) € Vi Las(9), proposition 2.2 yields existence of a sequence
{tr}r>0 C C2(82) for which we have

U, — u a.e. in £,
VTi(u,) = VT (u)weakly- in Ly (Q;R™), (3.34)
Vh(u,) — Vh(u)weakly in Ly (2;R™),
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for an arbitrary function h € C}(£2). Now, for such a fixed h and ¢ € W,°(Q) we
test (3.1) by ¥;(us)h(u,)p, where ¥; defined in (3.17). Therefore, we get

/ Az, Vus) - (WI(US)h(uT)¢) dz +/ D (us) - V(‘I’l(us)h(ur)¢) dz

Q
+ / b(x,us) ¥ (us)h(u,)pde (3.35)
Q
— [ LB hu)ode + [ P9 (Wu)h(u)o) da.
Q Q
Let us denote the terms on the left-hand side of the equation above as L ., L?

and Lgml respectively. Also, write
1 1
Ls,nl—"_L rl+Lsrl R rl+Rs7‘l’

where Ré e Rfﬂ.,l stand for the right-hand side of (3.35) respectively.
At ﬁrst we see that by the Lebesgue-dominated convergence theorem, we get

lim lim lim Rsrl—/fh Ypdx.

l— 00 T—00 §—00

For the second term in the right-hand side of (3.35), we can write
RS = / F- V(\Ill(us)h(ur)d)) dz
Q

= / F~V(\I/l(us))h(u,«)¢dz+/ F -V (h(ur)$) ¥ (us) dz.
Q

Q

By the similar arguments to (3.25), we have

lim lim hmbup’ F- v(q/l(us))h(u‘r)¢ d$|

=0 T—00 g ,n0 Q

< Pl o () 1Dl e () hm hmsup/ |F| - |VT41(us)| dz
{I<us<i+1}

l
1 _— =
C’lirgo (ml (cﬂ))

Moreover, since F' € Ep«(Q;R™) C LY (;R™), W;(uy) converges to ¥;(u) a.e. in
with |U;(us)] < 1, the product sequence F'¥;(ug) also converges strongly to FWU;(u)
in L'(Q;R") as s — oco. Combining with the following facts

V(h(ur)g) € L=(QR"™),  V(h(u,)p) A V(h(u)¢) weakly-* in Ly (€ R™),
we deduced that

lim lim [ F¥(us) - V(h(u)¢)dz = lim [ FU;(u) - V(h(u)¢)dz

r—o0 s—o0 [ r—oo Jo

= /QF\I/l(u) -V (h(u)¢) da.
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Notice that there exists m > 0 such that supp(h) C [-m, m|. Choosing such m, we
may interchange T;11 with T,. Then ¥;(u) = U;(T,,(u)) =1 for I > m. Thus, we
have

lim lim lim Ré = hm FU(u)V (h(u)p) dz

l— 00 1—00 §— 00 l— Q
:/FV(h(u)<b) dz.
Q

Next, we concentrate on the left-hand side of (3.35).

Firstly, we look at the term L3 ri- Thanks to assumption (b), we obtained that
b(x, Ti41(us)) — bz, Ti4q(u)) almost everywhere in , and {b(-, Tj11(us)} is uni-
formly integrable. As Q has a finite measure, by Vitali convergence theorem, we
have

b('v n+1(u5)) - b(a n+1(u)) in Ll (Q)
This combined with the facts that ¥;(us) converges to ¥;(u) a.e. in Q and |¥; (us)| <
1, imply that the product sequence b(x, us)V;(us) = b(x, Tj41(us))¥;(us) also con-

verges strongly to b(z, u)V;(u) = b(x, Tj11(u))¥;(u) in L'(Q). Since the term
h(u,)¢ is bounded, we obtain

lim | bz, us)U(us)h(uy)é dz = /Q b, 1)Uy (u)h(ur )b e

5— 00 Q

Moreover, h(u,) — h(u) a.e. in , which leads us to

fim [ b, ) U (u)h(u)p dz = /Q bz, u) Wy (w)h(w) b da.

T—00 9]

For | > m, where m is such that supp(h) C [-m, m|, we infer that

lim lim lim L :/b(x,u)h(u)¢dz.
Q

|— 00 7—00 §—00

Secondly, for the term L? _,, choosing s > [ + 1, we can rewrite it as follows

s,

Ppo= [ ®(r(0)- 9 (b(u,)o) W) do

+/ D(Tiy1(us)) - Oy (us) VT (us)(h(ur)p) do (3.36)
Q
= Ls r,l + Ls rle

As O(T11 (us)) ¥y (us) is uniformly bounded, the a.e. convergence of {us} s~ and the
Vitali theorem provide that ®(T)41(us))¥;(us) — ®(Tig1(u))¥;(u) in LY(Q;R™),
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thus

§—00

lim | ®(Ti41(us)) - V(h(ur) @) ¥y (us) do = /Q@(Tlﬂ(u)) -V (h(uy)$) ¥, (u) dz.

Since V(h(u,)¢) = V(h(u)¢) in Ly (Q;R™) and @ is Lipschitz continuous, we find
that

lim [ ®(Ti41(w)) - V(h(ur)e) ¥ (u) da = / O (Ti41(uw)) - V(h(u)¢) ¥ (u) da.

T—00 Q Q
(3.37)
For I > m, where m is such that supp(h) C [—m, m]. Rewriting (3.37), we arrive at

lim lim lim LSH —/‘I>(u)-V(h(u)¢) dz.
Q

|— 00 T—00 §—00

Now we concentrate on the second term from (3.36). Again, similarly as before we
may rewrite it as follows

Ty (us)
L2, = /Q div / ()W) (t) dt | h(u,)¢ da.
0

and using the Gauss—Green theorem, we obtain

r=- /wus () dt -V (h(uy)) d.

For the limit with s — oo, we observe that

22 = //T( () dt -V (h(u)9) dz

<.
Q

Tiq1(us)
/0 O(t)Vy(t)dt - V(h(u,)p)|dx
Ti41(us) ,
< /Q / (1) Wj(t) dt| - |V (h(u,)6)| do
Tyt (us)

</2\/ﬁ(l+1)< sup sup |<I>i(l/)|> |V (h(u,)e)| da.
Q

i€{l,...,n} ye[—1—1,141]

Since the term V(h(u,)¢) is bounded, ® = (@4, P, ... P,) is Lipschitz and us; — u
almost everywhere in €2, by the Lebesgue-dominated convergence theorem, we infer
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Tz+1(u)
tm 222, =~ [ [ {(t) dt - V(h(u,)9) da
- /Q B(T11 (1)) - VT () W () (o)) .

Using the Lebesgue-dominated convergence theorem again, we obtain

Jim | @ (w) - Vi () Vi) (bl )0) do

(3.38)
- /Q B(Tip1 (0)) - Vg (0)¥] () (b)) da.

For m > 0 such that supp(h) C [-m, m], Tj+1 can be replaced by T}, in (3.38) and
U (u) = U)(T,(u)) = 0 for I > m. Rewriting (3.38), we arrive at

lim lim lim L2 fl =0.

l—o0 r—00 s—o0

Finally, we focus on the most important term, which is Lé,r,l' Let us write

wl—/Ax Vus) - VU (ug)h(u,)d dx

—|—/ Az, Vug) - V (h(ur)$) ¥ (us) do

=Ly, + L7

s,1yl"

Convergence of the first term is quite straightforward, namely

lim lim limsup ’Ls - l|

=00 T—00 g_,n0

||h||L°°(Q H¢||L°° hm lim (Sup/ As,l+1($) : VTl+1(Us)d33>
{i<|us|<l+1}

o0 T— 00 S>0
< C lim !
= lﬂoo’y m(cll)

:O’

where in the last inequality, we used the energy control condition, stated in (3.4).
For L}7,, we need to recall some facts we already know. Firstly, by (3.3) and
the de la Vallée Poussin theorem (lemma 2.3) we get the uniform integrability

of the sequence {As+1}s>0. But due to the weak-* convergence in (3.11), the
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Dunford—Pettis theorem yields (up to a subsequence)
Asir1 — Az, VTi1(u)) weakly in L*(Q;R™).
Furthermore, since we also know the following

“Ijl(us)l <1,
V(h(ur)¢) € L= (;R™),

U (us) —— VU (u) a.e. in Q,
we infer from lemma 2.8 that
lim limsup/ As 1019 (us) - V(h(u,)p) dz
Q

TTO0 s—o00

= lim [ Az, VTi41(u)¥(u) - V(h(u,)¢) da

r—oo o

= [ A VT )i - ¥ (1(0) do

Choosing [ > m, we obtain

lim lim limsup L2

ER N
l—o0Tr—00 ¢ 050 "

= lim [ A(z,VTi11(u)) - V(h(w)$))¥;(uv) dz

|—o00 o)

/Q.A(x, Vu) -V (h(u)p) dz.

Using the facts that C2°(Q) ¢ W, > (€2) and the gradients of functions in Vi L/ (€2)
can be approximated by smooth functions in the weak-* topology of L/ (£2;R™),
we finally arrive at

/Q Az, V) - V(h(w)d) + B(u) - V(h(w)d) + bz, u)h(u)d de

- /Q Fh(u)é + F - V(h(u)e) da

for every h € CL(R) and all ¢ € V' Ly (2) N L®(Q). Thus, condition (R2) is
satisfied.
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Condition (R3).
As in the definition of renormalized solutions, we have to show that

/ A Vu) - Vude = | A, VT () - Vi ) de =2 0,
{i<]ul<i+1} {i<]ul<t+1}

The first thing we are going to prove is that
A 11V T (ug) = A2, VTi41(w)) - VT4 (u) weakly in L' (Q) (3.39)

as s — oco. Here is the place where the first time we apply Young measures. We
begin with showing the uniform integrability of the sequence

{ <A5,1+1 — Az, VTlH(“))) : <VT1+1(US) - VTZH(U)) } .

At first, for every s we can make the following estimate

/ (As,m - Alx, vml(u») - (vmmus) - VT1+1(U)> da
< |l + [2] + | T3] + [Jal,
where
Jp = /QAs,lJrl'VTlJrl(us)dmv
Jo = /QAs,lJrl'VTHl(U) dz,
To= [ A@ T3 (1) - VT () o

. / A(2, VT () - VT () da.
Q

Then, using the Fenchel-Young inequality and our a priori estimates (3.2) and
(3.3), we infer that

=] /Q Auiin - Vi () de| <2AG@, Tior () lsse IV T (1) L0r ) < C

where C' is independent of s. Notice that we may obtain the same estimate for each
Ji, where i =1, 2, 3, 4. Thus, since it does not depend on s, we get the uniform
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boundedness of the sequence

{ (As,l+1 — Alz, VTl+1(U))> ' (VTI+1(us) - VTl+1(U)> }

in L'(Q2). Therefore, we may use Chacon’s biting lemma (lemma 2.12) and
lemma 2.9, up to a subsequence, get the following biting convergence

0< <A5,1+1 — A(z, VTZH(U))) : (VTIH(US) - VTlH(U))

(3.40)
b

— (A(x, A) — Az, VTl_H(u))> . ()\ - VTH_l(u)> dv,(N).

s§—00 R™

Here, v, is a Young measure, which is generated by the sequence {VTlH(uS)}.
Since VTj11(us) — VTi11(u) in L1(2;R™) (obtained in (3.11)), the equality

Advy(A) = VT4 (u)
RN
holds for a.e. z € Q. It follows that
Az, VTi11(w) - (A= V41 (u)) dvg(A) = 0.
]RN

Thus, our limit simply becomes

/ (.A(ac, A) — Az, VTZH(U))) - (/\ — VTl+1(u)> dv, ()
! (3.41)

= /. Az, N) - Adrg (M) — - Az, N) - VT4 (u) dyg (N).

Now, the result in (3.4) yields uniform boundedness of the sequence {Asyl+1~

VTlH(us)}s and this allows us to use Chacon’s biting lemma (lemma 2.12) and
lemma 2.9 to get

b
-As,l+1 : VTH—I(US) — A(l‘, )‘) ' /\dyx()‘)
§—00 RN
Now we look on assumption (A2). In particular, it immediately implies Ag 41 -
VT,+1(us) = 0. Thus, by lemma 2.10, we obtain

limsup (A(z, VTi41(us)) - V41 (us)) = Az, A) - Adg (N). (3.42)

5§—00 Rn

Since we already considered this limit in (3.32), taking

A= A, VT (w) = [ Az, \) dva(N),

Rn
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we may rewrite (3.42) as
VIpa(u) [ A, A)dve(A) = [ Az, A) - Ave(A).
R”L R"L
Comparing this inequality with (3.41), we see that the limit obtained in (3.40) is

less or equal to zero. Thus, we infer that

(As,l+1 — Az, VTZ-H(U))> : (VTl+1(Us) - VTl+1(U)> — 0.

Now we would like to show that there is actually a stronger convergence, namely
b
Asiv1 - Vg (us) o Al VTi1(u)) - VT (u). (3.43)

If so, then lemma 2.13 combined with (3.32) and also the weak-* convergence of A,
described in (3.11), will give us (3.39).

Thus, let us prove (3.43). Observe that since A(x, VT 1(u)) € La~(€;R™), there
exists a family of ascending sets {E]H'l}, such that

lim [EST =0

Jj—00
and also
A, VT () € L2(Q\ B,
As stated in (3.11), we have VT (us) — VT4 (u) weakly-x in Ly (Q;R") as
s — 00. Therefore, we infer that

A, VT2 (w) - (VT (us) = VT () —— 0.

§—00

Moreover, very similar arguments yield
b
Ag 141 - VT (uw) — A(z,VTii1(w)) - Vi1 (u).

Collecting the two above convergences, we arrive at (3.43).
Now is the time to make use of (3.39) and (3.4). First, observe that by the
properties of truncations, for every [ € N we get

Vus =0a.e. in {x € Q:|us € {I,l+1}}.
Therefore, by (3.4) we obtain

lim lim sup/ A(x,Vug) - Vusdz = 0. (3.44)
{l-1<|u|<i+2}

—0  s—o0

Let us define a function G; : R — R by the formula:

1 ifl<|r|<l+1
Gi(r) =<0 if |r|<l—1or|rl >1+2
affine otherwise
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Then we may write
/ A(z,Vu) - Vudr < / Gi(u)A(x,VTi12(uw)) - VIiyo(u)dz.  (3.45)
{i<|u|<l+1} Q

As we mentioned before, thanks to (42) we have A(z, §) £ > 0, hence taking a
limit in (3.45), we get

0 < lim A(z,Vu) - Vudx
=00 J{i<lul<i4+1} (3.46)

< llim Gi(uw)A(z,VTi42(u)) - VTi1o(u) de.
But since we have (3.39) and G| is a bounded continuous function, we obtain

lim [ Gi(uw)A(z, VTi42(u)) - VIiio(u)dz

l—o00 o)

= lim lim [ Gj(u)A(z,VTi12(us)) - VI12(us) de
|—o00 s—00 Q (347)

< lim limsup/ A(x,Vus) - Vus de
l=oo s—oo J{i—1<|ul<l+2}
=0.
The last inequality follows directly from (3.44). By (3.47) and (3.46), we obtain
lim A(z,Vu) - Vudz = 0,
I=ee Ju<jul <t}

which gives condition (R3). Thus, u is a renormalized solution and the proof is
complete.

4. Uniqueness of renormalized solutions

Now we are ready to prove the uniqueness of renormalized solutions for problem
(1.1) under the condition that s — b(-, s) is strictly increasing. We would like to
point out that our approach is much influenced by [14, 26, 53].

Proof of proposition 1.4. We define the auxiliary functions

0, 7<0, 1, Ir| <1-1,
Hs(r) = 5 0<r <o, y(r)y=<1l—1rl, I-1<r| <, (4.1)
1’ 7a>67 O, T>l,

for 6 > 0 and [ > 1. By denoting
Zl,(; = {0 < Tl(ul) — Tl(’u2) < (5}

and testing equation (1.1) with ¢; = hy(ur)Hs(Ti(ur) — Ti(ug)) and ¢o =
hi(u2)Hs(T;(u1) — Ti(ug)) respectively, subtracting the resulting equations, we get

s+ s+ s+ Is+ s =105+ 1] s + Is (4.2)
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Ijs = /Q <b(1‘,U1)hz(U1) - b(:C,Hz)M(Uz)) Hj(Ty(u1) — Ty(uz)) da,

112,5 = /Q (h}(ul)A(x, Vuy) - Vuy — hj(ug) Az, Vug) - Vuz>

- Hs(Ti(ur) — Ti(u2)) du,
1

3 _
Iis = 3
Z1,s

<hl(u1)A(x, Vuy) — hy(u2)Alz, Vu2)> . V(Tl(ul) — Tl(ug)) dz,

114,5 = /Q <h2(u1)¢>(u1) - Vuy — hj(ug)®(usg) - Vuz> - Hs(Ty(uy) — Ty(ug)) d,

1

5
s = 3
Z.s

(hl(ul)q)(ul) — hl(ug)i)(ug)> V(Ti(ur) — Ty(ug)) da,
18, = /Q F(ha(un) = ha(u2)) - Hy (Ti(ur) — Ti(uz)) de,

I[; = /QF<h§(U1) -Vuy — hy(ug) - VU2> - Hs(Ti(u1) — Ti(uz)) d,

1

8 _
Iis = 3
Zy.s

F(hl(ul) — hl(’LLQ)) . V(Tl(ul) — TZ(UQ)) dz.

Next, we are going to estimate If75(1 < i < 8) one by one.

Estimate of 11175, Note that we have Hs(T;(u1) — Tj(u2)) — signg (Ti(u1) — Ti(us2))
as § — 0. Thus, the Lebesgue-dominated convergence theorem yields

I = gii% 111,5
= /Q (b(x,ul)hl(ul) — b(x,uQ)hl(uz)> sign(‘f (T (ur) — Ty (uz)) d.

Estimate of I 5. According to condition (R3), we know that the integrand in I
is bounded in L' and by the same arguments as above we get

IF = %ir% IFs = / (h;(ul)/l(x, Vuq) - Vuy — hj(ug) Az, Vug) - VU2>
-0 Q

-signg (T (w1) — Ti(uz)) dz.
Estimate of Il?jé. Observing that

3 31, 13,2
Ls=15 +1,5,

https://doi.org/10.1017/prm.2023.113 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.113

Existence of renormalized solutions 33

where
2= %/Z (ha(ua) — hu(u2)) Az, VT (ur))V (Th (1) — Ty(uz)) da,
2ol hy(u2)(A(z, VTi(ur)) — A(z, VTi(u2))) V(T (ur) — Ti(uz)) dz.

1,6 5 Zis

The monotonicity of A implies that I7y > 0. Since ||7}]|o = 1 due to the generalized
Hoélder inequality, we have

13 < / Az, VT3 (w2)) ¥ (Ti (1) — Ti(uuz))xzes | dar,
Q

< 2l A(z, VTi(ui)l Ly o IV (Ti(wr) = Ti(u2))X 25 | Lar (2
Notice that the constant C in (3.2) and (3.3) is independent of s, we obtain
-
%13(1) Iy =0.

Estimate of 114,5' We note that

I = /Q (h’(Tz(m))‘P(m) Yy — (T (u2)) @ (usz) - w)

- Hs(Ti(u1) = Ti(uz)) dz

Ty (u1)
- / div (/ h;(r)cb(r)dr>  Hy(Th(wr) — Ti(u)) dz
Q

Ty (u2)

Ty (u1)
— —/Q (/ hf(ﬂ‘ﬁ(r)dr) VHﬁ(Tl(Uq) _ Tl(u2)) dz

Ty (u2)

1 Tl(ul)
_ ,/ / By ®(r)dr | -V (Ti(wr) — Ti(uz)) da.
4 {0< Ty (u1) =Ty (uz) <8} Ty (u2)

Then

6—0

1] < max |(s)] IV(Ti(u1) = Ti(ug))| dz — 0,

s€[=1,1] /{0<Tz(u1)Tz(u2)<5}

since on the right-hand side we have integrals of integrable functions over shrinking
sets. Therefore, limgs_,q Il476 =0.
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Estimate of I} 5. We can split 75 as

5 151, 5.2
Ls=1%5 +175,

where
Bi=1 i hz(un(@m(ul))—@(Tm»)-v(Tl<u1>—n<u2>>dx,
ﬁgzéz (ha(ur) — hy(u2))®(uz) - V(Ti(ur) — Ti(uz)) da.

Since @ is Lipschitz, we have

15)] < La / IV (Ti(ur) — Ti(uz)] da
{0<Ty(u1)—Ti(u2)<8}
152) < max |9(s)| V(i) — Ti (uz)] .

sel=L] {0<T (u1) =T (u2) <8}
Argue as above, we have lims .o I's = 0.

Estimate of 11675. It can be deduced from the Lebesgue-dominated convergence
theorem that

I =l Iis = /Qf<hl<u1> — hi(u)) - signd (Ty(ur) — Ty(us)) da.
Estimate of 1, 17 s- Similarly, we have
=l
= /QF<h§(u1) -Vuy — hj(ug) - Vuz> -signg (Ty(u1) — Ti(u2)) da.

Estimate of Is. According to the fact that [|hj]lec =1 and Fenchel-Young
inequality, we have

% /Zl,a F(hy(uy) = hy(u2)) - V(Ti(ur) — Ti(uz)) da

g /
Z1,s

4 1 1 ~
g/?2M*G@AF)+4M@mﬁVﬂWﬁﬂiﬂﬂ@ﬁVﬂwgmxi&ﬂ.
Z1s S

|17s] =

F-V(Ti(u1) — Ti(uz))| dz

Combining the above estimates, we find that

'+ +=1r+1.
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Since Il3 > 0, we have
'+ < +1.

Thanks to condition (R3), the definition of h; and by the similar arguments as
(3.25), we immediately have I? — 0, I — 0, I] — 0 as | — oo. Next, we focus on
proving that

l—o00

lehmnhi/wumn—b@wﬁﬁd%
Q

For this, we notice that llim signg (Ti(u1) — Ty (uz)) = signg (u; — uz) almost every-
—00

where in Q and weakly-x in L°°(Q). Therefore, we can pass to the limit and
obtain

It = /Q(b(a:,ul) — bz, uz)) signg (uy — ug)da = /Q(b(ac,ul) — b(x,uz))" da.
Thus, we have
/(b(x,ul) — b(x,uz)) T dz <0,
Q

so that (b(x, u1) — b(z, uz))™ =0 almost everywhere due to sign condition of b.
Since b is strictly increasing with respect to the second variable, we see that uy < us.
Considering ¢1 = hy(u1)Hs(Ti(u2) — Ti(w1)) and ¢2 = hi(uz)Hs(Ti(u2) — Ti(u1))
yields the opposite inequality and thus u; = us. 0.

Acknowledgements

Both of the authors thank for discussion with Professor Iwona Chlebicka. B. B.
is supported by NCN Grant 2019/34/E/ST1/00120. Y. L. is supported by China
Scholarship Council, No. 202106890038.

References

1 Y. Ahmida, I. Chlebicka, P. Gwiazda and A. Youssfi. Gossez’s approximation theorems in
Musielak—Orlicz—Sobolev spaces. J. Funct. Anal. 275 (2018), 2538-2571.

2 A. Alberico, I. Chlebicka, A. Cianchi and A. Zatorska-Goldstein. Fully anisotropic elliptic
problems with minimally integrable data. Calc. Var. Partial Differ. Equ. 58 (2019), 186.

3 N. El Amarty, B. El Haji and M. E. L. Moumni. Existence of renormalized solution for
nonlinear elliptic boundary value problem without A2-condition. SeMA J. 77 (2020),
389414.

4 G. Barletta and A. Cianchi. Dirichlet problems for fully anisotropic elliptic equations. Proc.
Roy. Soc. Edinburgh Sect. A 147 (2017), 25-60.

5  P. Bénilan, L. Boccardo, T. Gallouét, R. Gariepy, M. Pierre and J. Luis Vazquez. An L!-
theory of existence and uniqueness of solutions of nonlinear elliptic equations. Ann. Sec.
Norm. Super. Pisa Cl. Sci. (5) 22 (1995), 241-273.

6 D. Blanchard and F. Murat. Renormalised solutions of nonlinear parabolic problems with L*
data: existence and uniqueness. Proc. Roy. Soc. Edinburgh Sect. A 127 (1997), 1137-1152.

7 L. Boccardo, D. Giachetti, J. I. Diaz Diaz and F. Murat. Existence and regularity of renor-
malized solutions for some elliptic problems involving derivatives of nonlinear terms. J.
Differ. Equ. 106 (1993), 215-237.

8 V. I. Bogachev and M. A. Soares Ruas. Measure theory. Vol. 1 (Berlin: Springer-Verlag,
2007).

https://doi.org/10.1017/prm.2023.113 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.113

36

10
11
12
13
14
15

16

17

18
19

20
21

22
23
24
25

26

27
28
29
30
31
32
33
34

35

B. Budnarowski and Y. Li

M. Borowski and I. Chlebicka. Modular density of smooth functions in inhomogeneous and
fully anisotropic Musielak—Orlicz—Sobolev spaces. J. Funct. Anal. 283 (2022), 109716.

M. Borowski, I. Chlebicka and B. Miasojedow. Absence of Lavrentiev’s gap for anisotropic
functionals. arXiv:2210.15217, 2022.

H. Brézis. Functional analysis Sobolev spaces and partial differential equations. Vol. 2
(New York: Springer, 2011).

I. Chlebicka. A pocket guide to nonlinear differential equations in Musielak—Orlicz spaces.
Nonlinear Anal. 175 (2018), 1-27.

I. Chlebicka. Measure data elliptic problems with generalized Orlicz growth. Proc. Roy.
Soc. Edinburgh Sect. A 153 (2023), 588-618.

I. Chlebicka, F. Giannetti and A. Zatorska-Goldstein. A note on uniqueness for L'-data
elliptic problems with Orlicz growth. Collog. Math. 168 (2022), 199-209.

I. Chlebicka, P. Gwiazda, A. Swierczewska-Gwiazda and A. Wréblewska-Kaminska. Partial
differential equations in anisotropic Musielak-Orlicz spaces (Cham: Springer, 2021).

I. Chlebicka, P. Gwiazda and A. Zatorska-Goldstein. Well-posedness of parabolic equations
in the non-reflexive and anisotropic Musielak—Orlicz spaces in the class of renormalized
solutions. J. Differ. Equ. 265 (2018), 5716-5766.

I. Chlebicka, P. Gwiazda and A. Zatorska-Goldstein. Parabolic equation in time and space
dependent anisotropic Musielak—Orlicz spaces in absence of Lavrentiev’s phenomenon. Ann.
Inst. H. Poincaré C, Anal. Non Linéaire 36 (2019), 1431-1465.

I. Chlebicka, A. Karppinen and Y. Li. A direct proof of existence of weak solutions to fully
anisotropic and inhomogeneous elliptic problems. Topol. Methods Nonlinear Anal.

I. Chlebicka and P. Nayar. Essentially fully anisotropic Orlicz functions and uniqueness to
measure data problem. Math. Methods Appl. Sci. 45 (2022), 8503-8527.

A. Cianchi. A fully anisotropic sobolev inequality. Pacific J. Math. 196 (2000), 283-295.
A. Cianchi. Symmetrization in anisotropic elliptic problems. Comm. Partial Differ. Equ.
32 (2007), 693-717.

M. Colombo and G. Mingione. Regularity for double phase variational problems. Arch.
Ration. Mech. Anal. 215 (2015), 443-496.

D. Cruz-Uribe and A. Fiorenza. Variable Lebesgue spaces: foundations and harmonic
analysis (Heidelberg: Springer Science & Business Media, 2013).

A. Denkowska, P. Gwiazda and P. Kalita. On renormalized solutions to elliptic inclusions
with nonstandard growth. Cale. Var. Partial Differ. Equ. 60 (2021), 21.

A. Di Castro. Anisotropic elliptic problems with natural growth terms. Manuscripta Math.
135 (2011), 521-543.

R. Di Nardo, F. Feo and O. Guibé. Uniqueness of renormalized solutions to nonlinear
parabolic problems with lower-order terms. Proc. Roy. Soc. Edinburgh Sect. A 143 (2013),
1185-1208.

L. Diening, P. Harjulehto, P. Hast6 and M. Ruzicka. Lebesgue and Sobolev spaces with
variable exponents (Heidelberg: Springer, 2011).

R. J. DiPerna and P.-L. Lions. On the cauchy problem for Boltzmann equations: global
existence and weak stability. Ann. of Math. (2) 130 (1989), 321-366.

T. Donaldson. Nonlinear elliptic boundary value problems in Orlicz-Sobolev spaces.
J. Differ. Equ. 10 (1971), 507-528.

G. Dong and X. Fang. Differential equations of divergence form in separable Musielak-
Orlicz-Sobolev spaces. Bound. Value Probl. 2016 (2016), 1-19.

L. Esposito, F. Leonetti and G. Mingione. Sharp regularity for functionals with (p, q)
growth. J. Differ. Equ. 204 (2004), 5-55.

X. Fan. Differential equations of divergence form in Musielak—Sobolev spaces and a sub-
supersolution method. J. Math. Anal. Appl. 386 (2012), 593-604.

J.-P. Gossez. Nonlinear elliptic boundary value problems for equations with rapidly (or
slowly) increasing coefficients. Trans. Amer. Math. Soc. 190 (1974), 163-205.

J.-P. Gossez. Orlicz-Sobolev spaces and nonlinear elliptic boundary value problems.
Nonlinear Anal. Funct. Spaces Appl. (1979), 59-94.

P. Gwiazda, I. Skrzypczak and A. Zatorska-Goldstein. Existence of renormalized solutions
to elliptic equation in Musielak—Orlicz space. J. Differ. Equ. 264 (2018), 341-377.

https://doi.org/10.1017/prm.2023.113 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.113

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

Existence of renormalized solutions 37

P. Gwiazda, P. Wittbold, A. Wréblewska and A. Zimmermann. Renormalized solutions of
nonlinear elliptic problems in generalized Orlicz spaces. J. Differ. Equ. 253 (2012), 635-666.
P. Gwiazda, P Wittbold, A Wréblewska-Kamiriska and A Zimmermann. Renormalized solu-
tions to nonlinear parabolic problems in generalized Musielak—Orlicz spaces. Nonlinear
Anal. 129 (2015), 1-36.

P. Harjulehto and P. Héasté. Generalized Orlicz spaces. In Orlicz Spaces and Generalized
Orlicz Spaces (Cham: Springer, 2019), pp. 47-78.

P. Hasté. A fundamental condition for harmonic analysis in anisotropic generalized Orlicz
spaces. J. Geom. Anal. 33 (2023), 7.

V. S. Klimov. Imbedding theorems and geometric inequalities. Izv. Ross. Akad. Nauk Ser.
Mat. 40 (1976), 645-671.

Y. Li, F. Yao and S. Zhou. Entropy and renormalized solutions to the general nonlinear
elliptic equations in Musielak—Orlicz spaces. Nonlinear Anal. Real World Appl. 61 (2021),
103330.

D. Liu and P. Zhao. Solutions for a quasilinear elliptic equation in Musielak—Sobolev spaces.
Nonlinear Anal. Real World Appl. 26 (2015), 315-329.

P. Marcellini. Regularity and existence of solutions of elliptic equations with p, g-growth
conditions. J. Differ. Equ. 90 (1991), 1-30.

G. Mingione and V. Radulescu. Recent developments in problems with nonstandard growth
and nonuniform ellipticity. J. Math. Anal. Appl. 501 (2021), 125197.

S. Miiller. Variational models for microstructure and phase transitions. Calculus of
variations and geometric evolution problems (1996), 85-210.

J. Musielak, Orlicz spaces and modular spaces. Lecture Notes in Mathematics, Vol. 1034
(Berlin: Springer-Verlag, 1983).

S Hadj Nassar, H Moussa and M Rhoudaf. Renormalized solution for a nonlinear parabolic
problems with noncoercivity in divergence form in Orlicz spaces. Appl. Math. Comput. 249
(2014), 253-264.

P. Pedregal. Parametrized measures and variational principles (Basel: Birkhduser Verlag,
1997).

H. Redwane. Existence results for a class of nonlinear parabolic equations in Orlicz spaces.
Electron. J. Qual. Theory Differ. Equ. 2010 (2010), 1-19.

M. Skaff. Vector valued Orlicz spaces generalized N-functions. ii. Pacific J. Math. 28 (1969),
413-430.

M. Skaff. Vector valued Orlicz spaces generalized N-functions. ¢. Pacific J. Math. 28 (1969),
193-206.

H. Sohr. The Navier—Stokes equations: an elementary functional analytic approach (Basel:
Springer Science & Business Media, 2012).

P. Wittbold and A. Zimmermann. Existence and uniqueness of renormalized solutions
to nonlinear elliptic equations with variable exponents and L'-data. Nonlinear Anal. T2
(2010), 2990-3008.

C. Zhang and X. Zhang. Renormalized solutions for the fractional p(x)-Laplacian equation
with L! data. Nonlinear Anal. 190 (2020), 111610.

C. Zhang and S. Zhou. Renormalized and entropy solutions for nonlinear parabolic equations
with variable exponents and L' data. J. Differ. Equ. 248 (2010), 1376-1400.

C. Zhang and S. Zhou. The well-posedness of renormalized solutions for a non-uniformly
parabolic equation. Proc. Amer. Math. Soc. 145 (2017), 2577-2589.

https://doi.org/10.1017/prm.2023.113 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.113

	1 Introduction
	2 Preliminary lemmas
	3 Existence of renormalized solutions—main proof
	4 Uniqueness of renormalized solutions
	References

